EN2210: Continuum Mechanics

Homework 1: Index Notation; basic tensor operations
Solutions

School of Engineering
Brown University

Before attempting problems 1-7, read through the online notes summarizing the rules of index
notation for vectors and tensors

1. Which of the following equations are valid expressions using index notation? If you decide an
expression is invalid, state which rule is violated.
e o%u;
(@) aij =Cuijen (0) =0 (c) a_;J‘*‘bi =pat—2' (d) sijksij="6
(@) —OK. (b)—no - theindex k is repeated three times. (c) OK; (d) OK.

[3 points]

2. Match the meaning of each index notation expression shown below with an option from the list
(@) A=T;S;; (b) Ejj =TSy (€) Ejj =SiiTj (d) a =<5 bjc (€) A=ayby
() g (@) Tijmj =Am; (h) g =S;b; () AqiAg =3d; () Aj = Aji
(1) Product of two tensors
(2) Product of the transpose of a tensor with another tensor
(3) Cross product of two vectors
(4) Product of a vector and a tensor
(5) Components of the identity tensor
(6) Equation for the eigenvalues and eigenvectors of a tensor
(7) Contraction of a tensor
(8) Dot product of two vectors
(9) The definition of an orthogonal tensor
(10) Definition of a symmetric tensor

(1) is (b); (2)is (c); (3)is (d); (4) is (h); (5)is (f); (6) s (9); (7) is (a); (8) is (€); (9) is (i); (10) is (j).

[5 POINTS]
2
3. Let R=/xx, . Calculate R and R .
aXi aXian
aXi .
Recall that = = 5ij and use the chain rule.
X.

J
R 1 oxx 1 Xi
G—Z—#Z—(&jxi +Xi5ij)=—l
°R G 0 (1) Jj % R _SGj XX

R RZ&; R RS

xox, RO
xi6xj R an R

[2 POINTS]



4. Let S =R — R /3. Calculate Sy (atensor with this property is called deviatoric, and S is
called the deviatoric part of P)

Recall that oy, =3 so that Sy, =Ry —BgOmm /3=0
[1 POINT]
5. Let Rjj =cosé5j +ninj(1-cosd) —sind g N where ny are the components of a unit vector.

Calculate Rj¢Rj, . (You should know what the answer is, of course, but see if you can verify the
result using index notation manipulations).

Rik Rk =(cos€5ik +nin (1—cos @) —sin O iy np)(coseéjk +Nnjng(1-cosd) —sinb € jq nq)
2 2, cin?
= €08 O5i 5y + NNk Ny (1—cos&)” +sin® & €jyp Ny €jkg Ng
+c0s (1 - cosO)(SjkNnjnk + NNk k) —€os@sinO(Six € jkq Ng +Jjk Sikp Np)
—(1—cosd)sinO(ning € jkq Ng +NjNk Eikp Np)
Now simplify by noting nin, =1and gjjn; =n
RikRjk = cos? 06 +nin; (1-cos8)? +sin? 6 €ikp Np €jkq Ng
+cos@(1-cosf)(njn; +ninj) —cosdsinO(e jig Ny + Sijp Np)
—(1—C0$0)Sin Q(nink ejkq nq +njnk eikp np)
Note that ny €q Ng =0 (expand out in full, or note that this represents n crossed with itself) and
(€jiq Ng* Sijp Np) = (€jiq Ng—€jip Np) =0, and recall € €jmn=jmSn — FjnSmk , SO that
RikRjk = cos? 06ij +nin; (1-cos0)? +sin? 0(SijOpq — SipSiq)NpNg +2c0sO(1—cosO)n;n;
= Jjj (sin? 6+ cos? 6) + ninj(1-2cosd+ cos? 0 —sin® 6+ 2cos O — 2cos? 0) = Sij
This verifies that R;; is indeed orthogonal.
[4 POINTS]
1 1 1
6. Show that det(S) = g €ijk €lmn S"SJ-mSkn :ES" (Sjjskk _3Skjsjk )+§Sjiskjsik

We have that €iji €jmn=dj| (5jm5kn —5jn5km)—5im (5j|5kn —Jjndi )+5in (5j|5km —Sjmdk )
Thus
€ijk €imn SitS jmSkn = Sii (S5 Skk —SigSjk )= Sii (Sij Sy — Sk Sik )+ Sk (Sij S jk — S Sik )
= Sii (S Skk — 38K S jk ) + 25 jiSig Sik
If you are suspicious, you could have mathematica or maple evaluate the result and check that it

is indeed equal to the determinant...
[3 POINTS]

7. Let J=det(S). Show that o = JSr}}1 . (this is a very useful result — we often need to differentiate

mn
the determinant of a tensor when working with constitutive equations for materials, for example)



We have that

1 1
J= 5 Silk €imn SitS jmSkn = = Silk Simn (5ip5|q5jm3kn +Si18pOmq Skn + Sit SjmSkpSng )

S pq

1
= 2 € pjk Sgmn Sijkn

3 ad 3
But recall that S“ = €ipg € jkI S kaCﬂ = K = det(S)qu .

_1
2det(S) nq

[3 POINTS]
8. Let {e,ep,e3} bea Cartesian basis. Vector u has components (1,2,0) in this basis, while tensors S

and T have components

1 J6 0 1 -1 3
T=({6 2 0 S={2 4 2
0 0 5 1 2 6

a. Calculate the components of the following vectors and tensors

v=Tu v=u-T V=S+T V=S.T v=5'
These are all straightforward (but tedious) matrix manipulations. The solutions are

1+26 2  J6-1 3

v=| 4+./6 v=[1+26,4+6,00 V=|2+6 6 2

0 1 2 11
1-6 J6-2 15 1 21
V=[2+4J6 8+2/6 10 V=[-1 4 2
1+2406  4+6 30 3 26

[3 POINTS]

b. Find the eigenvalues and the components of the eigenvectors of T.
One eigenvalue is 5, with the corresponding eigenvector (0,0,1) by inspection. The others can be
computed using the formulas in the notes, or else using mathematica or maple, which gives

-1, (—/3/5,4/2/5,0) 4, (\215,4/3/5,0)
[3 POINTS]
c. Denote the three (unit) eigenvectors of T by my, m,, ms (It doesn’t matter which

eigenvector is which, but be sure to state your choice clearly). Let {ml,mz,m3} be a new

Cartesian basis. Write down the components of T in {m;,m,,mz}. (Don’t make this hard:
in the new basis, T must be diagonal, and the diagonal elements must be the eigenvalues. Do

you see why this is the case? You just need to get them in the right order!) Let
my =—/3/5e;,\2/5e,  m,=+2/5e;+/3/5e, mz=e;
5 0 0
ThenT=|0 -1 0
0 0 4

[1 POINT]



d. Calculate the components of S in the basis {m;,m,,ms}.

This is a pain... The coordinate transformation matrix Qj; =m; -e; is

—J3/5 2/5 0
\J6/15 3/5 0

0 0 1

The transformation Sigm) =Qjx Slgf)Q ji_can be computed using Maple or Mathematica, with the result

11-+/6 3W6+7  2410-315
% 36 -8 14++6  3J10+2\15
~J15+2410 10 +215 30

[2 POINTS]
9. LetSandT be tensors with components
1 2 =22 1 -1 3
T=|-1 4 3 S=|2 4 2
1 2 6 1 2 1
a. Calculate S:T and S--T
b. Calculate trace(S) and trace(T)
This is just busy work again - S: T=24 S--T =239 and the traces are 11 and 6.
[2 POINTS]

10. Show that the inner product of two tensors is invariant to a change of basis.

Recall that S(m) _QI S ij Qiijk :Qkiij 25
Therefore S{™T™ =QuSEQ},QAnTHQn = QQIMQnQpSITS =k Sp ST = ST

[2 POINTS]
11. Let {e;,e,,e3} be a Cartesian basis. Let R be a proper orthogonal tensor, and let m; = Re;

a. Show that {mq,m,,m3} is also a Cartesian basis (i.e. show that m; are orthogonal unit
vectors).

b. Let R,(Je) : R(m) denote the components of R in {e;,e,,e3} and {m;,m,, m3}, respectively.
Show that Ri(je) = Ri(jm).
To show that m; are orthonormal note that m; -my =(R-g;)-(R-ex ) =¢; -(RT -R)-ek =g; -8 =ik
[2 POINTS]
The basis change formula gives R( )=Qy R(e)QJn, Qi =m; -ex =(Rej)-e =RE) . Therefore,
R(m) R(e)R(e)R(e) R(e) R(e)

[2 POINTS]



