3D problem) F,=>F =) F =0

At each joint
Dy
D,
D
§ :.F
z
Cx N\ Fac
FAD
Fac
Equations:XF,=XF =XF,=0 at each joint (12) B £ Fa W
Unknowns: Total of 12: 5 ne
z

Member forces Fuc, Fap, Fag, (3)
Reactions :B,,B,,B,, C,,C,,C,, D,,D,,D, (9)

Forces act parallel to the members
j

FAD
-
F/:c\ i

A
F‘AB/ W
FaeNag + FacNae + FopNpyp +Wi=0
Member Unit Vector pointing away from Joint A.
Member AB

n,, = (2ai —5ak) /\29a = (2i —5k) /29
Member AC N, =(-3i —j—5K)\35

Member AD N, = (-3i+j—5k)/35




Joint A e
W
FasNag + FacNac + Fapnp +Wi=0

Fus (2 —5K) /29 + F, (=3i — j—5K) /<35 + F, (-3i + j—5k) / /35 +Wi = 0

SF, =2F,, /N29—3F,. //35 —3F,, /\/35 +W =0
SF,, = —Fu /N385 +F, /435 =0
SF,, = —5F, /29 ~5F,. /\/35-5F,;, /\/35 =0

Fao =Fac =(W35/10W  F,; =—(/29/5)W

Joints B,C,D

BLV/ 7 Fas
BZ
B

X

FAD

AC

FuNea +Bi+B,j+Bk=0 FacNea +C,i+Cj+Ck=0 | |Fipohp,+D,i+Dj+Dk=0
~FueNgy +B,i+B j+Bk=0 ~FueNp e +Ci+C j+C k=0 [-Fpn,p + Di+D,j+Dk=0
SR, =—Fp2/29+B,=0] | F =—Fy3/\35+C, =0| |YFy =F,p3/435+D, =0
YR, =B,=0 SR, =Fc/\35+C,=0 | |3 F, =F,/\35+D,=0
Y Fy=5F/V29+B,=0 | |YF,=5F./\35+C,=0 | |Y.F, =5F/35+D,=0
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Does this procedure always work?

Equations (8):

D e P 2F,= £F,=0 at each of the 4 joints
A<+FAC/\/§=O (Ax)
A/+FAD+FACI\/§:0 (Ay)
A B B, =0 (Bx)
By +Fc =0 (By)

P-F,,-F./~2=0 C
Unknowns (8): b T AC V2 (©)
4 Member fOFCES' FAD'IFACYFBC”FCD _FCB - FCA/\/§ = 0 (Cy)
4 Reaction forces: A, A,, B, B, Fep =0 (Dx)
—Fp =0 (Dy)

{Bx =0, fod =0, fad = 0, fac = P +/2, foc = —P, By— P, Ay = —P, Ax = —P}

A structure like this is Statically Determinate

Does this procedure always work?

P Equations (8):
D C XF,= ZF,=0 at each of the 4 joints
A =0 (AX)
A\/ +Fyp =0 (Ay)
A B Bx = 0 (BX)
B, + Fy =0 (By)
-F =0 (Cx)
Unknowns (7): -F, =0 (Cy)
3 Member forces: Fyp, Fge, Fep _
4 Reaction forces: A, A, B,, B, P+Fep =0 (Dx)
—Fup =0 (Dy)

No solution that satisfies all the equations. This is a mechanism




Does this procedure always work?

c Equations (8):
D = P 2F,=2F,~0 at each of the 4 joints
No joint, A+Fc/N2=0 (Ax)
members A +Fup+Fyc /‘/5 =0 (AY)
cross
A B B, —Fy /\2=0 (Bx)
B, + Fyc + Fop /N2=0 (By)
P-Fp-F/y2=0 (Cx)
Unknowns (9): —F.-F, /J2=0 C
5 Member forces: Fap,Fag,Fac,Fac:Fan:Fep @A )
4 Reaction forces: A, A,, B, B, Foo + Fap /2 =0 (Dx)
_FAD_FBD/\/§:0 (Dy)
A structure like this is Statically Indeterminate
7

Structures for which internal forces can be calculated using

equilibrium equations for joints are statically determinate

Ax7309 B 300\ C

Jw

2D structure 3D structure

M = 5 members M = 9 members

R = 3 reaction force components R = 6 reaction force components

J =4 joints J =5 joints

No. unknowns=M+R = 8 No. unknowns=M +R =15

No. equations = 2J=8 No. equations = 3) = 15




How can you tell if a structure is statically
determinate, indeterminate or a mechanism?

» Maxwell’s conditions are a guide (not perfect but
easy).

* Procedure — count no. members M;
count no. support force components R;
count no. joints J.

» For 2D problem:
M+R>2J (indeterminate)
M+R=2J (determinate)
M+R<2J (mechanism)

» 3D problem:
M+R>3J (indeterminate)
M+R=3J (determinate)
M+R<3J (mechanism)

Examples where Maxwell works

O K X4

M=4 R=3J=4 M=5 R=3J=4 M=8 R=3J=5 M=5 R=4J=4
M+R=7 2J=8 M+R=8 2J=8 M+R=11 2J=10 M+R=9 2J=8
M+R<2J M+R=2] M+R>2J M+R>2J

Mechanism Determinate Indeterminate Indeterminate
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An example where Maxwell fails

Ry +T,5 =0 (AXx)

FD R, +T,, =0 A
C M=4 R=a=4 AR (AY)
M+R=8 2J=8 Rey —Tag =0 (Bx)

M+R=2J
A B o0 Re, +Tec =0 (By)
—T., =0 (Cx)
_TCB =0 (Cy)
F+T,=0 (Dx)
_TAD =0 (Dy)
11
3D

3
0 (j/w W @ 1;

M=16, R=6,J=9 M=7,R=12,J=7 M=6, R=15,J=7 M=6, R=6,J=4

M+R<3J M+R<3J M+R=3J M+R=3J

Mechanism Mechanism Determinate Determinate?
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Why do we care if a structure is
determinate?

A Mechanism will move if subjected to forces. Sometimes OK.
Bad news if your house is a mechanism, though...

M=4 R=3J=4
M+R=7 2J=8
M+R<2J
Mechanism

13

Why do we care?

An indeterminate structure:

Is hard to assemble

Is hard to analyze

Weighs more than it has to

May have forces in members even without loading
Small motions at joints induce big forces

Thermal expansion of some members induce big forces

ok wnE

M=8 R=3J=5
M+R=11 2J=10
M+R>2J
Indeterminate

14




Why do we care...
D

A~7309 B 300N\ C

Jw
An determinate structure:
Won't fall down when it's loaded
Is easy to assemble
Is easy to analyze (yeah right)
Won't have forces in members even without loading
Small motions at joints won’t induce forces
Thermal expansion of some members won't
induce big forces
BUT it will become a mechanism if a member fails!

ocouprwNE

15

Stiffness Formulation of Truss analysis:
forces and deflections

Fundamental Unknowns
are Nodal (joint) Displacements




Elastic rods are linear springs

Method of Joints:
> ey =Foc IN2 +Pcosg =0
>, =—Fuc —Fac /N2 +Psing=0

Fu =P(sing+cosg), Fye =—P2cos ¢




Stiffness Matrix
 Deflectionin AC Opc = uy,
+ Forcein AC FAC =—UuU
. 1
» Deflectionin BC Ogc :—(uy —ux)

+ Forcein BC: Fac :%(uy —Ux)

« Matrix Equation: EA [ 1 -1 u, Pcos¢g

221, -1 1+242 ||u, | | Psing

P2 Maple 11 - [stiffness ex1.mws - [Server 1]]

B Fle Edt View lnset Fomat Spcodiiecl Window Help
BEEEIEEEE |T]l= slala] [1] ] &)

=[] [l 71#]

> restart;with(linalg): j

> K:=(EA/L/2/sqrt (2)) *matrix ([[1,-1],[-1,2*sqrt(2)+1]1]);

1 -1
E44/2
1 \F{ 2 +j

-lo2
K==
4 L
> Pv:=vector ([P*cos (phi) ,P*sin(phi)]) ;
Py =[Pcos({), Psin()]
> u:=linsolve (K,PV) ;

_{P[(xm(‘h)wos(q»)u\/?cosum P[(shl(‘yn)+cos(([»)):|
" E4 ’ E4
> M:=(EA/L) *matrix ([[0,1],[-1/2,1/211);

0
E4) -1

[ -

L

M=

> forces:=multiply(M,u) ;

1 1
Jorces ::[P (sm( )+ cos(d)), - P(sm( ) +cos(Pp)+2 ﬁ cos(P)) + 5 P (sm(¢)+ co,x:(q)))}
> simplify (forces) ;

[P (sm(p)+cos(d)),—P \/? cos(d)]
[>

-l
Julaem | =] Gm] Sz sl iEm e @ | e | = || ERIPEE ey e
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Works for Statically indeterminate too.

In General

. Express M member elongations §; in terms of u (M egns)
. Enforce the boundary constraints on the displacements (R egns)
. Express M member forces Fi in terms of §, (M egns)

. Enforce static equilibrium at each node (2J or 3J egns)

Total number of equations: 2M+R+DJ
Unknowns

Nodal displacements u: DJ
Member elongations &, M
Member forces Fij : M

Reaction forces Rk R
Total number of unknowns: 2M+R+DJ

11



Member Forces and elongations
in terms of u:

For a member connecting joints (j) and (k):

Member Elongations
) Vesdn
.Xj
Length LK Length Lik+ gk
(K) ¢ K
K ( )'Xk+uk
Before Displacement  After Displacement

Lk 45k E‘Xk +uf —x! —uj‘z

\/(x" +u—x —u)e (X + Uk —xI —ul)

- \/‘x" —xj‘z + 20X = x))e(U — 1) +|u* —uj‘z
~ UL+ (U U)o (x* =) 1 L%)

=4 Uk —ul)en*




Finally s =54 = Uk —ul)-n¥

Au

N
N
N
mem_ber _/ N__ member elongation 9
rotation

n* = (x* —x) /%, ¥ :‘x" —xj‘

Axial Force in the member:

0) )
K&k ‘%k
Hu Hew
W ow T
. ik jk
F :_EJKA sk = F4 =(%) U  —u’)-n¥

Vectorial force on joint j through the member jk:

Eik — pikpik

13



Static Equilibrium:
The net force on every joint is zero.
(j)./ij I:jk(j) p
FN I

o b F

Piis the externally applied force (known) on joint
Rkis the reaction force (unknown) on joint k

N . . .
ZFJK+PJ+RJ =0 J =1|213!-"N
k=1

ik
Z(%j njk'(uk_uj)njk+Pj+Rj =0 j=1,2,3,...N

N
k=1

Constraints

For each reaction force, there is a corresponding constraint:
Using prescribed displacement information,
the unknown reactions Rj, (j=1,2,...N) can be written in terms

of the nodal displacements.
O _»P ijﬁ’(’P’
FN Fl

u“=0 ® B, CHEY
%7 R®

- EA * Kj j kj k
Z(TJ nY.(u - )N+ P+ R¥=0=
=1
N ik
Rk:_Z(E—f‘j (nk"-u")nkj

i1

14



The end results is a system of linear

equations for the nodal displacements:

[Klu=r

The coefficient matrix [K] and right-hand
side vector r are fully determined by:

eTruss geometry (x¥)

e Material properties (EA)X
e Applied loads Pk
ePrescribed Displacements

And If You Try Some Time...

u=[KI"'r

You Might Find...

You Get What You Need:
eElement Forces
eElement strains
eReaction Forces

15



EXAMPLE

450 450
1 E
r \EL rz( r

All members have equal cross section and material EA

Member Elongations
(2)
u2

u?
n12:§(i+1)
J2 .
23 _N& o
n®=—-(i-J)
@ n=—i

52 - (u(z) _M).nlz _ %(ul(z) +u£z))

V2
6% = (U ~u®)-n® = T=(uf? —u® — (uf ~u?))
53 = (M_u(a))_nm _ U1(3)




Member Forces

FL2 _ EA512 =@(u(z) +u(2))
L2 2L V! 2
(2) 23
u EAS®  2EA
2 (2) F* = L2 = oL (ul(S) _Ul(Z) +U£2))
Eo_ EAS® _ \/EEAUQ)
L3 2L ¢

Equilibrium
Fi2 _ EAS™ _ ﬁEA(ul(z) +u§2))
L 2L
EAS®?  2EA
F2 = —F =g (uf" —u® +u§2’)

a EAS®  2EA
Fr=—g—= Uy
L 2L

-]

-
<

F:Bl F3 IRS
P +(F*-F?)/N2=0,P, +(F®+F?)/J2=0

R+ F¥ 4+ F2/\2=0, Ri+F2/42=0
—F31—F23/\E=0, R23+F23/\E=0

R, IR;
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Equations for u

u;” 2u? —ufY = AL
u® EA
2P,L
EA
—u? +uf? + <1+ «/E)uf) =0

@ L ® =
e 2u,” +u,” =

U

Matrix Form
2 0 -1 ||[u?]| |P
EA
—|0 2 1 ||u?|=|PR
2L @)
101 1+2 || W 0
[Klu=r
[W2+a)(242P2+7P1P2) 2 (P1-P2-2.2P2) |2 (P1-P2)
a 56 T 8 ' 4
u=2—LU
U=2r=

18



Member forces

Fl2 2% 2@(u(2) +u(2))
L12 2L 1 2
23

F31 — EA§31 — \/EEAUI(S)
L 2L

F* 1 0 1fju?

F* _Y2EA -1 11 ulg”
2L

F* 0 0 1]ju®

F::Em§P2+E\/EP1,“EPZ\EPl ﬂﬂ}

4 2 2 2 2 2

What if the structure is a mechanism?

You can follow the procedure and arrive at the
system of equations:

[Klu=r

Since nonzero displacements can occur without
inducing member forces, matrix K will be singular.

*The number of zero eigenvalues corresponds to the
degree of indeterminacy: (number of missing
members or reactions.

*Null vectors of K correspond to the motion allowed
by the mechanism

19



EXAMPLE

p: Stiffness

.Y
-1 0 [u?] [P?]
0 0 |lu| |P
32 12||u| | R
0 0 -2 1 |u]| |P]
Eigenvalues: 0, ’§+£’§_£
2 2 2 2




Null Vector

- [ [ [
Nw PFPw o PN

[
L

Mechanism

Example
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K has two zero eigenvalues:

[a1]
¥
<
I 1
o o (@] (@] [a)
[a hala Bla ha Bhla
L ]
[l
I 1
BlB?_ClCZDl
_u > > > u_
[ 1
o o o o o
O O o +4 o
T o 4 o o
O 4 o o o
- o T o o
L ]
X

Null vectors are:

000400
> 5 35S 35S S
1 |
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