EN2210: Continuum Mechanics

Homework 2: Kinematics
Due 12:00 noon Friday February 4th

School of Engineering
Brown University

1. To analyze the deformation of a conical membrane, it is
proposed to use a two-dimensional conical-polar coordinate
system (s,8) illustrated in the figure. s denotes the distance

of a point on the cone from its apex, and & is the angle
subtended by a radial line and the i direction.

(a) Find the coordinate transformation from {x;, X, %3} to s,6
and the inverse

X =Ssinacosd Xy, =ssinasingd X3 =SCoSa

S= x12 + x% + x% 0= tan_l(xz %)

[2 POINTS]
(b) Write down formulas for the three basis vectors
e _or e _ Lo e, =€g xe
s~ as 0~ g 20 n=—%”*%g
00
in the {i, j,k} basis.
es =Sina cosdi +sinasin 8j + cosak
eg =—sindi+cosdj
e, =—co0sdcosai—sinfdcosaj+sinak
[2 POINTS]
(c) Hence, determine expressions for
00 00 00
in terms of {eg,ey,en}
% =—sinasinfi+sinacosfj=sinaey
869 . . . .
—Z%=-C0s0i —sin@j=-sinaeg +COSare,
oe, . . .
) =sin@cosai—Ccos@cosaj=—Cosaey
[2 POINTS]

(d) Let dr =dseg +ssinadéey be an infinitesimal vector that lies in the surface of the cone. Find
formulas for ds,d@ interms of dr and other relevant variables.
ds=dr-eg;, d@=dr-ey/(ssine)
[1 POINT]



(e) Let ¢(s,0) be a scalar valued function defined on the surface of the cone. The surface gradient

of V¢ is defined so that [Vs¢]-dr=dg for all infinitesimal vectors that lie in the surface of the
cone. Show that the surface gradient operator is

v =(ﬁe it 9, j
S7las * ssina oo ?

We have

d¢=%ds+%d9:(ger +_Lie9)¢-dr
0S 00 0S ssina 060

[2 POINTS]
(f) The curvature tensor x of a surface is defined so that x-dr =dn gives the difference in normal

to the surface n at two points on the surface separated by an infinitesimal vector dr. Use the
solutions to © and (d) to determine the components of k in {e5,ey,e,}

Cosa

cosa
We have that de, =—cosadfey =ey| — ey-dr. Hence k=— ey ®e
n 0 0( ssinaj 0 ssing ¢ ¢
[2 POINTS]
2. To track the deformation in a slowly moving glacier, three e
survey stations are installed in the shape of an equilateral 2 2

triangle, spaced 100m apart, as shown in the picture. After a

_sunable period o_f time, the spacing between the three stations 190, 100m 120m 110m
is measured again, and found to be 90m, 110m and 120m, as

shown in the figure. Assuming that the deformation of the
glacier is homogeneous over the region spanned by the 100m 90m
survey stations, please compute the components of the
Lagrange strain tensor associated with this deformation,
expressing your answer as components in the basis shown.

Before deformation After deformation

Recall that the initial and deformed lengths |,1, of a material element parallel to a unit vector m in the

undeformed configuration are related by
1213
- Y - E m:m:;
28
The three unit vectors parallel to the sides of the triangle are (1,0,0) (1/2,/3/2,0) (-1/2,/3/2,0).
Multiplying out the vectors for the three sides of the triangle gives
902 —1002 c 110° -100* _ Eyy L 3En Eip 3

11
2.100° 2.100° 4 4 2
120 -100° Eyy L3 SPNE]
2

2.100° 4 4
These three equations can be solved for the Lagrange strain components, with the result

Ey; =—19/200 E,, =149/600 E;, =233/600 or Ej; =—0.095 E,, =0.2483 E;, =0.0664

[5 POINTS]



3. A spherical shell (see the figure) is made from an incompressible
material. In its undeformed state, the inner and outer radii of the shell
are A,B. After deformation, the new values are a,b. The
deformation in the shell can be described (in Cartesian components)

by the equation
R= Qékak

(@) Calculate the components of the deformation gradient

. 1/3
yizr)% r=(R3+a3—A3)

tensor
. -2/3 1/3 Xi X
F,jzﬁz(R%aS—AS) xixj+(RO+a’ =A%) g - )
aXJ R

2 Y

r [ RS r |[%X]

=%t T R o2
R r R R

(b)  Verify that the deformation is volume preserving

[2 POINTS]

Since the deformation is radially symmetric, we can compute J along any radial line. Taking
X =R, X, =Xx3 =0, we see that

R? r
Fi1 =z P2 =F3 =4 = det(F) = FyFpoFsz =1
[2 POINTS]
(c)  Find the deformed length of an infinitesimal radial line that has initial length |, , expressed as
a function of R

X; r (R r|XXj] Xj . R%x
Let dx; ZIOEI' Then dy; = Fdx; =[5ij EJFLr_Z_EJR_ZJJIOEJ:IO r_ZEI and

R2
Jayidy; = |or—2-
[2 POINTS]

(d)  Find the deformed length of an infinitesimal circumferential line that has initial length I;,
expressed as a function of R

. . : 13 r
Since the deformation is volume preserving, |§|r = |3 =lg= Iﬂ =l R
r

[2 POINTS]

(e)  Using the results of (c) and (d), write down the principal stretches for the deformation.



If m; is a principal stretch direction, the principal stretches 4; have the property that
Im; = 4lgm; (nosumoni). The principal stretch directions are radial and circumferential, by
inspection. From (c) and (d), it follows that 4 = R? /r? H=A=r/R.

[2 POINTS]

4] Find the inverse of the deformation gradient, expressed as a function of y;. You can do this
by inspection, by inverting (a) (not recommended!), or by working out a formula that enables you
to calculate x; interms of y; and r=./y;y; and differentiating the result. The first is quickest!

Working by inspection,

2 "
|:Ij—1=5ij5+ R
r (R?2 r| 2

Direct inversion is possible but very tedious. For the third approach, note that

. U3
xizRL R=(r3—a3+A3) rzﬂfykyk
r
Fj " =0x / dy; is then easily computed.
[2 POINTS]
4. Suppose that the spherical shell described in Problem 3 is continuously expanding (visualize a balloon

being inflated). The rate of expansion can be characterized by the velocity v, =da/dt of the surface that
lies at R=A in the undeformed cylinder.

(a) Calculate the velocity field v; =dy; /dt in the sphere as a function of x;

: 13
We have that yizr)% r=(R3+a3—A3) R = /X Xk
- - 2 -
r
[2 POINTS]
(b) Calculate the velocity field as a function of y;
v a2va Vi
=2
r r
[1 POINT]

(c) Calculate the time derivative of the deformation gradient tensor calculated in 2(a)

. vaa2 vaazR2 vaa2 XiXj
Rj=dj— 7+ 2" 5 ~— 7|2
Rr r Rr® J R

[2 POINTS]



(d) Calculate the components of the velocity gradient Lj; = % by differentiating the result of (b)
j

oV _azva(é._ _3yiyjj
- 1

T -
[2 POINTS]
(e) Calculate the components of the velocity gradient using the results of © and 2(f)
The other approach is to use
. . 2 3. 2 .
i Rr? 3 ) r? r (R? r) r?
2 3. 3 .
=Va2 5”(— 1+2R—3 I—Zk 5kj + r—3—1 yk;’]
r r r R r
2
_avg| o YiYj
=3 (5'1 372
[2 POINTS]

(f) Calculate the stretch rate tensor Dj;. Verify that the result represents a volume preserving stretch rate
field.

. . 0V . .
The stretch rate is the symmetric part of — - but it is symmetric anyway. So
j

2
_a‘vy YiYj
Dj _r_s[gii _3r_2]

To be volume preserving, Dy =0. It is easy to show that this is indeed satisfied.

[1 POINT]

5. Repeat Problem 3(a), 3(f) and all of 4(b), 4(d), but this time solve
the problem using spherical-polar coordinates, using the various
formulas for vector and tensor operations given in the notes. In this
case, you may assume that a point with position x=Regr in the
undeformed solid has position vector

)1/3

y=(R3+a3—A3 eR

after deformation.




We need the following results: the gradient operator is V =| eg i+e¢9 li+e¢ 1 9
oR R 06 Rsin@ o¢

and the derivatives of the basis vectors are

6eR 8e9 ae¢ aeR 6e9 ae¢
0R OR ©¢R 00 00 00
oe
8e—stin dey ae—gzcos¢9e¢ —? — sin fer —cosBey
o¢ o o¢

2
Then the deformation gradient is: F=V(Reg) =R—2eR ®eg +%e9 ®ey +%e¢ ®e,
r

[2 POINTS]
The inverse can be written down by inspection as
2
r R R
F=V(Reg)=—5egr ®er +—eyp®ey+—e, ;e
(R)RZR RT 80 @8y + 8y V8
[2 POINTS]
2
The velocity is v= ar\zla er . [1 POINT] The velocity gradient follows as Vv where the

gradient is taken with respect to deformed coordinates. The gradient operator is the same,
however... So

2
asv,
L=D= r3a (—2eg ®eg +e9 Vg +e4 ®8y)
[2 POINTS]
6. An initially straight beam is bent into a circle with radius R as AE,

shown in the figure. Material fibers that are perpendicular to the axis
of the undeformed beam are assumed to remain perpendicular tothe | ____________| I
axis after deformation, and the beam’s thickness and the length of its
axis are assumed to be unchanged. Under these conditions the
deformation can be described as
y1=(R—x;)sin(x /R) Yo =R—(R—Xp)cos(x /R)
where, as usual x is the position of a material particle in the
undeformed beam, and y is the position of the same particle after
deformation.
@ Calculate the deformation gradient field in the beam,
expressing your answer as a function of x,X,, and as

components in the basis {e;,e,,e3} shown.

Fo (1—xy / R)cos(x /R) —sin(x /R)
(L—Xp /R)sin(x /R) cos(x /R)

[2 POINTS]
(b) Calculate the Lagrange strain field in the beam.



E—(FTF_|)/2_E —(% /R)(2-x%2/R) 0O
= =3 : ’

[1 POINT]
(©) Calculate the infinitesimal strain field in the beam.

. :%(VHWT){ (L—xp /R)cosx /R=1  {~(xp / R)sin(xq / R)}/Z}

{=(x2 I R)sin(x / R)} /2 cos(x / R) -1
[2 POINTS]

(d) Compare the values of Lagrange strain and infinitesimal strain for two points that lie at
(¥ =0,%, =h) and (% =L,x, =0). Explain briefly the physical origin of the difference
between the two strain measures at each point. Recommend maximum allowable values of h/R and
L/R for use of the infinitesimal strain measure in modeling beam deflections.

2 2
At the first point, E—¢= -h“/2R“ 0
0 0
1- L/R
At the second E —g=| -~ 0L/ R) 0
0 1—cos(L/R)

The difference between the two measures at the first point is because the Lagrange strain measure
guantifies the change in squared length:

1213
213
e . . -1 .
The infinitesimal strain, on the other hand, gives ¢ = I_O . The two are equal for small strains, but
0

the quadratic term becomes important for large strains. h/R<10 is usually a safe range.

&L=

At the second point, the difference is a consequence of the rotation of the beam — the incorrect strain
predicted by the infinitesimal rotation tensor is the difference between the actual length of the beam
and its horizontal projection at the end. R/ L >10 is a safe range to avoid this error.

[3POINTS]

(e) Calculate the deformed length of an infinitesimal material fiber that has length I, and
orientation e; in the undeformed beam. Express your answer as a function of x; .

From the definition of Lagrange strain, we get

2X X
=l 1-=22{1-22 | =1y1—x, /R
0\/ R( ZRJ ol—-%x2/R)

[1 POINT]



0] Calculate the change in length of an infinitesimal material fiber that has length 1, and
orientation e, in the undeformed beam.

The length is unchanged - 1 =1,

[1 POINT]
(9) Show that the two material fibers described in (3) and (f) remain mutually perpendicular after
deformation. Is this true for all material fibers that are mutually perpendicular in the undeformed

solid?

oo o @-xp /R)cos(x /R) —sin(x/R) || 1] |(@-xy/R)cos(x /R)
LT =%y I R)sin( /R)  cos(xq /R) || 0] 7| @=x,/R)sin(x /R)
Eeen o (=X /R)cos(x /R) —sin(x /R) |0 | =sin(x/R)

©2 _[(1— Xo I R)sin(x; / R)  cos(x /R) MJ _Lcos(xll R)}
(F-ez)-(F-1)=0

The result is not true for arbitrary fibers — for example

o se)/ ﬁ{a—xZ/R)cos(xl/m —sin(xlfR)]l/ﬁ}_ % {(Hz/R)cos(xlm)_sin(xlm)}

(L—xy /R)sin(x /R)  cos(x /R) ||1/+2 B (L—x, / R)sin(x / R) +cos(x; / R)

2

F ey —e)) ﬁz[(l—XZ/R)cos(xllR) —sin(xllR)]—llﬂ 1 [—(1—x2/R)c_os(xllR)—sin(xllR)
—(1—x, / R)sin(xy / R) +cos(x / R)

(I-x, /R)sin(x /R) cos(x /R)

| 1/\2
(F-(ez—el)/«ﬁ)-(l:-(e1+e2)/\/§):[1—(1—x2/R)]/2¢0

[2 POINTS]

(h) Find the components in the basis {e;,e,,e3} of the Left and Right stretch tensors U and V as
well as the rotation tensor R for this deformation. You should be able to write down U and R by

inspection, without needing to wade through the laborious general process. The results can then be
used to calculate V.

By inspection, the principal stretch directions are parallel to e;,e,. The rotation tensor is the
mapping of e;,e, to my,m, Thus
U:{(1—x2/R) 0} R:[cos(xllR) —sin(xllR)}
0 1 sin(x /R) cos(x /R)

V can then be calculated as

V_FRT (L-xy I R)cos(x /R) —sin(x /R) || cos(x/R) sin(x /R)
(@—x, /R)sin(x /R) cos(x /R) || —sin(x /R) cos(x /R)

) [(1— X, | R)cos?(x / R)+sin(x /R) (=, /R)sin(x /R)cos(x / R) ]

(=%, I R)sin(x /R)cos(x; /R)  (L—x,/R)sin?(x /R)+cos?(x / R)

|



[3 POINTS]

(1 Find the principal directions of U as well as the principal stretches. You should be able to
write these down without doing any tedious calculations.

This is trivial — the principal directions are just e;,e, ; the principal stretches are (1-x, /R),1

[1 POINT]

()] Let {m;,m,} be a basis in which m, is parallel to the axis of the deformed beam, as shown in
the figure. Write down the components of each of the unit vectors m; in the basis {e;,e,,e3}.
Hence, compute the transformation matrix Q;; =m; -e; that is used to transform tensor components

from {e;,e,} to {m;,m,}.

cos(xy / R) sin(x /R)
—sin(x /R) cos(x /R)
[2 POINTS]

(k) Find the components of the deformation gradient tensor, Lagrange strain tensor, as well as U
V and R in the basis {m;,m,,m3}. Itis best to do these with a symbolic manipulation program.

These calculations can be done quickly with Maple or Mathematica. We get
Fo [(1— Xo I R)cos(¥ / R) —(1—X, / R)sin(xq / R)}
sin(x / R) cos(x; / R)
The components of V in {m;,m,,m3} are equal to the components of U in {e;,e,}, the
components of U in {m;,m,,m3}are the same as those of V in {e;,e,} and as you showed in

HW1 the components of R are the same in both bases. It is not hard to show that these are
general properties of these tensors....

[2 POINTS]

() Find the principal directions of V expressed as components in the basis {m;,m,,ms}.
Again, you should be able to simply write down this result.

This is trivial — the principal directions are just m;,m, ; the principal stretches are (1-x, /R),1
[1 POINT]

7. A sheet of material is subjected to a two dimensional
homogeneous deformation of the form

Yi=RAuX +AnXe Yo =RorX + AxXp
where A; are constants. Suppose that a circle of unit

radius is drawn on the undeformed sheet. This circle is
distorted to a smooth curve on the deformed sheet. Show
that the distorted circle is an ellipse, with semi-axes that
are parallel to the principal directions of the left stretch tensor V, and that the lengths of the semi-axes




of the ellipse are equal to the principal stretches for the deformation. There are many different ways
to approach this calculation — some are very involved. The simplest way is probably to assume that
the principal directions of V subtend an angle &, to the {e;,e,} basis as shown in the figure, write

the polar decomposition A=V -R in terms of principal stretches 4,4, and &, and then show that
y=V-R-x (where x is on the unit circle) describes an ellipse.

Note that the rotation R does not distort the circle at all. To see this, let z=Rx and note that
X-Xx=2-z=a? where a is the radius of the circle.

The right stretch tensor can be expressed as V = 4m; ®my + ,L,m, ®m, . If we let z=Rx and express

2 2
- _ i Yo _ .2 2_.2 o
zas z=zmy +z,m, then Vz=A4zim; + A,z,m,. Therefore /112 +/122 =121 +25 =a“. Thisisthe

equation of an ellipse centered at the origin with semiaxes 4a, La.

[5 POINTS]

8. The center of mass and the mass moment of inertia tensor in the reference and deformed configurations
of a solid are (by definition)

c0 _ 1 _ c0 _ - .c0 ) c0
f —M\JxlpodVO IU —\}[(Xl—ﬁ )(XJ—rJ )podVo

e :%\J/‘ yipdV I Z\J;(yi _ric)(yj —fjc)pdV

where pg, p are the mass density of the solid in the reference and deformed configurations, X,y are the
positions of material particles in the reference and deformed configurations, and M is the total mass.

Suppose that a solid is subjected to a homogeneous deformation
Yi = A Xk + i
where A; and c; are constants.

(a) Find formulas for ric,lijC in terms of rico Ii‘jo, Aj and ¢;.

1 1 1
i =MI(A%ka +¢j)pdV :MAikJ‘(Xk)POdV +MJ.(Ci)podV = A +¢
v v, v,

0 0

I =I(yi —ric)(yj —rjc)pdv =I(Akxk +G —ric)(Ajm +Cj —rjc)pdv
v \

= (A0~ 1E0) A3 0~ ) oV = A1y

<

[2 POINTS]



(b) Suppose that A; is arigid rotation (this means Ay Aj = AiAyj =djj. Use the solution to (a) to
show that the time derivative of Ij; can be expressed as
dig
d_tjz ikl — W

where W, =dj'%Ajk is the spin tensor.

dijj dA 10 o 9A;j
13 A + Al —2
dt (A1k I Jl) pra Ak I o
: ZJAq Aqk'l?IA'I + Al Aq AqldA—Jl
We can write dt P ) PEARTAl gt
_W,qlgJ ligWq
H dAy Ajk dAjk
ere, we have used the result that Ay Aj = Gjj :?Ajk + Ay T:O:> Aisz—wij

[2 POINTS]

(c) Suppose that a rigid body rotates with angular velocity @y and therefore has angular momentum

hi = ||(J;6()J
Use (b) to show that the time derivative of the angular momentum is
dhy
at =ljj—— at Jre|Jk ojlyo

Taking the time derivative gives
dh dlﬁ C da) c ¢ c da)i
at a AT (qu'qj 'IquJ)“’j +1j Gt
Recall also that ey is the dual vector of Wy . ~ This means that for any vector u;, Wjuj = &jiiex U -
Substituting this into the preceding result, and noting that Wjje; =0 (the cross product of a vector with

itself) gives the required formula. Note that the solution is the standard formula from 3D rigid body
dynamics.

[2 POINTS]
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9. The figure shows a design for a high-speed moving walkway (see http://www.jfe-
steel.co.jp/archives/en/nkk_giho/84/pdf/84 10.pdf for a detailed description of this general type of design,
or http://www.youtube.com/watch?v=uwHer1RrYg8 for a movie of such a walkway in action). A
passenger standing on the walkway passes through five regions:

(i) between A and B she moves at constant speed Vg ;

(ii) between B and C she accelerates (with an acceleration to be specified below);

(iii) between C and D she moves with constant (high) speed vy ; and

(iv) between D and E she decelerates

(v) between E and F she travels at speed v, again.

In this problem we will just focus on portion (ii) of the motion — i.e. between B and C.

(a) Suppose that the walkway is designed so that the velocity varies linearly with distance between B
and C. Assume that a person walks with speed w relative to the moving walkway. Determine
her acceleration as a function of distance y from B, and also as a function of time after passing the
point B. Find a formula for the maximum value of the acceleration, and identify the point where
it occurs.

The velocity of the walkway is v=vy +(v; —Vp)y/l;. The velocity of the person at a distance y from B

follows as

2 _
dy =V+Ww. The acceleration is a%y :ﬂﬂ 1Yo (Vo +W) + (v —vo)l
dt dtz dy dt Il Il

To find the acceleration as a function of time we must find y(t), which follows as
y t

e
5 Vo +W+ (v —vg)y/h 5

= (v —Vo)y /b = (Vo +W){exp[(v; Vo)t / | ] -1}
=a(t) = %(vo +w)exp[(vy —vo)t/h]

. , Vi -V,
The maximum acceleration occurs at y =k and has value @, =— — I 0 ((vy +w))
1

[3 POINTS]

(b) Suppose the walkway is designed instead so that a person standing on the track has constant
acceleration a. Calculate the required velocity distribution v(y) as a function of distance y from
B, and determine the acceleration of the person walking along the accelerating walkway as a
function of y and also a function of t.


http://www.jfe-steel.co.jp/archives/en/nkk_giho/84/pdf/84_10.pdf
http://www.jfe-steel.co.jp/archives/en/nkk_giho/84/pdf/84_10.pdf
http://www.youtube.com/watch?v=uwHer1RrYg8

If the acceleration is constant, then v = v12 +2ay (straight line motion formulas)

2
Then d_g:%%:ZLUVf + 2ay +Wj
dt y dt «fvl +2ay

In this case

y
ﬂ:v+w:w+\/v12+2ay:>.f¢:t
dt 0W+«fv12 + 2ay

N «M +2ay -V ﬂlog[whlvlz +2ay}t

a v W+ vy

:>/3—1+a|og1+—ﬂ=r /;’zﬂ/1+2ay/v1 a=w/v r=at/vy
+a

/3:ap((1+a)eXp((2+T)/a))_1
o

where w=P(z) is the principal root of z=wexp(w) (the ProductLog function in Mathematica)

Hence

d2y :EdZ(ﬂz _1) _ aP(Z)(aP(Z)Z +2aP(Z)—1) S (l+a)exp((2+7)/a)
a? 2 de? a(1+P(2))° a

[3 POINTS]



