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Abstract

We study Myerson’s incomplete information bargaining solution under the assumption of veri-
fiable types. For the case of an informed principal, in which one individual has all the bargaining
power, we provide exact characterizations both from the non-cooperative and from the cooperative
perspective. We then show that the axiomatic characterization can be extended to the case in which
both individuals have some bargaining power. The ‘contract curve’ is obtained by varying the rel-
ative bargaining power of the players. This new solution concept refines Wilson's coarse core by
taking into account important aspects of negotiation at the interim stage.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

A two-person bargaining problem with incomplete information is a collection
G = (D,d*, T1, T2, u1, uz, q).

The setD is the set of joint decisions. The sEtis the set of possible types of individual
i.IfweletT = T1 x T> be the set of possible states, thea A(T) denotes the common
prior that determines the interim beliefs of the individuals. Without loss of generality we
assume that for= 1, 2 and ally; € T;, g(t;) > 0. Utility functions areu; : D x T — R.

We assume that the disagreement outcaingives zero utility to each individual in each
statewu;(d*, ) = 0. Amechanismisg : T — D.

* Corresponding author. Teh:32-10-47-43-21; faxi32-10-47-43-01.
E-mail addresseddeclippel@core.ucl.ac.be (G. de Clippel), minelli@core.ucl.ac.be (E. Minelli).

0304-4068/$ — see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.jmateco.2003.07.001



800 G. de Clippel, E. Minelli/ Journal of Mathematical Economics 40 (2004) 799-813

A theory of bargaining should specify, for each possible probieaset of mechanisms
which represent reasonable agreements, given the individuals’ bargaining power. For the
case of complete information, when the type set of each individual is a singleton, the problem
is well understoo@Nash, 1950Q)The presence of asymmetric information raises two distinct
conceptual issues. On one hand, when individuals have different information at the stage
of implementation of the mechanism, they might strategically manipulate the terms of the
agreement. Attention should therefore be restricted to mechanisms which are incentive
compatible. If bargaining takes place at the interim stage, when individuals already know
their type, an additional problem arises, due to the fact that any action may reveal some
private information. This second problem has received a lot of attention in the literature on
competitive equilibria with rational expectatiofi®adner, 1979but much less in the context
of cooperative games with incomplete information. In two seminal papgrstson (1983,
1984)proposed solutions for two-person bargaining problems with incomplete information
which take into account both aspects. The first paper deals with the case in which one
individual has all the bargaining power, the second with a situation in which the two players
have equal bargaining abilities.

In this note, we focus on the revelation of private information at the bargaining stage. To
do this, we assume that when agreements are implemented each individual can costlessly
verify the true state. Types are thus verifiable in a particularly strong sense: all information
is public at the implementation stage. For example, one individual may be a manufacturer
with information on aggregate demand, and the other a retailer with information on local
demand. Or, one may be a firm with private information over its future profits and the other
an uninformed investor. More generally, two individuals are bargaining over an asset, each
one may have some private information on the value of the asset at the time of bargaining,
and contracts can be contingent on the value, which will be observable at the time of
implementation.

Under complete information, the relevance of Nash’s solution to the bargaining problem
is reinforced by the fact that it can be justified by three different points of view. First, one
can interpret it constructively, as Bhapley’s (1969procedure: the solution is obtained
by considering a family of supporting linear games that are easier to solve. Second, one
can provide an axiomatic justification, asNiash’s (1950paper. Finally, the solution can
be characterized as the ‘good’ equilibrium outcome of some explicit bargaining procedure
(Nash, 1953) Myerson’s objective is to extend this program to the case of incomplete
information. By introducing the idea of ‘virtual utility’, he generaliz8hapley’s (1969)
procedure. He then obtains a partial axiomatization, showing that his solution is the minimal
one to satisfy a set of axioms. For the case in which one individual has all the bargaining
power, he also studies a specific bargaining procedure, and shows that his solution can be
sustained as an equilibrium outcome. He also discusses equilibrium refinements, but does
not obtain a non-cooperative characterization of his solution.

In the more specialized setting with verifiable types, we are able to further pursue this
program. The ex-post ‘virtual utility’ of a player reduces in this case to a rescaling of
his true utility and one obtains a very simple expression for Myerson’s solution. For any
possible distribution of bargaining power between the two players we obtain a full ax-
iomatization of the solution in terms of a system of axioms that, beyond independence of
irrelevant alternatives, includes its dual version: independence of irrelevant expansions. For
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the principal-agent case, we adapt the specific bargaining procedure proposed by Myerson
and we exactly characterize the solution as the set of equilibrium allocations which are
robust to objections by the principal, even when he has a substantial power to influence the
out of equilibrium beliefs of the agent. We conclude our analysis of two-person bargaining
by defining the ‘contract curve’ as the union of Myerson’s solutions over all the possible
relative bargaining powers. This new solution concept refiidson’s (1978)coarse core.

We explain on an example why allocations in the coarse core that do not belong to the
contract curve cannot be considered as reasonable bargaining outcomes.

2. Model

With verifiable types, incentive constraints are irrelevant and all that we need to describe
a bargaining problem is a set of achievable utility profiles for each possible state. The model
can thus be simplified. For a given information structfg 7», ¢), abargaining problem
with verifiable typess a correspondencé : T — R? such that, for each € T, V() is
a closed, comprehensive, convex and non-level (each point on the frontién afdmits
only strictly positive normal vectors) strict subset®t which includes the disagreement
payoff, 0 V(r). An allocation rule(for V) is a functionx : T — R? such thatx(r) € V(r)
for eachr € T. The players may agree on any allocation rule. If they fail to agree, then the
disagreement outcome is enforceds@lutionassociates, to each bargaining probléna
seto (V) of allocation rules foiv.

3. Informed principal

Myerson (1983proposed a solution for the case in which one individual, the principal,
has all the bargaining power. The study of mechanism design by an informed principal has
then been pursued bylaskin and Tirole (1990, 1992)or the case of verifiable types,
we may consider the following extensive form game. First nature chooses the type of each
player. Then player 1 proposes an allocation rule. Finally, player 2 chooses whether to accept
player 1's proposition. After player 2’'s move, the state is revealed. If player 1's proposal has
been accepted the corresponding ex post allocation is realized, otherwise both players obtain
their disagreement utility. For simplicity, we assume that player 2 accepts the proposal when
he is indifferent between accepting and rejecting. A strategy for individual 1 is a proposal
of an allocation rule. This choice is contingent on his type. A strategy for individual 2 is a
choice of acceptance or rejection. This choice is contingent on his type and the proposed
allocation rule. A belief for an individual is a probability distribution on the possible types
of the other, conditional on his own type.weak sequential equilibriufWSE) (Myerson,
1991)is a profile of strategies and an updated belief for individual 2 such that:

(1) individual 2’s updated belief ieakly consistept.e. it is derived from his interim
belief and individual 1's proposal by applying Bayes rule when possible,

(2) individual 2’s participation decision is optimal given his updated belief,

(3) individual 1's proposal is optimal given his interim belief and the strategy of individual
2.



802 G. de Clippel, E. Minelli/ Journal of Mathematical Economics 40 (2004) 799-813

Each profile of strategies generates an allocation ruleednlibrium allocationis an allo-

cation rule generated by a profile of strategies which is part of a weak sequential equilibrium.
An allocation rulex is safeif it is ex-post individually rational, i.ex(r) > 0 for each

t € T. For instance, the constant allocation rule which gives the disagreement payoff in

each state is safe. THeest safeallocation rule is defined as®S() = arg maxvi|v €

V(r) andvy > 0}, for eachr € T. In the next proposition we provide a characterization of

the set of equilibrium allocations. A similar characterization was obtaineddskin and

Tirole (1992, Theorems 1 and)lwithout the assumption of verifiable types. With verifiable

types there is no continuation game after the acceptance of the mechanism; this allows for

a much simpler proof.

Proposition 1. Letx be an allocation rule. Then is an equilibrium allocation if and only
if E(xilt;) > E(xBS|), for eachs; € T;,i = 1, 2.

Proof. If x is an equilibrium allocation, for eadh, E(x2|t2) > E(x§S|t2) = 0, because
player 2 can always refuse player 1's proposal. Also, if there existsch thatE (x1]71) <
E(x?sm), thenx cannot be an equilibrium allocation. Indeed, individual 1 would have a
profitable deviation in which he propose®° when his type ig;. In the other direction,

let individual 1 propose, whatever his type, the allocation nuléfter observingx, the
updated belief of individual 2 coincides with his interim belief and, using the fact that for
each possible type, E(x2|t2) > E(x5‘5|t2) = 0, acceptance of is a best response. If
the proposal of individual 1 is’ # x, we let individual 2's belief and action when he is
of type 1 be as follows. If there existg such thaty, (1, 12) < 0, his updated belief is
q(r1]r2, x') = 1 and he chooses rejection. Otherwise he accepts whatever his beliefs. Given
the specified strategy of individual 2, amy=# x would generate an allocatioff such that
E(|1) < EGPSln) < E(xaln). m

An allocation rulex is individually rationalif it gives a non-negative interim payoff to
both players, i.e. if£(x;|t;) > 0 for eachy; € T; and each € {1, 2}. An allocation rulex
dominatesan allocation rulex’ for the principalif E(x1]t1) > E(x}|t1), for eachr; e Ti.

An allocation rulex is efficient for the principalf it is individually rational and there does

not exist any other individually rational allocation rule that dominates it for the principal.
Following Myerson, we say that an allocation rule isteong solutionif it is both safe and
efficient for the principal. When a strong solution exists, it is the natural solution in view
of Proposition 1 For instance, if the subordinate has no private information, the best safe
allocation rule is efficient for the principal. When there is private information on both sides,
there may be no strong solution, as the following example shows.

Example 2. Let us considefy = {1a, 1b}, T2 = {2a, 2b} with ¢ the uniform probability
distribution. The bargaining problem is the following:

V(1a, 2b) = V(1b, 2a) = {v € R?|v1 + v2 < 2}

V(la, 2a) = V(1b, 2b) = {v € R?|vo < min[2 — vy, 3 — 2v1]}.

The best safe allocation rule gives all the surplus to the principal in each$tatéz, 2b) =
xBS(1b, 20) = (2, 0), xBS(1a, 20) = xBS(1b, 2b) = (3/2, 0). It is dominated for the prin-
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cipal by the individually rational allocation rube® defined asx*(1a, 2b) = x*(1b, 2a) =
3, -1, x*(1a, 2a) = x*(1b, 2b) = (1, 1).

When there is no strong solution, the set of equilibrium allocations, as characterized
in Proposition 1is quite large and in particular contains allocation rules which are not
efficient for the principal. To select among them, we may consider how the principal could
eliminate some equilibria by arguing with the subordinate on the unreasonableness of his
out of equilibrium beliefsGrossman and Perry (198#gfined a refinement of WSpgerfect
sequential equilibriunfPSE). We present their idea in terms of robustness of an equilibrium
allocation to certain objections that the principal may have. Let us say that the principal has
anobjectionagainst an allocation ruleif there exists an allocation rule such that:

(1) T; :={n € TW|E(X||t1) > E(x1|t1)} # &;
(2) Vo e o) : E(x/2|t2, T]/_) > 0.

Individually rational allocation rules against which the principal has no objection are
efficient for the principal. In particular, the principal has an objection agaffsin the
previous example. An objection allows the principal to credibly reveal to the subordinate
the information that his true type is in the St This may allow a substantial refinement
of the set of reasonable allocation rules. In the example though, any equilibrium allocation
which is efficient for the principal admits no objectibn.

We may further refine the set of equilibrium allocations by considering more sophisticated
concepts of objection. For instance, the updated beliefs of the subordinate after receiving an
unexpected offer could be proportional to the relative gains obtained by the various types
of the principal by deviating, thus giving some cardinal content to the utilities. Those types
gaining relatively more are seen as being more likely to deviate. In order to deal with the
plethora of possible refinements, it is worth looking for a very strong one. The principal
has aweak objectioragainst an allocation ruleif there exists an allocation rul€ and a
probability distributiord € A(7T7) such that:

(1) (V1 € Th) : 6(r1) > 0= E(x}|1) > E(x1]t1);
(2) (V2 € T2) 1 3, e, O(t1)q(1alt2)x5(1) > 0.

The principal has the power to influence the beliefs of the subordinate as he wants after a
deviation, except that he cannot pretend that types who do not gain by deviating are possible.
This idea appears iklyerson (1989, 2002Most reasonable concepts of objection that we
could come up with give less power to the principal than the concept of weak objection.

Following Myerson (1991)we may say that the set of equilibrium allocation determines
anupper solutiorto the principal-agent problem. Allocation rules that do not belong to this
set should never emerge from the principal-agent relationship. Symmetrically, the set of
equilibrium allocations against which the principal has no weak objection may be thought of
as determining bower solution Any allocation rule that belong to this set may emerge from
the principal-agent relationship. Non-emptiness of lower solutions are important results.

1 This observation holds true whenever the principal has only two possible types. It failample 2f we add
a third type for the principal and conside¢lc, 2a) = V(1c, 2b) = {v € R?|v1 + vz < O}.
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Proposition 3. There always exists some equilibrium allocation against which the principal
has no weak objection

This proposition is a corollary of the next two results.

After proving Proposition 4 it will not be difficult to check that, irExample 2 x* is
the only individually rational allocation rule that is immune to weak objection from the
principal. For the moment, let us consider the allocatiatefined byx(la, 2a) = (1, 1),
x(1b, 2a) = (3, —1),x(1a, 2b) = (13/4, —5/4), andx(1b, 2b) = (3/4,5/4). The principal
has no objection against as it satisfies the condition Proposition land is efficient for
the principal. Neverthelesgy', 0) is a weak objection against whered = (5/11, 6/11)
andx’ is defined byx’(1a, 2a) = (79/100, 121/100), x'(1b, 2a) = (361/120, —121/120),
x'(1a, 2b) = (349/100, —149/100), andx’(1b, 2b) = (91/120, 149/120).

In fact, an allocation rulec is an equilibrium allocation against which the principal
has no weak objection if and only if belongs to the ‘weighted-utility solution for the
principal-agent problem’ which is nothing more than the virtual utility solution defined
in Myerson (1983)xpressed in our specific framework with verifiable information. An
allocation rulex is in theweighted-utility solutiorior the principal—agent problera™ (V),
if there existsy € R, x R'2, such that:

(1) (Vi1 € T1) 1 E(xalt1) = [X_ e, q(f2lt)MaXeviy (va(tD)va + v2(t2)v2)] /v (ty);
(2) (V1 € To) : E(x2|t2) = 0.

This solution can be interpreted in terms of Steapley (1969procedure. For any vector
of utility weightsy e RJTFEr X R_Tf+, let us consider the extended bargaining problé&fin
which players can transfer utility at ratesz;) in stater, i.e. V¥ (¢) := {x € R%|y1(t))v1 +
y2(t2)v2 < SURcyy) [Ya(t)v1 + y2(22)v2)]}, for eachr € T. V7 is easy to solve as it has a
strong solution, giving all the surplus to the principal in each state of the world:

xss(t) = (max)ev(,) (y1(t1)v1 + y2(t2)v2) , O) ’
y1(t1)

for eachr € T. Indeed, premultiplying‘](xﬁnl) by ¢(#1) and summing over; it is easy
to see thalrcf,‘S is efficient for the principal. Conditions 1 and 2 above state thainterim
equivalento x5% in the sense thatf (x;1;) = E(x5§|t,-) for eachy; € T; and eacti € {1, 2}.
So, x may be considered as a reasonable solutiorvfarAs x is an allocation rule for
V C V¥, itis a reasonable solution fdf.

Proposition 4. Let x be an allocation rule. Thene is an equilibrium allocation against
which the principal has no weak objection if and only thelongs ta™ (V).

Proof. Let x be an allocation rule in the weighted-utility solution for the principal-agent
problem. Lety be the associated supporting vector. We haye|r2) = 0 = E(x§5|t2)

for all o € T, and E(x1]t1) = E(xﬁﬂtl) > E(xBS|1y) for all 11 € Ti. Therefore, by
Proposition 1x is an equilibrium allocation. Let us assume that the principal has a weak
objection(x’, ) againstx. Then, we have:
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D_ 01)q() MaxX (ra(tvr + 2(12)v2)
teT

= ) 0)q() i) E(xaltn) < Y 01)q(t)ya(ta) E(xy 1)
ey 1€y

+ ) q2)ya(ta) Y 0(t1)q(t1le2)x5(1)

toeTr 1€y

= ZCI(l)Q(ll)(J/l(tl)x/l(l) + y2(t2)x5(1))

teT

S0, MaXev() (Y1t + y2(t2)v2) < ya(t)x' (1) + y2(t2)x5(2), for somer € T. This is
absurd.

Let x be an equilibrium allocation against which the principal has no weak objection.
Then, by non-levelnes;(xz|t2) = 0 for eachrs € To. Let S(x) be the set of interim utility
allocationsw such that

(1) (V1 € Th) 1 wi(t1) < 0(11)(E(x}|11) — E(x1]t1));
(2) (V2 € T2) T wa(t2) < D, cp, Ot q(ralt2) x5(1)

forsome¥ € A (T1) and some allocation rule. We notice that G= S(x), by takingx’ = x
andé the uniform distribution. If there exists € S(x) such thaty > 0, then the principal
has a weak objection againstOn the other hand;(x) is convex and comprehensive. As far
as convexity is concerned, let andw” be two elements of(x). Let (¢', x") and(#”, x”) be
the associated supporting vectors. &et]0, 1[. For checking thatw’ + (1 —a)w” € S(x),

it suffices to consider the vecto#® ;= a6’ + (1 — «)0” and

af' (t)x' (1) + (1 — )" (t)x" (1)

x*(t) = D)

for eacht € T. By a separation argument, there existg (R_Tkl X RJTf) \ {0} such that
L.w < 0 for eachw € S(x). So, we have:

> ()0t E(xy|a)

t1€Ty

+ Y hat2) Y O1(t)q(tali2)xy(t) < Y Aa(t)6(tn) E(xalty)

toeTr t1eTy teTy

for eachd € A, (T1) and each allocation rulg¢’. Rearranging the terms, the previous
expression becomes:

D 0t1) Y [M(t)qi2lt)xy () + A2(t2)q(tali2)xy()] < Y 0t)Aa(r) Exalta)

t1eTy toeTr t1eTy

for eachd € A, (T1) and each allocation rulg. So,

> Mgl xy () + 22(t2)q(tal2)x5(0)] < Aa () E(xalty)
toeT>
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for each allocation rule’ and eachy € T1. Dividing both sides of the inequality by(z1),
we have that there exisise (RJTFl X R_Tf) \ {0} such that

> gl [yi)xy () + y2(12)xX5(0)] < ya(tn) E(xalta)
toeTn

for each allocation rule’ and eachy € T1. We conclude that there existse RJT; X Riﬁ
such that
Y e, d(t2lt)MaXevi [y1(f1)v1 + y2(t2)v2]

E(x1]t1) = (D)

Indeed, multiplying the penultimate expressiondgy), summing over;, and adding
on the left-hand side the terﬁtzeT2 q(t2)y2(t2) E(x2|t2) (= 0), we obtain thad, ., ¢(1)
(r1(t)x1(0) + y2(22)x5(0) < D7 () (ya(t1)x2(0) + y2(t2)x2(1)), for each allocation rule
x'. Hence,y1(t1)x1(t) + ya(t2)x2(1) = Maxevy [ya(t)va + ya(t2)vz], for eachr € T. As
V(1) is assumed to be non-level for each T, each component of is strictly positive.O

As in Shapley (1969)the definition of the solution in terms of supporting virtual games
suggests a technique to prove non-emptiness based on a fixed point argument on the interim
utility weights. Anutility allocationis w € R™* x R2. It is feasible forV if there exists
an allocation rulex € x,c7V(¢) such thatw;(s;,) = Z,ﬂ_ q(_il|t)x;(v), for eachs; € T;,

i =1,2. LetW be the set of feasible utility allocations. We assume #as contained in

a half space. Bargaining problems which do not satisfy this assumption are uninteresting
because there are unbounded benefits from cooperation. The fact thitgaskbontained

in a half space is not sufficient.

Proposition 5. For any bargaining problenV, oM (V) is non-empty

Proof. We give the proof for the smooth case: for allV(r) admits a unique supporting
hyperplane at each point on its frontier. For the extension to non-smooth problerds, see
Clippel (2002) Let W C W be the set of utility allocations that are individually rational
and efficient for the principal. Using smoothness we can define a continuous fuhction
W — A, (T1) which associates to each point of the frontier its normal vector. Let the
function¢ : Im(x) — Ril be:

2) =
i ( yi(t1)

>, 42ty MaXe v [ya(t)vr + )/z(tz)vz])

1nely ’
with y;(5;) = 1;(t;)/q(t;). Finally, letw : Rf \ {0} — W be the function that associates
to each utility allocationw; for player 1 the intersection d¥ with the ray going through
0 andws. Notice thatW is isomorphic toA(71), and we can apply Brouwer’s fixed point
theorem to the continuous functiar ¢ o A from W into itself. A fixed point of this function
is a feasible utility allocation. Any allocation rule generating it is an elemeatqfl). O
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In Example 2x* is the only allocation rule im™ (V). Indeed, it is easy to check that, if
y € RJTrl+ X RJTf+ supports some allocation rule in the weighted-utility solution associated
to the principal-agent model, them(s1) = y2(t2) for eachr € T.

The solutiono™ (V) has been defined by an applicationSifapley’s (1969procedure.
Proposition 4orovides a non-cooperative foundation by showing that it corresponds to the
‘lower solution’ of a ‘natural’ bargaining procedure. We now complete the implementation
of the program set forth in the introduction by providing an exact axiomatic characterization
for the class of smooth bargaining problems. With respeldiyterson (1983)our axiomatic
system is simpler mainly because the set of feasible utility allocations is non-level. For each
pair (V, V') of bargaining problems, we say th&t is anextensionof V (V C V/) if
V() C V'(r) for eachr € T. Leto be a solution. We may impose the following properties.

Axiom 1 (Strong solution—SS). Let be a bargaining problem. {85 is efficient for the
principal, themtBS € o(V).

Axiom 2 (Independence of irrelevant alternatives—IIA). leandV’ be two bargaining
problems and let be an allocation rule fov’ such thatc € o(V’). If V C V/ andx is an
allocation rule forV, thenx € o (V).

Axiom 3 (Interim equivalence—IE). LeY be a bargaining problem. Letandx’ be two
allocation rules and € o(V). If x andx’ are interim equivalent, theti € o(V).

The axioms are motivated and justified as follows. SS states that strong solutions are
reasonable solutions. A first justification comes frBrnoposition 8nhere it is shown that
strong solutions are immune to weak objections from the principal. Another justification is
given inRemark 811A is a natural analogue of the independence of irrelevant alternatives
property introduced bash (1950)IE imposes that it is not the allocation rule itself but
the interim allocation it supports that makes it a reasonable solution or not. All the solution
concepts introduced before in this chapter satisfy this property.

Proposition 6. o™ is the minimal solution satisfying SS, 1A and IE

Proof. We first check that™ satisfies the axioms. IlA and IE follow directly from the
definition of oM. As far as SS is concerned, let us assume thatis efficient for the
principal in a bargaining game. ThenxBS is interim efficient in the sense that there does
not exist any allocation rule such thatE(x;|s;) > E(x?5|tl-) for eacht; € T; and each

i € {1, 2} with at least one strict inequality. So, there exists Riﬂr X R£2+ (using the fact
that V(¢) is non-level for each € T) such that

DY MW EMil) < Y aat) EES|n)

ie{1,2} t;eT; el

for each allocation rule. Then,

y()xBS() = max [y1(r)v1 + ya(t2)v2]
ve Vi
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for eacht € T, wherey;(t;) = Ai(t;)/q(t;) for eachs; € T; and each € {1, 2}. So,
xBS g oM V).

We now check thatM is the minimal solution satisfying the axioms. logbe any solution
satisfying them, leV be any bargaining problem, lete oM (V), and lety RJTrlJr X Riﬁ
be the associated supporting vector. Vétbe the bargaining problem defined BY (¢) :=
{v € R?|y1(t1)v1 + ya(t2)v2 < MaXeev( [ya(f)v1 + y2(t2)v2]} for all 1 € T. The best safe
allocation rule inv? is

B — (ma&eva) [y1(t1)v1 + y2(t2)v2] ’ 0)
v1(t1)

for eachr e 7. Itis efficient for the principal iV?. By SSxBS € (V7). By IE, x € (V7).
By lIA, x € o(V). O

The proofis similar to a part of the arguments developedésh (1950jor the bargaining
problem under complete information. He obtains though an exact characterization result as
he looks for solutions of cardinality one. Here, we cannot do the same” ég) can be
multivalued. This is obvious in terms of allocation rules. It is a bit less obvious in terms of
interim utility allocations.

Example 7. Let us considef; = {1a, 10}, T> = {2a, 2b} with ¢ the uniform probability
distribution. The bargaining problem is the following:

V(la, 2a) = {v € R?|vo < min[&(—v1 + 3), —2v1 + 3]}
V(la, 2b) = {v € R?lvz < min[3 — v1, —v1 + 2]}

V(1b, 2a) = {v € R?|vo < min[—v1 + 2, —2v1 + 5]}
V(1b, 2b) = {v € R?|vp < min[—v1 + 2, $(—4v1 + D]}

As for the game irExample 2 x* € oM (V). The associated interim utility level for both
types of the principal is 2. It is easy to check on the other hand that the allocation rule
x' defined byx'(1a, 2a) = (1,1), x'(1a, 2b) = (2, —(2/3)), X' (1b, 2a) = (3, —1), and
x'(1b, 2b) = (5/4, 2/3), also belongs te™M (V) with y1(L.a) = 1, y1(1.b) = 4, y»(2.a) =

2, y2(2.b) = 3. The associated interim utility levels for the principal ay@ or type la

and 178 for type 1b.

We may adapt the dual arguments developed for instantadymson (1981pn the class
of smooth bargaining problems. A bargaining probl€ris smoothif, for all ¢, V(r) admits
a unique supporting hyperplane at each point on its frontier.

Axiom 4 (Efficiency—EFF). LeW¥ be abargaining problem. Ther(V) specifies allocation
rules that are efficient for the principal.

Axiom 5 (Best safe lower bound—BSLB). Lét be a bargaining problem, letbe an
allocation rule forV and letxBS be the associated best safe allocation rule. & o(V),
thenx weakly interim Pareto dominate$S.
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Axiom 6 (Independence over irrelevant expansions—IIE). LaindV’ be two bargaining
problems and lek be an allocation rule fo¥ such thatt € o(V). If V € V' andx is
efficient for the principal iV’, thenx € o(V’).

BSLB is justified for at least two reasons. First, it is a necessary requirement in view of
Proposition 1Second, in a context with verifiable types, it seems plausible that the players
have the possibility to delay the agreement. They know that they will agre@%n) if
stater occurs, for each e T. Itis only in cases where there is a mutual interest to agree on
some allocation rule at the interim stage that the players will do so.

Remark 8. IE and BSLB imply SS for solutions that are non-enfpiglued.

IIE is a dual version of the IIA property. It is important to note thét doesn’t satisfy
IIE on the class of all bargaining problems as the following example shows.

Example 9. Let us considef1 = {la, 1b}, To = {2a, 2b} with ¢ the uniform probabil-
ity distribution. LetV be a slight modification of the bargaining problem introduced in
Example 2

V(1a, 2a) = {v € R?|vz < min[2 — vy, 3 — 2v1]}.

V(1a, 2b) = V(1b, 2a) = {v € R%|v1 + v < 2}

V(1b, 2b) = {v € R?|v2 < min[3(3 - v1), 3 — va]}.
The allocationx* defined, as inExample 2 by x*(1a, 2b) = x*(1b,2a) = (3, -1),
x*(1a, 2a) = x*(1b, 2b) = (1, 1) remains efficient for the principal in the linear exten-
sionV’ defined by

V(la, 2a) = {v € R?|2v1 + vp < 3}.

V(1a, 2b) = V(1b, 2a) = {v € R?|vy + vz < 2}

V(1b, 2b) = {v € R?|vy + 2v2 < 3}.

We obtain a contradiction ag" satisfies BSLB (cf. the next proposition) axtidoes not
dominate the best safe allocation rule for the principdlin

Proposition 10. oM is the maximal solution satisfying EFF, BSLB and IIE on the class of
smooth bargaining problems

Proof. We first check that™ satisfies the axioms. The solution that specifies, for each
bargaining problem, the set of individually rational allocation rules that are imune to
weak objections from the principal clearly satisfies EFF and BSLB. So d¥ethanks

2 Non-emptiness is a necessary requirement for any definitive theory. Nevertheless, itis maybe more like an utopia
for the moment. Many insightful concepts don’t satisfy this requirement (e.g. the core and the Nash equilibrium).
Nevertheless, it is usually imposed as an axiom in bargaining theory,Aasiann (1985¥or instance. In fact,
evenNash (1950, 1953)mposes it. Indeed, he restricts his domain of solutions to those that specify a set of
cardinality one for each bargaining problem.
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to Proposition 4 11E follows directly from the definition o6 and from the smoothness
assumption.

We now check that is the maximal solution satisfying the axioms. kdde any solution
satisfying them, leV be a bargaining problem and lete o(V). By EFF, there existg €
R_Tﬁ+ X R_Tf+ such thatx is efficient for the principal in the bargaining probleé, where
VY (1) = {x € R?|ya(t))v1 + y2(t2)v2 < SUPey(y [11(t)v1 + y2(12)v2)]}, for eachr € T.
V7 has a strong solution, giving all the surplus to the principal in each state of the world:

yi(t1)
for eachr € T. We conclude by applying BSLB. O

$BS(r) 1= <ma>@ev<,> (ra(tva + ya(t2)v2) 0) ’

We obtain an exact axiomatization@¥ (V) by combiningPropositions 6 and 10

We conclude this section with a comparison between our results and thivseerfon
(2983) In his more general context, Myerson defines virtual utility by taking into account
the dual variables associated with the incentive compatibility constraints. Once this is done,
the Shapley (1969procedure may be adapted to define a virtual utility solution for the
principal-agent problem, and one may look for non-cooperative and cooperative character-
izations. The presence of incentive constraints creates some difficulties. Even if the ex-post
problems are extremely well behaved, for example TU, as in the bilateral trade example of
Myerson (1991, 10.3)he set of feasible interim utilities need not be comprehensive nor
smooth. Myerson enlarges the definition of virtual utility solution by a closure argument
and is so able to prove an existence theorem and an anaPgpbsition 6 characteriz-
ing his solution as the minimal one satisfying some axioms, including one of Domination,
which is disputable. As in Example 3, the lack of smoothness prevents the use of the IIE
property to obtain a full axiomatic characterization. Moreover, the concept of weak ob-
jection is not useful when incentives matter. In the bilateral trade example quoted above
there is a strong solution when the probability of a good type seller is low, corresponding
to the least cost separating equilibrium. Nevertheless, the principal has a weak objection in
which he proposes a pooling mechanism and pretends that he is of a good type with a high
probability. This may explain whislyerson (1983)s not able to provide a non-cooperative
characterization.

4. Power on both sides

Myerson (1984 proposed a solution for two person bargaining problems in which both
players have some power.gf= (81, 82) € A({1, 2}) is the vector of individuals’ relative
strengths, the weighted-utility squti@@" (V) is the set of allocation rulesfor which there

existsy € R1L, x R’2, such that:
Yot et 4—ilt) Bimaxevi (y1(t)vi + y2(t2)v2)
Yi(ti)

E(xi|lt;) =

for eachy; € T; and eachi € {1, 2}.
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We may consider the following adaptation of SS, BSLB and IIE. A%t denote the
best safe allocation rule when playés the principal.

Axiom 1’ (Strong solution—SS’). LeV be a bargaining problem. f1xBS1 4 ,xBS2 is
interim efficient, therB1xBS1 + 4852 € o(V).

Axiom 4’ (efficiency—EFH). LetV be a bargaining problem. Thes(V) specifies alloca-
tion rules that are interim efficient.

Axiom 5 (Best safe lower bound—BSLUB Let V be a bargaining problem and lebe an
allocation rule folv. If x € o(V), thenx weakly interim Pareto dominat@gxBS 14 g,x852,

Axiom €' (Independence over irrelevant expansions-3lIEet V andV’ be two bargaining
problems and let be an allocation rule fo¥ such thatr € o(V). If V C V' andx is interim
efficient inV’, thenx € o(V').

In the context of smooth bargaining problems with verifiable types, an exact characteri-
zation can be obtained, asRmoposition 6

Proposition €. a/';" is the minimal solution satisfying SS’, I1A and.IE

Proposition 10'. oM is the maximal solution satisfying [EF BSIB’ and IIE’ on the class
of smooth bargaining problems

As opposed to the principal-agent case, we are not able, in general, to obtain a non-
cooperative characterization o@" A special case is when utility is transferable in the

ex-post problemd/(z); then the mixture of the best safe allocations is efficientghaan
be obtained as the unique equilibrium allocation of the game in which plagehosen to
be the principal with probabilitys;.

Varying 8 leads to a new solution, called thentract curve CM(V) = Upeaqrzy agﬂ.
For the case of verifiable types that we are considering, a classical notion of interim core
is the coarse core dlilson (1978)which, for two-player problems, is the set of interim
efficient and interim individually rational allocations. The following example illustrates
how CM (V) refines the coarse core.

Examplell. Letusconsider; = {la, 1b}, T» = {x} with g the uniform probability distri-
bution. The bargaining problem is the followirigla) = V(1b) = {v € R?|v1+vy < 100}.
The coarse core (which in this example coincides also Witkon's (1978)ine core) is the
simplex inW with vertices(w1 (1a), w1(1b); w2) = (200, 0; 0), (0, 200G 0), (0, 0; 100). In
the interim utility space, the strong solution for player 1 (resp. 2)881 = (100, 100, 0),
wBS2 = (0, 0; 100), and the setM (V) is the line on the simplex connecting these two
points.

In the coarse core, like in the standard definition of the core for complete information
games, one tests the stability of given status quo allocations with respect to a given class of
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deviations. What Myerson’s theory suggests is that this might not be the correct approach
to bargaining with incomplete information. One should take into account that status quo
allocations emerge themselves from the bargaining process and as such bear an informa-
tional content. In the example, an interim allocation sucliz&®), 0; 0), which is in the
coarse core, should not be expected as a reasonable outcome of a bargaining process. Such
an outcome can be obtained only if individual 2 has no bargaining power and individual 1 is
the principal and proposes the allocation ruléa) = (200, —100), x(1b) = (0, 100). But
then individual b would have a profitable deviation: the best safe allocationx(le) =
x(1b) = (100, 0). Knowing this, individual 2 should deduce that the proposal generating
(200, 0; 0) comes from & and therefore reject it.

Another instructive difference with the coarse core is that the solut¥V) is not
based only on the set of feasible interim allocatirand the disagreement point. Indeed,
if we modify the example by settingj(1la) = {v € R%jv1 + v2 < 120}, V(1b) = {v €
R?|v1 + v < 80}, the setW remains the same, but the image in the interim utility space
of M (V) is now the segment joiningl20, 80; 0) and (0, 0; 100). This reflects the new
intertype compromise, taking into account the increased strength ofdr 1. The fact
that an interim solution should take into account also characteristics of the ex-post games is
actually a more general insight emerging from the approach developed by Myerson. Indeed
this differentiatesn/’;", from other proposals, like those Harsanyi and Selten (1972)
Myerson (1979)
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