
Implement of Augmented Lagrangian Hybrid element  
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Background and Constitutive Equation 

Augmented Lagrangian Hybrid element is a way to fix volume locking caused by approaching 

incompressible limit. The basic idea is calculating the hydrostatic pressure and deviatoric stress 

separately and adding fake nodes to each element to be pressure nodes.  
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Constitutive Equation 
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Weak form and using interpolation: 
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M here should be one order less than N 

We can get element Residual Force: 
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 for 3D 

 

Solve P inside each element 

1[K (K ) K ]uuu up pp puK F    

Element stiffness become
1[K (K ) K ]uu up pp puK  , the dof, F residual force can stay the same as 

usual. 

 

The code is tested by using holeplate input file with passion ration of 0.3 and 0.49999, results are 

below. It can be seen from the pictures below, hybrid give basically the same results as B bar 

method. When Possion ratio becomes close to 0.5, basic FEA cannot give correct results anymore, 

but hybrid element still works. And when possion ratio is 0.3, hybrid element also give similar 

results as basic FEA. 

 

 

 

 

 

 

 

 

 

 

 

 



 

Figure 1 



Implement hybrid element by solving P globally: 

Tested by using linear elastic input file with only 2 element and there are 8 nodes in each element, 

one fake node is added to each element to be pressure node. The exact solution at the end of step 

3 should be S11=15, S22=S33=S12=S13=S23=0 

 

Figure 2.Input file 

Using user print file to print out displacement and stress at integration points, below is the result 

at step 3 by using hybrid element and b bar method. It can be seen form the data that b bar method 

and hybrid element give same results for passion ration 0.499999. 

 
Figure 3.Results by hybrid element 



 

 
Figure 4.Results by B bar method 

 

Future work 

I have only tested hybrid element (solving P globally) with simple 2 element input file and wrote 

the stress only at intergration points. Next step is to test it with more complicate input file like 

holepate and use userprint to write out contourplot file, which give the stress at node and can be 

read by tecplot.  

 


