EN2210: Continuum Mechanics

Homework 2: Polar and Curvilinear Coordinates, Kinematics

Solutions
School of Engineering
Brown University
X %j |, XiX;
1. The for the vector v; =—- and tensor Sj; =—+——- R=./XXc , calculate:
R3 R® R®

a. Their components in spherical-polar coordinates
b. The gradient of v in spherical-polar coordinates
c. The divergence of S in spherical-polar coordinates

(a) Notethat x; / R=er sowe v=%eR

§ij Xin

. . . 1 1
For Sj; the first term is isotropic so ?jLF:?(eR ®eR +eg ®eg+ey ®e¢)+¥eR ®eR
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(c) Itis easiest to use the formula
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‘Parabolic Coordinates’ are used to simplify the solution of PDEs for solids with parabolic
boundaries. They specify the position of a point using three parametric coordinates (u,v,8) as

r =uv(cosdi +sin 0j)+%(u2 ~v)k

(a) Find the components of normalized basis vectors for this coordinate system

1 or 1 or 1 or

By=T—— & =—7— ep=r——
ar|ou orfaou ar | o6
ou ov 00

Show that they are orthogonal; and calculate their derivatives with respect to (u,v,6) (express
your answer in {e,e,,ep} coordinates.
1 . .
ey =———=(vcosdi +vsindj+uk)

V2+U2

3 1
V2 +u?
eg = (—sindi + cos 8j)
These are clearly orthogonal

ey (ucos@i+usin@j—vk)

Note that k =;(ueu —-vey) cosdi +sinbj =—1 (ve, +uey)
u? +v2 u? +v2
oey u . o 1
= vcosdi +vsinfj+uk )+ ———=Kk
au (v2+u2)3/2( ) /v2+u2
S 1 (uey, —vey)=- Ve
(v2+u2) v (v2+u2) - Y vau? !
e . L S
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And finally
e e e S
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ou  ov 00 u? +v2
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(b) Find an expression for the gradient operator in the (u,v,8) system (express your answer in

{e,.ey.ep} coordinates.

Consider a scalar function f(u,v,0). Its derivativeis df = (;idu +%dv + Sf—ede

u

Similarly, note that by definition

dr =+/u? +v2eudu +u? +v2e\,dv+uve9d¢9

Since {e,,e,,ep} are orthogonal we find that

df ! afe+ ! 6fe+lafe dr
Sl I e u T A~ °V %0 |
u2+v2 ou /u2+v2 ov uv oo

The gradient operator therefore follows as
1 o 10 J
———e,+——¢y |f
ov

1 0
Vi =| ———¢, + ——=8y
/u2+v2 ou u2+v2 uv 06

(c) Find the gradient and divergence of the vector field w = izeu

1 0
VW=| ———¢, + ——86, +——¢€
/u2+v2 ou u2+v2 ov uv oo

= —2 e, ®e L v e, ®e
- u u-— 2 2oV u
uvu? +v2 u?yu? +v2 vo+u
1 u 1 v
+ Zev®ev+ 3 69®69

The divergence is the trace of this:

1 -2 1 1
VW= —| g+ —5—r
Ju? +v2u® u® uve+ud)

1 ( (v2+u2) . u? ] v

JiZ a2l B2 +ud) B2 +ud) B2 +u2)2
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3. Helical coordinates are used to reduce the governing equations for problems with helical symmetry
(such as flow down a helical channel) to two dimensions. A number of different helical coordinate
systems have been proposed. One example is defined by expressing position vector in terms of

(r,0,2)=(&,$,.&3) as follows
r=rcoséi+rsindj+(z +2L6?)k
T
Where L is the pitch of the helix.
(a) Calculate the covariant basis vectors m;

my = cosdi +sindj m2=—rsin9i+rcosej+2Lk ms =k
T
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(b) Find expressions for the reciprocal basis vectors m'

It is easiest to do this by inspection

m1=cosei+sin49j m2:(—sin9i+cosej)/r mgzzi(sinei—cosejhk
zr

[2 POINTS]

(c) Calculate the covariant and contravariant components of the metric tensorg . Check your answer

by calculating gj, 9 K

1 0 0 1 0 0
gjj=mj-m;=0 r2+(L/27)® Ll2x gl=m'-mi=j0 1/r? —L/2xr?
0 Liex 1 0 -L/2ar? 1+(L/2ar)?

It is easy to see that gikgkj = 5ij as required.
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(d) Calculate the elements of Christoffel symbol (which satisfies dm; :Fﬁmkdfj )
Note that dm; -m _F' jmy -m d§l Fﬁdfi
Also

dmy =(-sin @i +cosdj)dé

dm, =—r(cos i +sinfj)d @ + (—sin bi + cos #j)dr dm3=0

dm;-mt=0 dm;-m2=2do  dmy-m3=——_do
r zr

dmz-mlz—rde dmz-mzzldr dmz-m3:—idr
zr

dm3-m1:dm3-m2 =dm; m3=0
The nonzero elements of Fﬁ are thus

2 1 3 L
I =~ Flz——z—m
1 2 3 L
Ipp=-r I'yy=— I'py=—7—

[3 POINTS]
(e) Calculate expressions for the covariant and contravariant components of the gradient of a scalar
function ¢

Vo= m1%+m2%+m3%
or o6 oz
09 i _qii 9P
=9 mj
55. 0
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v mlgqﬁ [1 9 L aqﬂn{_ L o9, L
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—_— + —_—
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(f) Find expressions for the contravariant components of the velocity and acceleration of a particle
in terms of time derivatives of r,8,z

dr drdr dr do drdz _dr
=t — 4 — m1+—m2+—m3
dt drdt dodt dzdt dt
2.
:d_V:d §I m| d§| §J Fljmk
dt gt dt dt

d2r d2e d2z A% 2dr do L \drde

=—my + My +——M3—r| — | M +=——my —2| —— |———m3
dt? dt? dt? dt 271 ) dt dt
d2r  (de)? d%0 2drdo d2z L \dr do

=l —-r|—| |Mm+|—+= My +| ——2| — |———|m3
dt? dt qt2  rdtdt dt? 271 ) dt dt
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(9) A steady flow down a helical channel must have the form v =v(r)m, (note that v does not have
units of velocity because m, is not a unit vector). Calculate the velocity gradient tensor

i -
Vv = [ﬂmi +v'F-‘kij® mX
9k '

dv

Vv:d—m2 ®m! +VF122m1 ®m? +v1"%1m2 ®m! +vl“§1m3 ®m!
r
dv v
=g M2 @m’+v(-r)m ®m?+-m,®m! ———mz®m!
r r r
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4. Construct (i.e. find a displacement field) a homogeneous deformation that has the following properties:
e The volume of the solid is doubled
e A material fiber parallel to the e, direction in the undeformed solid increases its length by a

factor of /2 and is oriented parallel to the e + e, direction in the deformed solid

o A material fiber parallel to the e, direction in the undeformed is oriented parallel to the —e; +e,

direction in the deformed solid.
e A material fiber parallel to the e direction in the undeformed solid preserves its length and
orientation in the deformed solid

There are several ways to do this problem. Here is one. We can express the deformation gradient
as F=RU . Without loss of generality we can assume the principal directions of U are parallel
to e,e,,e3 , in which case

3
U= Zﬂiei ® €j
i=1
The first, second and third conditions give ~ 41A,A43=2 4 = V2 Az =1

Finally the first and second conditions show that R is a 45 degree counterclockwise rotation about
the egaxis. This gives

11—10
R=—[1 1 0
*/5001
Hence F is
1 -1 0ov2 0 0| 1 -1 0
F=1l1 1 ollo v2 ol=[1 1 o
200\/5001 0 0 1

The displacement field follows as u=Fx+c [5 POINTS]



5. To measure the in-plane deformation of a sheet of

metal during a forming process, your managers place €2 ©) 42

three small hardness indentations on the sheet. Using

a travelling microscope, they determine that the (c) 2cm 2.8cm
initial lengths of the sides of the triangle formed by  hcom 1.414cm

the three indents are 1cm, 1cm, 1.414cm, as shown in b ()

the picture below. After deformation, the sides have @) () € &
lengths 1.5cm, 2.0cm and 2.8cm. T '\PSem\_ (b)

5.1 Calculate the components of the Lagrange strain tensor E;q, E,,, E;5 in the basis shown.

By definition the Lagrange strain is related to the length changes by

1212
m-E-m=—->2
2l
This gives
Ein Epp |[1] 2_
) | g Y M Y
Eyy Epp |[0] 2_
o gt 2%, -2
E, Ep [l 2
By, Ep|[1 2 _
ip -q{ll ”} }z(ﬁ1+EQ—2Em)/2=28 2 _1.46= Ey, ——0.398
2 E, Epll-1
12 22 L
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5.2 Calculate the components of the Eulerian strain tensor Efl, E;Z, Efz in the basis shown.

There are various ways to do this. One way is to first calculate F , as follows
e Notethat U> =FTF=2E+]1
1482 -0.2295
—-0.2295 1.9868 }
e Weknow F=RU and also that

e Thisgives U ={

R - cos@ sin@
| =sin@ cos@

o We see from the figure that the line [0,1] is mapped to [0,2] by deformation. We can solve the

equation

cos@ sin@ || 1482 —0.2295(|0 0
. = = 60=0.115

—sin@ cosd || —-0.2295 1.9868 || 1 2

e We can now calculate F

14464 O
F=RU=
L0.3975 2}

o Finally



E =(I-FTFY/2
[ 0.25155 -0.03435
1 -0.03435 0.375

[5 POINTS]

6. The figure shows the reference and deformed configurations for a solid. The out-of-plane dimensions
are unchanged. Points a and b are the positions of points A and B after deformation. Determine

b L/4

6.1 The right stretch tensor U, expressed as components in €,,€,,€,. (A 2x2 matrix is sufficient).
There is no need for lengthy calculations — you may write down the result by inspection.

The deformed configuration can be reached by a stretch parallel to the two basis vectors, followed by a
rotation. These can be taken to be the two deformations in the decomposition F=RU

2 0
0 1/4
6.2 The rotation tensor R in the polar decomposition of the deformation gradient F-RU=VR

11 -1
i
[2 POINTS]

6.3The deformation gradient, expressed as components in m;,m,,m,. Try to do this without using
the basis-change formulas.

[2 POINTS]

The deformation gradient can be decomposed as F=VR, and V has components
2 0
[0 1/4}
in m;,m,,m,, while R has the same components in both e ,e,,e, and m,,m,,m,. Therefore
12 0|1 -1 1|2 =2
ﬁ[o 1/4}{1 1 }ZELM 1/4}
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7. Show that the Lagrange strain E, the right Cauchy-Green deformation tensor C and the right stretch

tensor U have the same principal directions (eigenvectors). Similarly, show that E’,B,V have the same
principal directions.

We can write
3
U :Zﬂ‘iui ®Ui
i=1
3
=C=U%=> 2u; oy
i=1
3
E=(C-1)/2=) (% -1u; ®u; /2
i=1
Similarly
3
VZZ%‘Vi ®Vi
i=1

3
=B=V2=> 20y
i=1

3
E =(1-B™)/2=) -1/ 27)Vv; ®v; /2
i=1
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