EN40: Dynamics and Vibrations

Solutionsto Homework 3: Solving equations of motion for particles
MAX SCORE 30 POINTS + 20 POINTS FOR OPTIONAL PROB

Division of Engineering
Brown University

1. A spherica projectile with diameter D and mass m is launched
from the origin with initial velocity vector Vg =V,i+Vyj+V,k.
and angular velocity (spin) o =ayi+wyj+ k. The projectile is

subjected to the force of gravity (acting in the negative k direction)
together with lift and drag forces
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where V =, /v)z( + vf, + v% is the magnitude of the particle's velocity relativeto theair, v =vyi +Vvyj + v,k
isthe projectile velocity, C; and Cp arethelift and drag coefficients, and p istheair density.

1.1 The motion of the system will be described using the (x,y,z) coordinates of the particle. Write down
the acceleration vector in terms of time derivatives of these variables. There is no need to use
Newton's laws to do this— simply write down the definition of acceleration.
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1.2 Write down the vector equation of motion for the particle (F=ma).

Note that
WXV= (a)xi +oyj+ wzk) X (vxi +Vyj+ vzk)

= (a)yvz —a)zvy)i +(@aVy — oV ) j + (a)xvy - a)yvx)k

Therefore, the equation of motionis
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1.3 Show that the equation of motion can be expressed in MATLAB form as

X Vx
y Vy
df Z Vz
dt| Ve || —GVVx + Ca(@yVy — V)
Vy —Wy, + Co (0,Vy — V)
V2] |-9-aVy, +Cp(wyVy _a’ny)_

and give formulas for the constants ¢; and ¢, .

The({i,j,k} components of the EOM give

2 2 2
1 7D 7D dex
-=pCp TVVX +pCL T(a)yvz - a)zvy) =m—

2 dt2
1 . #D? 7D? d%y
—E pCD TVVy + pCL T(COZVX — (UXVZ) = mF
1 . zD? nD? d?z
—EpCD TVVZ + pCL T((vay — a)yVX) — mg = mdt—2
If we divide through by m and define
_zpCDD2 c _ngLDZ
8 m 274 m
these equations become
d°x
—QWy + Cp(@yV, — 0,Vy) = F
2
—Wy + Co(@,Vy — 0yV;) = ?2)/
d%z
-g-CW, +C (cony - coyvx) = F
Finally, we introduce vy, vy,Vv, asadditional unknowns, writing the equations as
o, by
da dat Y d  ?
dv.
d_tx =—-CWy +Cp (a)sz - a)sz)
d_ty =—C Wy + Co(@,Vy — 0yVy)
dv
th =—0 — W, + Co(oyVy — oy Vy)
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1.4 Modify the MATLAB code discussed in class (or the online notes, or the MATLAB tutorial, or last
year's HW3) to calculate and plot the trgjectory (use the ‘plot3’ command). (THERE IS NO NEED
TO SUBMIT A SOLUTION TO THIS PROBLEM). A basic script is shown below.

function trajectory_3d

rho = 1.02; % Air density

D = 0.0748; % Projectile dianeter
Cd 0.3; % Drag coefficient

d 0.01; % Lift coefficient
me0. 142; % projectile mass

cl = rho*Cd*pi *D*2/ 8/ m

c2 = rho*d *pi *D"2/ 4/ m

wx = 0; w=0; wz=0; % Angul ar vel ocity conponents

VO = [34.4*cos(pi/180),0,34.4*sin(pi/180)]; %lnitial velocity

d = 18.4; % Di stance travel ed
ti me=30;

=[0,0,0,V0]; %lInitial conditions
options = odeset (' Events', @vents);
[t _vals,w vals] = oded45( @rojectile_equations,[0,tine],y0,options);
end_position_1 = w val s(length(t_vals), 1:3)

figurel = figure;

axesl = axes('Parent',figurel,' FontSize', 12);

view([18.5 22]);

grid('on");

hold("all");

pl ot 3(w val s(:,1),w vals(:,2),wvals(:,3), LinewWdth', 2)

wz = 132; % Solution with spin

[t_val s,w val s] = oded5(@rojectile_equations,[0,tinme],y0,options);
end_position_2 = w val s(length(t_vals), 1:3)

defl ection = end_position_2-end_position_1;

defl ected _di st = sqrt(dot(deflection,deflection))

pl ot 3(w val s(:,1),wvals(:,2),wvals(:,3)," LineWdth',2,"Color',[1 0 0]);

function dwdt = projectile_equations(t,w)
% The vector w contains [X,VY, Z, VX, VY, VvZ]

X =W1l); y=w(2); z=w(3); vx = wW4); vy = WM5); vz = W6);

vimag = sqrt(vx"2+vy"2+vz"2);
dwdt = [vX;Vvy; VvzZ;
-cl*vx*vmag+c2* (w*vz-wz*vy) ;
-cl*vy*vmag+c2* (wz*vx- wx*vz) ;
-9.81-cl*vz*vmag+c2* (Wx*vy- wy* vx)]
end
function [eventval ue, stopt hecal c, eventdirection] = events(t,w)
% Function to check for a special event in the trajectory
=wW1); y=w(2); z=W3);
hor _dist _traveled = sqrt(x"2+y"2);
eventval ue = [hor_dist_travel ed-d];
stopthecalc = [1]; % This nakes MATLAB stop the calc
eventdirection = [1]; % W look for a zero crossing from bel ow
end
end
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1.5 Finaly, run simulations with parameters representing a baseball (m=0.142kg, Cp =0.3,C; =0.01,
D=7.48cm, air density 1.02 kg/m®) launched at 34.4 m/s (77 mph) at an angle of 1 degrees to the
horizontal. Run simulations with @ =0 and ® =132k rad/sec (the second case corresponds to a
‘dider’ from a right-handed pitcher). In each case, calculate the position vector of the ball when it
crosses the plate (at a distance d=18.44m from the launch point). Hence, calculate the deflection of
the ball due to spin. There is no need to hand in MATLAB code or graphs for this problem — just
report your values.

Here's a graph showing the two trgjectories. The end positions and deflected distance are shown on the
figure. Solutions for the deflection may differ, depending on how the ‘distance traveled' is interpreted
(using just the x distance is fine) and on the accuracy of the computation — so any solution near 0.2m
deflectionisfine.

| Without spin (18.4,0.0,-1.2)m
__| With spin (18.4,0.2,-1.2)m
Deflection due to spin:0.211m
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2. In this problem, you will write a MATLAB script to predict the orbit of a satellite around the earth.
Thisisthe first step in the calculations you will need to do for the lunar impact design project later in the
semester. To simplify calculations:

¢ Neglect the gravitation of the moon and sun

e Assume that the earth is stationary

2.1 The position of the satellite will be described using its (x,y,z) coordinates (the design project handout
describes how thei,j,k directions are chosen, but thisis not important here). Write down the velocity
and acceleration of the satellite in terms of these variables

r=xi+yj+zk
v:%i+ﬂj+§k
d dt° dt

2 2 2
a=d;i+d 2yj+d22k
a2 dt? dt
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2.2 Draw afree body diagram showing the forces acting on the satellite.

Pooe
©—

2.3 Write down Newton’s law of motion F=ma for the satellite.
Following the procedure described in class (or e-notes)

Ty 2 2 2
_GMm(XI+)/j+Z|<)=m dx. d%. d°z
R’ R

[1POINT]

j
dt?2  dt? dt?
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2.4 Show that the equations of motion can be expressed in MATLAB form as

dt| vy | |-GMx/R3
Vy | | -GMy/R®
V2] | —-GMz/R?]

Where G isthe gravitational constant, M is the mass of the earth, and R= \/x2 + y2 + 72 isthe distance
of the satellite from the earth’ s center.

The three components of the vector equation of motion yield
d2x_ GMx d2y_ GMy dzz__GMz

2 R A2 R d? R
Each of these equations must be re-written as two first-order equation, as follows
x| &

= = V., =
Cdt Y dt £ dt
d  GMx dvy  GMy dv, GMz

dt RS d R3 dt RS
Collecting these into vector form gives the solution stated.
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2.5 Write a MATLAB script that will integrate the equations of motion. Be sure to use the ‘odeset’
command to control the accuracy of the computation, as discussed in class. (THERE IS NO NEED
TO SUBMIT A SOLUTION TO THISPROBLEM]

function satellite

GM = 3.986012e05; % Grav constant (km and sec)

x0 = [-19063, 18504, 760]; % Initial position (km

v0 = [-1.6128, -1.5314, -3.1703]; % Initial velocity (km sec)
w0 = [x0,vO0];

time = 24*3600; % Tinme of run (seconds)

cl ose all

options = odeset (' Rel Tol"'
[t _vals,wvals,te, we,ie]

0. 0001, ' Events', @vents);
oded45(@qg_of _motion,[0,tine], w0, options);

te % This prints the tine for all the events in the MATLAB w ndow.
pl ot 3(w val s(:,1),wvals(:,2),wvals(:,3));

function dwdt = eq_of _notion(t,w)
X =W1; y=w2); z=Wm3);
R = sqrt(x"2+yn2+z"2);
vx = W(4); vy = W(5); vz = W6);
dwdt = [vXx;vy;vz; -G x/R'\3; -Gwy/ R*3; -G z/ R3] ;

end

function [eventval ue, stopt hecal c, eventdirection] = events(t,w)
% Function to check for a special event in the trajectory

X =wW1l); y=w(2); z=wW3);

eventval ue = [z]; % We | ook for z=0

stopthecalc = [0]; % We don't stop at the event

eventdirection = [0]; % W |look for a zero crossing all directions
end

end

[0 POINTS]

2.6 Test your code by running it with the following parameters:

e u=GM =3.986012 x10° km3s?

o Initial position: r =—-19063i +18504j + 760k km,

o Initial velocity: v=-1.6128i —1.5314j —3.1703k km/sec
(thisisatypical orbit for a GPS satellite). Hand in a plot showing the satellite orbit.

The orbit is shown below (the earth is shown to scale). Drawing the earth is not required, of course.
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2.7 Add an ‘Event’ function to your code that will determine the times that the satellite crosses the
equatorial plane z=0. Hence, determine the time for one complete orbit.

MATLAB finds zero crossings at:

e 240 sec

o 21794 sec
e 43337 sec
e 64879 sec

Since al zero crossings are found, the time between two events is the time for one half orbit. The time
for acomplete orbit is 43097 sec (11.97 hours)

[2 POINTS]

3. A ‘Penning Trap’ is a device that uses specialy shaped electrostatic and electromagnetic fields to trap
charged particles (or ‘ions’). It has a number of applications: for example, as a mass spectrometer (used
in chemical and biochemical analysis); or as a component in experimental quantum computers (see, e.g.
Major et al (2005) for more information). The ions inside a Penning trap are continuously moving, and
follow very complicated orbits. The goal of this problem is to analyze the motion of a single charged
particle inside a Penning trap.

2.1 The motion of the ion will be described by the components of its position vector (X,y,z). Write down
the velocity and acceleration of theion in terms of these variables.

r=x+yj+z
v=%i+ﬂj+%k
d dt° dt

2 2 2
=d Xi+d yj+d z,

a
dt2  dt?  dt?
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http://books.google.com/books?id=UIESxguW1nAC&printsec=frontcover&dq=charged+particle+traps&cd=1#v=onepage&q=&f=false

2.2 Theion has mass m, and is subjected to aforce

F=Q(E+vxB)
wherer istheion’s (instantaneous) position vector, v isits velocity vector, Q isits charge, and
E=%(xi+yj—2ﬂ<) B = Bk

are the electric and magnetic field vectors. Here, Ey,d, By are constants that specify the magnitude and

geometry of the electric and magnetic fields. Use Newton's law to show that the components of the
position vector of theion satisfies the following equations of motion

d2X 2 d2 2 2
dtz—wcvy—w—zzx—o —2+a)cvx—7zy=0 —2+a)§z=0

where

B

are two parameters (known as the ‘ cyclotron frequency’ and ‘axia frequency’ of the system).

Newton's law F=ma gives

QE, . . o d’x. d?y. d?z
= (Xi + VY] —2ZK) + Q(Vyi + v,/ j +V,K)x Bgk =m i+ + k
d V) V20X B dt? dt? 2
Evaluating the cross product, and rearranging the i,j ,k components yields three equations
2
d X—QBovy—QEOx=O
g2 m dm

2
d V+QBOVX_QE0y=o
2 m dm

2

d°z 2QB _,

dt>  dm

This clearly reduces to the expressions given.

[3POINTS]

2.3 Re-write the equations of motion in problem 2.2 as 6 first-order differential equations that can be
integrated using MATLAB.

As aways, we introduce the velocity components as additional unknowns. Hereisthe solution

Vx

Vy

y \Z

d| z 3
ol v @eVy +—2X
" —0Vy + _% y
_Vz_ CcYX
| 0}
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2.4 WriteaMATLAB script that will solve the equations of motion to determine x,y,z, vy, vy, V, asa

function of time. Make your script plot the trgjectory of theion (usethe MATLAB ‘plot3’ command)
Y ou need not submit a solution to this problem.

Function penning_trap

cl ose all

wz = 1;

we = 1.413;

w0 = [0.10;0;0;0.;0.0;0.17;

[tval s, wal s] = ode45(@q_of _notion, [0, 300], w0);
pl ot 3(wal s(:,1),wals(:,2),wals(:,3));
function dwdt eqg_of _notion(t,w)

X = w(1); §: W2); z =wW3);
VX = wW(4); vy = W5); vz = W6);

Fx = wz"2*x/2 + vy*wc;
Fy = wz"2*y/ 2 — vx*wc;
Fz = -wzn2*z

dwdt = [vX; vy;vz; Fx; Fy; Fz];
end

end

[ OPOINTS]

2.5 Anion will be trapped if the frequencies w.,w, satisfy the condition a)g - 2a>§ >0. Check this
prediction by running two simulations with the following parameters:

(@ x=01 y=2z=0 vy=vy=V,=0 o:=1415 w,=1

(b) x=01 y=2z=0 vy=vy=v,=0 o=1413 w,=1

Run both tests for atimeinterval of 300 units. Hand in a graph showing the predicted trajectory for each
case.

When used as a spectrometer, the ion tragjectories are used (indirectly) to determine values for «.,®,, and
hence to find the mass of the particle. To test the influence of w.,, on thetraectories, run simulations
with

() x=01 y=2z=0 v=vy=0v,=01 &=15 w,=1

(d) x=01 y=z=0 vy=vy=0v,=01 @;=2125 w,=15
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4. OPTIONAL PROBLEM FOR EXTRA CREDIT Thereis currently great
interest in anayzing the propulsion mechanisms and motion of bacteria. This
is partly because bacteria can be genetically engineered to perform useful tasks
(for example, bacteria have been used as microfluidic pumps), and partly
because there are too many physicists with not enough to do.

Many bacteria propel themselves by means of a rotating tail (a flagellum) as
shown in the figure (from Nature 406, 469-470 3 August 2000)
doi:10.1038/35020178

[4POINTS]

(o

In this problem, you will set up and analyze a simple model that is used to describe the motion of a

bacterium swimming through a viscous fluid.

The body of the bacterium is represented by two beads with mass m,
connected by arigid link with length d, as shown in the figure. Each bead is
subjected to a viscous drag force
FD =-nv

where v is the velocity vector of the bead, and 7 is the viscosity of the fluid.
The bacterium is propelled by its rotating flagellum, which is attached to the
rearmost bead. The flagellum exerts a constant force F| parallel to the body
of the bacterium, together with a small fluctuating transverse force

N

F @



Fr (t) = Fy sinwt . These forces can be expressed as vectors

F|_=F|_n F-|-=I:|-Slna)tt
wheren and t are unit vectors paralel and perpendicular to the rigid link, as shown in the figure. For
simplicity, we will analyze motion only in two dimensions.

4.1 The motion of the bacterium will be described using the position vectors of the two beads
ri=xXi+Yy ro=>%i+ Y. Writedown the velocity and acceleration vector of each bead in terms

of (xq,¥2),(X2,Y2) and their time derivatives.

2 2
vy = 1|+%j al_—d 4,9
dt dt dt? dt?
2 2
, =22, 0'3/2J _d%, d%;
dt dt dt? dt?
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4.2 Find formulas for the components of the unit vectorsn and t intermsof x, y;, %>, y, and d

Itiseasy towritedown n: n=[(x —X)i+(y;—¥»)j |/ d Thevector t can be written down directly,
or else can be calculated by noting that t is perpendicular to both n and k, so t =k xn, which gives

t=[-(y1—¥2)i+(xq—x)j |/ d
[2POINTS]

4.3 Thelength of therigid link remains constant. Thisrequiresthat (ry —rp)-(r;—ry) = d?. By
differentiating this expression with respect to time, show that the accelerations of the two beads must
be related by the following constraint

(@ —ap)-(ro—r1)=(vy V) (V1 - V2)
Differentating using the chain rule gives

%(rl—rz)-(rl—r2)=0:>(vl—vz)-(rl—r2)+(r1—r2)-(v1—v2)=O
= (Vy—V3):(r1-r2)=0
= S (1=V2) (1-12) = (@1 -3) (1 12) + (Y~ V2)- (11— V2) =0

= (ag—ap)-(rp—r1) =(vy—Vp)-(v1—V2)
[2 POINTS]

4.4 Draw two free body diagrams showing the forces acting on each bead. Note that the rigid link exerts
equal and opposite forces on the two particles. The forces have unknown magnitude R, but parallel to

the link.
t j
N o L
Fr
MR FDW
F
/FL D2 R
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4.5 Write down Newton's laws of motion F=ma for each bead.
mal = —T]Vl —Rn
may, =-nVy + F N+ Frsinett + Rn
orin (i,j) components:

dle. dzyl. (dxl. dylj . .
m —i+—==] [=—n| —=1+——=] |-R| (X — X)i + — /d
[dtz 2T ) [O4 = %2)i +(¥1— ¥2)i |

2 2
m M|+MJ =-n %|+dﬁj
dt2 dt2 dt  dt
+(FL+R)[(q —%)i + (- ¥2)j |/ d+Frsinot[-(y; - ¥o)i + (% —Xp)j ]/ d

[3POINTS]

4.6 Hence, show that the equations of motion for the two beads, together with the constraint equationin
problem (3), can be expressed in MATLAB form as

- e Vi
1000 O 0 0 0 0 % y

0100 O 0 0 0 0 ) n
0010 O 0 0 0 0 %o Vx2
0001 0 0 0 0 0 Vo Vy2
0000 m 0 0 0 (X —x)/d || Va |= MV
0000 O m 0 0 (2-y)/d| VY “Vy1
0000 0 0 m 0 (4 — %)/ d || Vyp Funy + Friy —nvye
0000 0 0 0 m (Vi—Y2)/d || Vyp Funy + Frty —nvy,
10000 (-x) (Y2—y1) (—%) (M—VY2) 0  J| R (Vxl_vx2)2+<vy1_vy2)2

where Risthe unknown reaction force in the link, the dots over the variables represent time
derivatives, and n, = (% —Xp) /d, ny=(y1—Y2)/d, ty==(y1—-y2)/d, ty=(—-x)/d

Asusual, we introduce the velocity components Vi, Vvy1 and vy, Vy, asadditional unknowns.
Thefirst four equationsin the system follow as
X=Vig V1=Vy1 Ko =Vyo Y2=Vyo

Thei,j components of the two equations of motion yield the following equations

dv dvyq
md—;d +R(Xq —%)/d=-nvy md—: +R(y1 - y2) I d =-nvy,

m dVX2
dt

+R(X —X%)/d=—nvyo + F (% —X%)/d -Frsinot(y; - y,)/d

dv. 2 .
md_>t’+ R(y2 =y1)/d=-nvyo +F (Y1~ Y¥2)/ d+ Frsinot(x —xp)/d

Writing these equations in matrix form gives the solution.

[3POINTS]



4.7 WriteaMATLAB script that will calculate and plot the trajectory of the bacterium (you only need to
plot the trgjectory of one of the two beads). There is no need to submit a solution to this problem.

function bacteria

w0 = [0;0;-d;0;0;0.0;0; 0];

opti ons=odeset (' Rel Tol ', 0. 0001);
[tval s,wal s] = ode45(@q_of notion,[0,300], w0, options);

pl ot (wal s(:,1),wals(:,2));

axi s square

function dwt = eq_of _notion(t,w)
x1 =w1); yl =wW2); x2 =wW3); y2 = WM4);
vxl = W(5); vyl = W(6); vx2 = W7); vy2 = W(8);

K=-eye(9,9; %This sets up a matrix with 1s on the diags

K(5,5) = m

K(6,6) = m

K(7,7) = m

K(8,8) = m

K(5,9) = (x2-x1)/d;

K(6,9) = (y2-yl)/d;

K(7,9) = (x1-x2)/d;

K(8,9) = (yl-y2)/d;

K(9,5) = (x2-x1);

K(9,6) = (y2-yl);

K(9,7) = (x1-x2);

K(9,8) = (y1-y2);

K(9,9) = 0;

rhs = [vx1;vyl; vx2;vy2;-eta*vxl;...
-eta*vyl;. ..

(FL*(x1-x2)-FT*si n(omega*t)*(yl-y2))/d-eta*vx2;...
(FL*(y1l-y2)+FT*si n(omega*t) *(x1-x2))/d-eta*vy2;...
(vx1l-vx2)"2+(vyl-vy2)"2];

sol = K\rhs;
dwdt =sol (1: 8);
end

end
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5 Test your code by running it with the following parameters:
e 1=10, =01, F =001 F_ =1 d=0.01, initial position ¥ =y; =0 X, =-d,y, =0
and zero initial velocity
e 1=10, =01 F =0.01, F_=1,d=0.001, initial position x =y; =0 X, =—-d,y, =0
and zeroinitial velocity.
Hand in plots showing the predicted trgjectory for each case.

Thetwo cases are shown in figs (a) and (b) below, respectively.

1 L I I I L L 018 n . n n . n
] 01 0.2 0.3 04 05 06 07 0 0.05 0.1 0.15 02 0.25 03 0.35
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