Engineering 1630 - Fall 2015: Answers to the First Optional Problem Set

1.) The minimum expression is OUT = ABCD+ACD+BCD+ {ABC and the appropriate

ABD
K-map is:
AB\CD 00 01 11 10
00 1
01 1
11 1 1 1
10 1

There are two non-essential primes, one of which is included in the minimized expression.

2.) The shortest possible Gray code sequence for four variables is 8. If you look at the K-map
of problem one, you can see it requires traversing three states in one column to change both A
and B. Similarly you have to traverse three columns to change both C and D. Shortest way to
do both is a 3 x 3 path traversing 8 states. It is obviously possible to traverse all 16 boxes and
if you look carefully you can find three intermediate sequences of 10, 12, and 14 states.

3.) The NOR multiplexor is very similar to the NAND-based mux and is drawn below. The
primary difference is the polarity of the select signals at the 3-input NOR gates. They are the
complements for the NAND case.

To derive this result systematically, notice that if you combine the outputs of a set of NOR
gates in one more such gate, the output is a product of sums (POS) expression. Each sum has
the inputs of one of the gates in the input set. For example,

(A+B)+(C+D)=(A+B)-(C+D)
Therefore, to conbert the multiplexor into NOR form, we need a POS expression for its out-
put. The way to get such an expression systematically for any system is to form the comple-
ment of the output as an SOP form by summing all the Boolean terms that are not included in
the original expression. The complement of that expression is the output itself, and using
DeMorgan’s theorems it can easily be pushed into POS form. (If the SOP form is minimum,
then the resulting POS form will be too.) The problem with doing this in the multiplexor case
is that there are 64 minterms for the inputs and only 32 of those contribute to the output. To
catalog and minimize the remaining 32 terms by brute force is cumbersome. The simple way
to do the problem is to observe that complementing the output of a multiplexor is the same as
complementing all the I, inputs because no matter which input is selected, selecting the com-
plement of its I, will give the same output as complementing the selected I, itself. This fi-
nesses the problem of minimizing a complicated multi-input expression.  Thus:

0UT=IO-S1-S0+Z-S1-S0 +I_2-S1-S_0+I_3-S1-S0 and by applying DeMorgan’s Theorems:
OUT:(IO+SI+S0)-(Il+Sl+S_0)-(12+§1+SO)'(13+§1+S_0)
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5.) The circuit is as shown on the right. For each transistor, if one 4{
neglects the term in the square of Vpg, then

w
I, = Z K(VGS —Viu )VDS

Because all three transistors have the same current and the same
width to length ratio, we have:

(VGSl ~Vin )V051 = (Vc;sz ~Viu )VDsz = (VGS3 ~Vry )VDS3 A —]
Clearly the voltage from source to drain of any one transistor has to
be less than .26 volts because the sum of the three must be .8 volts
or less. Also, the transistor on the bottom will have the smallest
voltage since it has the largest gate voltage. Suppose we guess that

Vpsi = 0.2 volts and see if that is acceptable. The drain current is

I, =%K(VG$1 ~V,y Vs =3-7-107°-(4.1)-0.20=1.72-10" amps.

Vo, (5-2-.9)=2(5-.9) or Vpsp = 21

Fall 2015

- o— VDD=5v.
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VD53 =22V
Vour = Vpsi + Vbps2 + Vpsz = .63 V which is less than 0.8 by reasonable margin. Other slight-
ly higher values are also possible.

~Vpss) _ 5.0-.63
1, 1.72-10™
6.) This circuit can have glitches on D1 and D2. (The XOR was glitch free by definition.)

All glitches are negative going and start a single propagation delay after the input transition.
The possibilities I see are:

\%
Finally, R:( bD =25.4 Kilohms.

Before | After Output | Glitch
ABC |ABC |Line Width
001 110 D1 1-7p
000 110 DI 3-tp
010 110 D1 3-Tp
001 010 D2 2-Tp
100 010 D2 2-Tp
001 111 D2 2-Tp
100 111 D2 2-Tp

7.) Implement the CE (Count Enable) signal with a 1 of 2 multiplexor on the D line of each
flip-flop. When CE = 0, the D’s connect to the Q’s. When CE = 1, the D’s connect to the
NEXT Q logic, which determines the count sequence. The state table is:

Q2 [Q1 |Q0 |UP | p2 | D1 | DO
0 |0 o Jo |1 0 0 | Q0
0 |0 o 1 TJo 0 1 Next D Q
0 |0 |1 Jo Jo 0 0 | >
Gray

o (o [t |1 o 1 1 ‘
o0 |1 |1 Jo TJo 0 1 Code —
o |1 |1 1 TJo 1 0 |
o |1 Jo Jo o 1 1 Count _\ o1
0 1 0 1 1 1 0 Logic D Q
1 |1 o Jo 1o 1 0 ) -+
1 |1 Jo |1 1 1 1 ‘
1 |1t [t Jo |1 1 0
1 1 1 1 1 0 1 | \
1 Jo 1 o 1 1 1 b o L@
1 Jo |1 |1 |1 0 0 ) S
1 Jo Jo o 1 0 1 up ‘
1 Jo Jo |1 TJo 0 0 CE

CLK
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Q2Q1\QOUP o0 [o1 [11 [10
00 o [t 1 Jo D, =02-01-UP+Q2-Q1-UP+Q2-Q1-UP+Q2-0Q1-UP
01 1 o Jo |1

11 o [1 [1 Jo

10 1 o Jo |1

Q2Q1\QOUP [00 [o1 [11 [10

00 o |o |1 o D/ =0Q1-Q0+Q2-00-UP+Q2-00-UP

01 1 [1 |1 Jo

11 1 |1 Jo |1

10 0 [o o |1

Q2Q1\QOUP 00 [o1 [11 [10

00 1 o Jo o D, =01-00-UP+Q2-00+Q1-00-UP

01 o [t o Jo

11 0 |1 |1 |1

10 1 o |1 |1

8.) The first step in the problem is to decide on the necessary states. I used a Moore machine,
and I assigned states for each part of the cycle. Note the use of two states for timing the yel-
low light on the NS road. I chose the bit pattern for the states to minimize the decoding of
GNS, YNS, etc. and to prevent glitches on TMI. Clearly this is not the only possible answer.

State | Bits: Q, Q; Qo | Action/Function

A 100 GNS =1; wait 40 sec.

B 101 GNS = 1; wait for ETW

C 001 YNS = 1; first cycle of yellow on NS

D 011 YNS = 1; second cycle of yellow on NS
E 000 GEW = 1; wait 40 sec.

F 010 YEW = 1; one cycle only
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XX ="INO, ETW
Pres. Next
State Q[2:0] TMO ETW State D[2:0] GNS ™I
A 100 1 X A 100 1 X This group of X’s
A 100 0 0 B 101 1 X may be either 1 or 0
A 100 0 1 C 001 1 X but tl}gre can bfe no
transition within the
B 101 X 0 B 101 1 X group.
B 101 X 1 C 001 1 X
C 001 X X D 011 0 0
D 011 X X E 000 0 1
E 000 1 X E 000 0 0
E 000 0 X F 010 0 0
F 010 X X A 100 0 1
G 110 X X E 000 X X
H 111 X X E 000 X X
GNS =Q,
™I = 02 - Q1

DO=02-01-00-TMO +Q2-01-Q0+Q2-Q1-0Q0

D1=Q2-Q1-00+Q2-Q1-Q0-TMO

D2=02-01-ETW +02-01-00-TMO + Q2 -Q1-Q0
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9.) There are two identical gates interconnected. Transistors M1, M2,..M6 form one of
them, a single compound gate with three inputs -- A, C, and QB (the output of the other gate) -
- and one output -- QA. QA can be forced low by either a HIGH on QB (through M2) or by
both A and B being HIGH (through M1 and M3 in series). Thus

QA=0B+A-C = QA=(0B+A-C)

The whole system is:
A 0A
C
B 0B

This is a clocked RS flip-flop!
Since QA changes value every 107 sec, its period is 2-10” sec and the frequency is 5 -10*° Hz.
For each gate, P, = f.-C-V}, =5-10°-7-107*.25=8.75 pwatts.

For two such gates: Pp = 17.5 pwatts.

10.)  When A = ‘1", Vpg; £ 0.8 volts from the requirements of the problem and both transis-
tors have |Vgs-Vrul = 4.1 volts. Since Vpg; is less than [Vgs-Vryl/(1+a) = 4.1/1.4 = 3.0 volts,
the proper form for the drain current of M1 is

I, = % K, (VGS] Vi — @VDSJVDS1 = % Ky(5-0.8-0.56)0.8 = 2.93: % K,
1 1 1

Transistor M2 has [Vpgyl = 5 - .8 = 4.2 volts, which is greater than |Vgs-Vrgl/(1+a) = 3.0.
Therefore:

W, K, » W, K, 2 W,
—2._ZP VP =R P40 =622 K
L, 2(1+a)| asz = V| L, 2.8| | L, "

0|

Equating the two drain currents gives:

W, w. L
2.937‘(2.5KP)=6.2L—2KP which implies| —-—- =1.18

1 2

=|=

S}

The gate threshold is the value of input, Vs, for which V., =V, =V, .

Since the gate and drain voltages of M1 are equal, the current through it is

W, 1 W,
I, = ZIKN (MJ(VGM V) = Z‘KN (0.37) (Vg 1.6V, +0.64)
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For the P channel device, M2, I will assume that Vouyr at gate threshold is high enough that
[Vpsal =5 = Vour 1s less than [Vgs-Vral/(1+a) = 3.0 volts. (I will check the assumption after
the calculation, of course.) Then

W, W,
= 2

VGS2| _VTHP _HTH VDS2|)|VDS2| = L_KP (5_'8_0'7(5_V0UT))(5_VOUT)

2

At gate threshold:V,,, =V, =V, and |IDZ| =1,.

%2.5@ (0.37) (Vs — 1.6V, +0.64) = %KP (42-3.5+0.7V,,,)(5-V,,;)

W, L
Use the result that —=- L—l =1.18 to get
1 2

0.88Vz, =14V, +0.56 =1.18(3.5-2.5V,,, +0.7V,,, )

and V,,, =V, =3.4 volts.

W, W,
For A =HIGH, I, = ="K, (VGSI Vo —@VDSJVDM =LK, (5-08-0.56)08

1 1

Substitute I, =4.37-10" amp and P, =1,V,, =2.18 mW. Assuming that on average the

input will be high half the time, the avg tssypation becomes:
P, =1.09 mW.

11.)  If B is LOW, then the tristate gate is in its high-impedance condition. The output will
be forced HIGH by the P-channel MOSFET. When B is HIGH, the transistor is turned off and
the inverter turned on. Thus C=B+B-A=B-A (aNAND gate).

In the circuit below, transistors M1 - M4 are a three-state inverter. Transistor M5 is the pull-
up transistor shown explicitly in the problem. (Note: there are several ways to make a tristate
inverter but all will have the same logical function when connected this way.)

VDD

— ouT
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12.) Let C,,,, be the width of the N-channel MOSFET in a minimum size inverter. Since this

manufacturing process requires the P-channel to be twice as wide, the total width of the devic-
es in this inverter is 3C,,,, -

12.1) A two-input NAND gate has two N-channel devices in series and two P-channel devices
in parallel. To maintain the same current capacity as the inverter, the width of the N-channel
devices must have twice C,,,, - The P-channels in parallel stay the same size so the total de-

vice width is 8C,,,,, .- The unloaded NAND gate is slower than inverter by the ratio of the to-
tal gate widths or 7,,,, =7,y (8/3) =40 ps.

12.2) A three input NOR gate has three P-channel transistors in series so these must be 3X the
inverter size or 6 times C,,,, each. It has three N-channel devices in parallel that are each the

same as C,,,, - Total widths for the NOR gate is then (3-6+3)Cy,,y =21C,,, - Total load
capacitance for the circuit is 37C,,,,, . The propagation time is 7,,,,, (1+37/8) =225 ps.

12.3) A three input NAND has total widths of 15C,,,, . Two NORs and one NAND with
three inputs each have total widths of 89C,,,, and the propagation delay is

Tyup (1+8978) =485 ps.



