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Abstract

For the case of smooth concave exchange economies, we provide a characterization of the inner
core as the set of feasible allocations such that no coalition can improve on it, even if coalitions are
allowed to use some random plans. For the case of compactly generated games, we discuss Myerson’s
definition of the inner core, and we characterize it using lexicographic utility weight systems.
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Introduction

Shapley (1969) proposed a general procedure that allows to extend TU solution concepts
to NTU games by considering fictitious transfers of utility. When applied to the TU core,
this procedure leads to the inner core.

We first study the inner core in the case of well-behaved exchange economies with con-
cave utility functions. In this context, it appears to be a relevant refinement of the core.
First, it contains the set of competitive equilibria. As a consequence, convergence and
equivalence results for the core can immediately be extended to the inner core. Second, we
show that the inner core coincides with the set of feasible allocations such that no coalition
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can improve on it, even if coalitions are allow® use some random plans. This character-
ization illustrates how the inner core exploits the cardinal content of the preferences, and
gives a new argument to support it as an interesting solution concept for economies with
concave utility.

In a second section, we study the inner cayedeneral compactly generated games.
We provide an example to show why, in this more general context, the characterization
in terms of random improvements requires centralized plans, involving a mediator which
randomly selects the improving coalition. Vaéso discuss Myerson’s idea to take some
topological closure of Bapley’s inner core in order to correctly take into account the case
of zero utility weights in Shapley’s procedure, and we show how this larger set can be
characterized by using lexicographic utility weight systems.

1. Concave exchange economies

Individuals are a finite sefl = {1,2,...,1}. Commodities are a finite set =
{1,2,...,L}. Each individual is characterized by a continuous, concave and strictly
increasing utility functionu’:RZ — R and by a strictly positive initial endowment
¢’ e R%, . Aconcave exchange economy is thitis= {7, L, (u', €')ics}.

Afeasible allocation for the econondyis a vector: = (x');e; € RE! suchthad”, x' <
>, ¢'. An allocationx is anequilibrium allocationif it is feasible and there exists a price
vectorp € R% such that, for alk, x’ € argmaxu’ (y) | py < pe'}. The set of equilibrium
allocations of the econom¥ is W(E).

A coalition is a (non empty) subset of individuaisC 7. CoalitionS can improve on a
given allocation if there existsy = (y');es such thad ;¢ »' <Y ;cge’ andforalli € S
u'(y') > u'(x"). An allocation is Pareto-optimal (respectively individually rational) if it is
feasible and it cannot be improved uponbgrespectively by any singleton coalition). An
allocationx is acore allocationif it is feasible and no coalition can improve on it. The core
of the economy¥ is the setC (FE) of its core allocations.

In the context of concave exchange economies, the inner core was introduced by Shap-
ley and Shubik (1975). For a gin vector of utility weightsi RﬂrJr, a coalitionS can
A-improve on an allocation if there existsy = (y);es such tha)_; ¢y’ <Y ;.5 and
Yies Mu'(yh) > Y ;g M ui (x'). An allocationr is aninner core allocatiorif it is feasible
and there exists € RfrJr such that no coalitions carimprove on it. The inner core of the
economyk is the selC(E) of its inner core allocations.

Proposition 1. W(E) C IC(E) C C(E).

Proof. The second inclusion is easy to prove by contraposition. Indedd;afn improve
on an allocationy, it can alsor-improve on it for anya e Rﬂr+. We now prove the first
inclusion. Letx be an equilibrium allocation at a prige Consider one individual and
define the following set:

Cl = {(u,m) € R? | Iy ERf‘r: u gui(y) —ui(xi), m < p(ei —y)}.
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By the concavity ofu’, this set is convex. On the other har@,NR2, = ¢, asx’ is
optimal for individuali on his budget set. By the separating hyperplane theorem there
exists a non-zero non-negative vectef, ') € R? such that:

aiui(xi) > aiui(yi) _ ﬂip(yi _ ei)
forall y' e Ri. Strict positivity of the endowment guarantees tpat > 0, so that, from
the above inequalityy’ > 0. We can then assume thdt= 1. Moreover, strict monotonic-

ity of the utility function implies tha3’ > 0 . LetA! = 1/8/. Summing over ali € I we
obtain

Z)Liui(xi) > Zkiui(yi) _ pz (yi _ ei)
i i i

for all y € RL’. If a coalition S could A-improve onx with (z');es, then the previous

inequality would be violated by taking with y' =z for all i € S andy’ = x for all

iel\S. O

Competitive equilibria exist in concave&ange economies. The inner core is thus non
empty. Convergence and equivalence results for the core can be immediately extended to
the inner core (see Qin, 1994a).

Remark 1. Strict monotonicity of utility functions ash strict positivity of the endowments
are not needed for the results above. Indeeelyweaker assumptions of local non satiation
and indecomposability (see, e.g., Mas-Clodleal., 1995, for definitions) are enough to
guarantee that equilibria exists and that, at an equilibrium, faril> 0 andpe’ > 0, so
that our argument goes through.

The following example, inspired by the Banker game of Owen (1972), shows that the
inclusions in the proposition may be strict.

Example 1. There are three individuals and three commodities. Initial endowments are
el =(1,0,0),e2=(0,10,0) ande = (0, 0, 10). Utility functions areu® (x) = x3, u?(x) =

10x1 + x2 — 10,u3(x) = x2 4+ x3 — 10. In this economy, Pareto optimality requires that the
first good goes to individual 2. Once this is done, any reallocation of good 2 (respectively 3)
between individuals 2 (respectively 1) and 3 is consistent with Pareto optimality. Notice
that the only subcoalition which can do better than individual rationality is coaljfip?y},

by giving a positive payoff to individual 2. Without the presence of individual 3, though,

1 and 2 cannot share the surplus they generate. In the grand coalition, on the other hand,
individual 3 acts as an intermediary: 2 can transfer to him some of his endowment of
good 2 and 3 can then compensate 1 in terms of good 3. The core is the set of all Pareto-
optimal and individually rational allocations® = (0, 0, a), x2 = (1, b, 0), x3 = (0, 10— b,
10—a),with0< a,b < 10andz + b < 10. In the utility space, it awesponds to the points

(ul, u?, u®) in the convex hull of(10,0, 0), (0, 10, 0), (0,0, 10). We now argue that no

point in the interior of this triangle can be generated by an inner core allocation. Indeed,
if 2 #(1/3,1/3,1/3) the grand coalition cah-improve on any such point by choosing a
feasible allocation that maximizes the utility of the individual(s) with the highest weight.
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If, on the other handy = (1/3,1/3, 1/3), coalition{1, 2} cani-improve on any feasible
allocation which gives a positive payoff to individual 3 by choosirlg= (0,0, 0), x%2 =
(1,10, 0). In fact, one can show that the inner core reduces to the subset of core allocations
such thatz + » = 10 or[a > 0 andb = 0]. We now compute the competitive equilibrium.
Prices must be strictly positive, and we can normalize the price of goodgpl 4010. If

p2 < p3 then individual 3’'s demand for good X&eeds the total endowment of that good.
If p2 > ps, then individual 3 keeps his initial endowment, and individual 1's demand for
good 3 cannot be met. Thys = p3 = p. If p < 1, then there is no demand for good 1.
If p > 1,individual 2's demand for good 1 excesithe total endowment of that good. The
only equilibrium allocation is thus the optimal allocation with= 10, supported by prices
(10,1, 1).

In the next proposition we characterize the inner core in terms of a notion of im-
provement in which coalitions are allowed to use lotteries. More precisely, we say that
coalition S can L-improveon a given allocation if there existr € [0, 1], y = (v')ies
and z = (z')jes such that) ¢y’ < Y icse’s Dicg? <Y iegx’ and for alli € S
au'(y') + (1 — m)u'(Z') > u' (x"). Given a proposed allocatiar, individuals in S are
able to write contracts between themselves which specify a probabildfrefusal, an
allocationy to be realized in this case, and a reallocation among themselves of the com-
modities they would receive in case of acceptance.oh standard improvement is the
special case in whiclr = 1. The notion ofL-improvement involves the computation of
expected utilities, and exploits the cardinal content of the concave utility functions. To
prove our characterization result we need uniqueness of the (normalized) vector of utility
weights associated to any Pareto-optimal and individually rational allocation. Therefore
we impose differentiability and a weak form of interiority.

Regularity. For alli € 7, u’ is C2 onRL, and(u’)~1(c) c RL, forall ¢ > u ().

Proposition 2. Under Regularityx € IC(E) if and only if x is a feasible allocation such
that no coalition can.-improve on it.

Proof. (=) If x is in the inner core then it is feasible and there existsR’_, such that
no coalition cank-improve onx. Suppose thateoalition S has anL-improvement, that is

a(m,y, z) such thatZzeSy < ZzeSe ZzeSZ < ZZESX and for alli € § wu'(y* ) +
(1 — mu'(Z") > u' (x%). If we premultiply each term by and sum over ali € S, we
obtain:

7Y A (y) + @=m) Y Nt (2) > Y A (x).
ieS ieS ieS
Adding (1 —7) Y/ s Au'(x') to both sides, and rearranging terms, we have

b1 Zkiui(yi) +@1- n)l:Zkiui(z’) + Z )»iui(xi)i|

ieS ieS iel\S

>71'Z)J’ )+ (1 - n)ZA”

ieS iel
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Observe thad ;s y' < Y ;.5¢' and that the allocation that give$ to members ofs
andx' to individuals in’ \ S is feasible for the grand coalitioh We conclude that the
preceding inequality contradicts the fact that no coalitionxcamprove onx.

(«) Let x be a feasible allocation such that no coalition éaimprove on it. In par-
ticular, given the Regularity conditions, there exists a unique (normalized) strictly positive
vectori € R’ of utility weights such that maximizes)_;, A'u’ (y') over the set of fea-
sible allocations. This vector is such that, foriadind j € 1,

aul (x7) [ou (x?)

J i
8xl 8)6'1

A =
Fix a coalitionS and define the following sets of utility payoffs:

V(S) = {u eR¥ Iy eRESI Y " HY<) e aux (ui(yi))ieS}’

ieS ieS

Ve (S) = {u eRS ‘ dy e RJLFS: Zyi < in Au < (ui(yi))ies}.
ieS ieS

Concavity of the utility functions implies that these two sets are convex. So, the fact that
S cannotL-improve onx implies that there does not exist € Con(V (S) U V,(S)) such
thatu’ > u’ (x?) for i € S. By a standard separation argument there exists a non zero vec-
tor As € RS of utility weights for the coalition such that, g Aku’ (x') > Y. Aku' for
all u € Con(V (S) U Vi(S)). In particular,y", g Asu’ (x') > 3, ¢ Aul (v7) for all (y')es
such thaty ", ¢y’ < Y ;cs¢'. To finish the proof, we argue thats is proportional to
the restrlctlon ofs to S. Indeed,(u! (x'));cs belongs toV, (S) so that(x ") ies maximizes
>ies Asul (v') over the set ofy’)ies such tha), g v/ < Y ;cgx', giving

)»fg/)»j _ 3u-/()]f-/)/8u’()?l) =/ -
ox

l
dxq

The next example illustrates how the use of lotteries allows some coalitiofirtgprove
on allocations that are in the core, but not in the inner core.

Example 2. Figure 1 represents a possible configuration in the utility space, focusing on
payoffs of individuals 1 and 2. We are testing a Pareto-optimal allocatioith asso-
ciated utilitiesu = (u(x1), u2(x?)). As in the proof of the previous propositiok,(12)
(respectivelyV, (12)) represents the set of utility pairs that are achievable by some reallo-
cation of the initial endowments (respectively the tested allocation) between individuals 1
and 2. Coalition{1, 2} cannot improve orx, asu ¢ V(12). Neverthelessy is not in the
inner core. Indeed, if it were, it should be supported by a vectof utility weights that

is proportional to(1/ aul(xl) L1 3“, (x)). The restriction of such a onto R%-2! js
proportional tois2, the vector that is orthogonal 6. (12) atu, and, as one can see in the

1 Fora given subseX of R!, Con(X) denotes the convex hull of.
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figure, coalition{1, 2} canA-improve onx. The construction of a-improvement can be
seen as follows. Individuals 1 and 2 agree on the following random plan: with probabil-
ity 77, they rejectr and implement an allocatiaiy?, y2) that is such thap! + y2 < el +¢2

andv = (ul(y1), u?(y?)). With probability (1 — r), they accepk, but agree to reallocate

it once it is realized, in order to achieve the payoff pairThis plan would generate ex-
pected payoffsrv + (1 — 7)w, which dominate:. The smoothness df, (12) guarantees

the feasibility of such a construction: locally, aroumdindividuals 1 and 2 can approxi-
matei-weighted utility transfers.

2. Compactly generated games

Let/ ={1,2,...,1} be the set of players. Lat(I) be the set of coalitions, that is the
set of non empty subsets &f A payoff allocation for coalitionS € P(I) is a vector in
RS={ueR!|(Viel\S): u' =0}.Fora coalitions, let AS (respectivelyAf ., ) be the
set of vectors irRS with nonnegative (respectively strictly positive foe S) components
that sum up to one. Similarly, we denote by P (7)) the set of probability distributions
over coalitions.

A gameis a functionV which associates to each coalitiSra nonempty, closed, com-
prehensive, convex subset®f, the set of feasible payoff allocations f&rWe will focus
on compactly generatedames, that is on games such that, for esctihe setV (S) is the
comprehensive closure of a compact set.
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Let V be a compactly generated game. For eachA’, let v*: P(I) — R be the

function defined as
A . i i
V= I LA
ieS

for eachS € P(I). For a given vector of utility weights. e RﬂrJr, a coalition S can
A-improve on a payoff allocatiom if there existsw € V(S) such that), ¢A'w’ >
Y ies Mu'. A payoff allocationu is aninner core payoff allocatiorif it is feasible and
there exists. € Rﬁr+ such that no coalitions caxrimprove on it. The inner core of the
gameV is the selC(V) of its inner core payoff allocatiorfs.

The definition requires strictly positive utility weights. On the class of games we are
considering here, this restriction implies technical difficulties for existence and characteri-
zation results (see Example 1 of Qin, 1993). @nssible way out of these difficulties is to
restrict the class of games, as in Qin (1993, 1994b). Another approach, proposed by Myer-
son (1991, 1992), is to slightly enlarge the solution by taking some topological closure of
the set of allocations generated by the Shapley procedure.

Let us define théllyerson’s inner coras the set of feasible payoff allocatiomsuch
thatu € cl({w € R |(3h € AL )(VS € P(1)): v*(8) <Y ;cg Mw')).

In the sequel we elaborate on Myerson’s ideas. We first review his characterization in
terms of a notion of random improvementspposition 3, and discuss its relationship with
our Proposition 2. In Proposition 5 we provide a new characterization of Myerson’s inner
core, this time focusing on thergtture of supporting utility weights.

A payoff allocationu can beM-improved on(respectivelyweakly M-improved o if
there exisiu € A(P (1)) andw € xsep()V (S) such that

W< T uS)Hw'(S) / > () (respectively<),

SeP(Il)|ieS SeP(Il)|ieS
for eachi € Ugcsupporiy) S-

Proposition 3. Letu be a payoff allocation. Them cannot be M-improved on if and only
if u ecl(fweRI|@r e AL ) (VS € P(D): V(9 < Y jeg M w')).

Myerson (1991) calls a payoff allocation strongly inhibitive if it cannot be weakly
M-improved on, and an allocation inhibitive if there exists a sequence of strongly inhibitive
allocations that converge to it. Proposition 3 is then a consequence of Theorem 9.5 of My-
erson (1991) if one notices that an allocatiomannot be M-improved on if and only if
it is inhibitive. Indeed, ifu is an allocation that cannot be M-improved on, then, for each
positive integek, the allocationy, :=u+ (1/k, ..., 1/k) is strongly inhibitive, ana is in-
hibitive. On the other hand, notice that the set of allocations that cannot be M-improved on
is closed and that any allocation that is strongly inhibitive cannot be M-improved on.

2 The inner core of the exchange econotfiyas defined in Section 1, corresponds to the inner core of the
associated game, where, as in the proof of Proposition 2, for eath (S) = {u e RS |3y e RES: Y ¢y <

Siese Au< @ ())ies)
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The notion of M-improvement may be interpreted by imagining a mediator who can
propose a plan that specifies which coalitioil form, with what probability, and which
payoff allocation will be implemented if the coalition forms. When being asked to partic-
ipate to the plan, each individual knows only the probability distribution over coalitions
but not the particular realization, and computes his conditional expected payoff. If all indi-
viduals who might be called to participate in the plan are better off than at the status quo
allocation, the improvement is effective. The definitionlofimprovement that we intro-
duced in the previous section was motivated by this idea of Myerson, but aimed at staying
closer to the usual interpretation of the core, in which coalitional improvements only in-
volve the members of the deviating coalition. This turned out to work well for regular
concave exchange economies. One could askt ate the properties of games generated
from regular concave exchange economies which allows for a characterization in terms
of this more intuitive notion of improvement. The need for centralized plans in Proposi-
tion 3 is due to the possible lack of smoothness of the Pareto frontier, as illustrated by the
following example.

Example3.Let I ={1, 2, 3},
V({i}) ={ueR | u' <0} foriel,
VL2 ={ueRM |yt + 92 <9 ut <9 u® <1},
V({2,3) ={ueR®3|u?+93<9 u? <9, w3 <1},
V({l, 3}) = {u eRL3 ‘ wdout<9 ud<9 ul< 1},
V)= {u eR! | (ul, u?, u3) <33, 3)}.

The point(3, 3, 3) does not belong to the inner core. Indeed it can be randomly improved
upon by a plan which puts probability/3 on each coalition of size two, and gives, in
each of these coalitions, 9 units of utility to one individual. Each individual expects a
conditional payoff of 45, which is better than 3. We now argue tt{df 3, 3) cannot be
randomly improved on by a plan that puts ftive probability only on the grand coalition

and one of the two-person coalitions, let's g4y2}. First, no such plan can guarantee to
individual 3 a conditional expected payoff bigger than 3 as required by the definition of
random improvement. Second, even if we do nguiee individual 3 to be strictly better

off, it is not possible to guarantee an expected payoff greater than 3 to both player 1 and
player 2. The argumentin the proof of Proposition 2 cannot be adapted to this example, due
the lack of smoothness of the Pareto frontiet/@f ). Indeed there is no way for players 1

and 2, to implement transfers of weighted utility contingent on the formation of the big
coalition.

Let us say that a compactly generated gamegsilar if there exists a differentiable,
weakly increasing functichF : R/ — R such thatV (1) = {u € R! | F(u) < 0}, and the
boundary ofV (1) has a strictly positive gradient aach individually réional point. The
argument used for Proposition 2 may be adapted to prove the following result.

3 Afunction F : R — R is weakly increasing i (x’) > F(x) whenevery’ > x andx’ # x.
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Proposition 4. Let V be a regular compactly generated game. Thdxelongs to Myerson’s
inner core if and only ifu is feasible for the grand coalition and there does not exist
(r, S, v,w) €[0,1] x P(I) x V(S) x V(I) such thatw’ > u’ forall i e I \ S andmwv’ +
1-—mw' >u' forallies.

Proof. (=) If u belongs to Myerson’s inner core then it is feasible and there exists
R% | such that

vH(8) <Y (1)
ieS
for eachS. Suppose that there exi:{bs, S,v,w) € [Q, 1l x P(I) x V(S) x V(I) such that
w' >u' foralliel\Sandrv' + (1—m)w' >u' foralli € S. If we premultiply each
term of the last expression By and sum over all € S, we obtain:
Y AV @-m) Y Aw > Al
ieS ieS ieS
We also know thatl — ) 3-;c g M'w' > (1= 1) 3¢\ s A'u’. Adding the two inequali-
ties and rearranging terms, we have
Vg Zkivi +A—-m) Zkiwi > 7T Zkiui +A—-m) Zkiui,
ieS iel ieS iel

contradicting Eq. (1).

(«) Letu € V(I). Under the hypothesis, must be Pareto-optimal; by convexity and
regularity, there exists a unique (normalized) strictly positive veaterR! of utility
weights such that for allandj € 1
AF(u) [OF(u)

dul dul
Fix a coalitionS and define the following set of utility payoffs:
Vu(S) ={z e R | (z,u_s) e V(D}.

If there does not existr, S, v, w) with w! > u’ foralli e I'\ S andr v + (1 —m)w' > u!

for all i € S then (using the fact that the boundaryWwt/) has a strictly positive gradi-

ent at each individually ratiomg@oint) there does not exigste Con(V (S) U V,(S)) such
thatz/ > u' for i € S. By a standard separation argument there exists a non zero vec-
tor A5 € RS of utility weights for the coalition such that, ¢ Aku’ > 3", ¢ Akz’ for all

z € Con(V(S) UV, (8)). In particular,y ;¢ Asu’ > > ;. Az forall z € V(S). To finish

the proof, we argue thafs is proportional to the restriction afto S. Indeedu s belongs to
V.(S) so that it maximize$", ¢ A%z’ over the set of = (z');es such thatF (z, u_g) < 0.

The first order conditions for this maximization give

0F(u) [oF(u)
dul dul

A A =

Mo/l = =And. o
Thus, for regular compactly generated games an M-improvement can be achieved by

putting positive probability only on the grand coalition and one sub-coalkidveverthe-
less, itis in general not possible to express the improvement only in terms of decisions of
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members of. The characterization in Progtien 4 requires that members Sfobtain the
acceptance of non-members by proposing a new allocatiéor the grand coalition as a
part of their deviation plan.

In the next proposition we reinterpret thivsure appearing in the definition of Myer-
son'’s inner core in terms of lexicographic system of utility weights. This allows a better
understanding of the way in which the extemsad Shapley’s fictitious-transfer procedure
is achieved, as illustrated in Example 4.

Proposition 5. Letu be a payoff allocation. The two following properties are equivalent

@ uec (weR@re AL (¥VSe P(): v'(S) <X ;cgMiw ).
(b) There exists an ordered partitidG(k)},f:l of I and a collection of vector{sk(k)},{(:l €
x K A3 such that

K
(Vke{1,...,K}) (vs € P(U S(j))): v O($) <> N (k'

Jj=k ieS

Proof. (a) — (b) Condition (a) implies that there exists a sequeficgcn+ and a se-
quence(ry)ien iN Aﬂr+ such thatw; — u and, for allk and allS

vH(8) <Y A )

ieS

Without loss of generality,; — A, for somex € Aﬂr. Let S(1) := supportr) andi(l) :=
(e A3D).

Taking the limit of expressiori2), we obtain, for allS, V¥ ($) < Y, A (Dul. If
S(1) =1, then we are done.

If S(1) is strictly included inZ, thenZ \ S(1) # @. Then let us defing], € A’\’™ as the
(normalized) projection af; onR/\SW . Without loss of generality, the sequereé)yen
converges to somk € Ai\s(l). Let S(2) := supportr’) andr(2) := 1’ (e Afr(f) .

Expression (2) being homogeneous of degree zero, it holds trug féor eachk € N
and eacls € P(I \ S(1)). Taking the limit, we obtain, for alf € P(I \ S(1)), v*@(S) <
Yies M (@u' . 1f S(1) U S(2) = 1, then we are done.

If S(1) U S(2) is strictly included in/, then’ \ (S(1) U S§(2)) # @, and we can repeat
the argument. Sincgis a finite set, property (b) is proved.

(b) — (a) We prove that any payoff allocatian such thatw > u, satisfy the following
property:

(@ eRL,) (YSePm): V()<Y Aw'
ieS
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By property (b), we may consider an ordered partitidh}X ; of 7 and a sequence
(kDK , € xK A%k, such that

K
(Vke{1,...,K}) (vs € P( U s,~>): VO <D M Ryl 3)

Jj=k ieS

Let; e RL, be defined by

' 1 k(-1
| = (7) A (k()),

wherek (i) is thek in {1, ..., K} such that € S, for eachi € I and eachi € N*.
We now prove that fof large enough,

VM (S) < Z AMw!
ieS
foreachS € P(1).
(Reductio ad absurdum) Suppose, on the contrary, that

(VI eN*) (3Se P(D): vM(S) > ng'w".
ieS
Given thatP (1) is a finite set, this implies that
(3S € P(I)) Af :N* - N* increasing(V/ e N*):  v*/0(8) > > a4, '
ies
For this coalitionS, using the fact tha¥ (S) is compactly generated, there exists an increas-

ing functiong : N* — N*, and a sequendg;);cn+ of elements o/ (S) that converges to
somez € V(S) such that

(VLeN* ) Y agz> Y Mguw'. 4)
ieS ieS
Letk* :==minfk € {1,..., K}|Sk N S # B}.
Multiplying both sides of inequality (4) by()*" 1, we obtain:
VI eN": g Y Az = g Ty Tl pw.
ieS ieS
Using the definition ofz(;) we conclude that
K i K i
Mk Al (k .
(VIeNH: Y ) 7(1)2_),{* EDY 7(1)5‘—)"* w'.
k=k* ieSNS 8 k=k* ieSNSy 8
Letting!/ tend to infinity in the previous expression, we have:

Do M= Y Mk

€SN Sy i€SNSyx
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Now notice that, by expression (3),;csns,. A (K )u' = 3, cgng,, A (K*)2'. Indeedz €
V(S) ands e P(Uj_;- S;) (by definition ofk*). Onthe other hand,; . gs,. A (kK*)w' >

Y iesnss A (k*)u', sincew > u and suppori (k*)) N S # 3.
Putting everything together, we conclude that

PR I PP (S 17

ieSNSx €SN Sy

which is absurd. O

A feasible payoff allocation is in Shapley’s inner core if and only if it satisfies condi-
tion (b) for the trivial partition whose only element is the set of all players. The following
example shows that Myerson'’s inner core can be strictly larger than Shapley’s, and illus-
trates how the former provides a reasonable way to treat zero transfer weights.

Example4. Let I = {1, 2},

V) ={ueRY u1<-1}, V@ ={ueR?|u,<-1},
VL2 ={ueR™ |u1 <1 up <1, us+up<1}.

The point(—1, 1) belongs to Myerson'’s inner core but not to Shapley’s inner core. The
partition in (2) of Proposition 2 is in this casf1) = {2}, S(2) = {1}, with associated
vectorsi(1) = (0, 1), A(2) = (1, 0), and (2) reduces to the requirement that the allocation
u maximizes player 2’s utility, while maintaining individual rationality for player 1.
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