~page 1 Free vibrations — concept checklist

1. Understand simple harmonic motion (amplitude, period, frequency,

phase)

2. Understand the motion of a vibrating spring-mass system (and how

the motion is predicted)

3. Calculate natural frequency of a 1 degree of freedom linear system
(Derive EOM and use the solutions given on the handout)

4. Calculate the amplitude and phase of an undamped 1 DOF linear
system from the initial conditions

5. Understand the concept of natural frequencies and mode shapes for

vibration of a general undamped linear system

Use energy methods to derive an EOM

6.
7. Use Taylor series to calculate natural frequencies for a nonlinear
system

8. Understand forces exerted by a dashpot

9. How to combine springs and dashpots in series and parallel

10. Derive EOM for a damped spring-mass system

11. Be able to calculate natural frequency, damping factor, and damped

natural frequency for a damped linear system

12. Understand (qualitatively) the motion of a damped linear system
—page 1 13. Understand ‘critical damping’




~page 2 Free vibrations

Displacem ent
Typical vibration response ‘Accderation
- Period, frequency, angular frequency Pesiod, T /\1
amplitude
Vit

vy

Simple Harmonic Motion

x(1)=Xp+AXsin( ot + ¢ ) | .ﬁ.mpllt.ude AX

v(t) = AV cos(at + &) E ns/

a(t)=—-Adsin(wt + ¢) g IMean
&

AV=wAY Ad= AV \/ \\/ \/
a8l Phase ¢ T2
Period T

Free Vibration of Undamped 1DOF systems

» Free -> No time dependent external forces

» Undamped -> No energy loss
* 1 DOF -> one variable describes system kd
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page 3 Free vibrations
Canonical Vibration Problem: The spring mass system is

released with velocity v from position sp at time =0 .

Harmonic Oscillator
Find s(t) .
5

Derive EOM (F=ma) %“"jH:L{, 1
. — M

Compare with ‘standard’ differential equation

. 1 d*x . " dx
Equation _3F+I=C Initial Conditions  x=x; — =% t=0
o x=5 C=ly x5=5,
¥=C Xosin(ay +9) 1 m
of k

Solution 51
3 3 E] -1 i

Xy =+f{xp - CY +vg /ey ¢ = tan [{_1'31_}%1:

] J

Or x{:]=C+(:cD—C}cusm,,r+;;isinm,,r
Solution
_ 2. 2, 2. - "
s(h) =1L, +\/{5,_-, —Ly)" +vy | o sin(@,f + ¢) s = 5
ds =0
@™
5
S Y
Natural Frequency @, = ,/— i
m T P 1 o
' Dimensionless time o t
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Natural Frequencies and Mode Shapes

General system does not always vibrate harmonically
All unforced undamped systems vibrate harmonically at special frequencies, calle

Natural Frequencies of the system

The system will vibrate harmonically if it is released from rest with a special set of

initial displacements, called Mode Shapes or Vibration Modes.

Displacement
]

0 1 2 3 4 5
Time
2
2
o "\ N\—IPWIIP-
0
2
0 2 4 6 -2 " . ,
0 2 4 6

Displacement
. (=]
=]
]
Lk
Y
Lk ]
Displacement
L & a
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~page 5 Counting degrees of freedom and vibration modes

# DOF = no. coordinates required to describe motion
2D system # DOF = 2*"p + 3"r-c
3D system # DOF = 3*p+6*r-c g

(d) Water molecule

# Vibration modes = # DOF - # translation/rotation rigid body modes

Examples of 2D constraints
J— A
W Conformal comtact (wo ngd T
Roller joint bodies meet along a line) 77 N
—_— —>

| constaint (prevents motion in Neo friction or slipping: 2 = {—_ '
one direction) F a constraint (prevents

interpenetration and rotation)

Sticking friction 3 constraints

(prevents relative motion)

‘Nonconformal comtact (two A

bodies meet at a point) Pinned joint (generally only W &ﬂ:l
CKD Qp- —b applied 1o 2 rigd body, as it

No frictiom or slipping: 1 would stop a particle moving

1 (1)

conswaint (prevents completely)

interpencTation) R, Rt - R, A (D
i 2 constraints (prevents motion t | —F
Sticking friction 2 constraints ooty G verdodit) . - -

(prevents relative motion
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~page 6 Calculating natural frequencies for 1DOF systems

m

Use F=ma (or energy) to find the equation of motion

For an undamped system the equation will look like v|=2kL,

44y

i +By=D

Handout online gives solution to

Ldzx

+x=C

o’ drt’

Rearrange your equation to look like this

1 4 B

_=_$a}n: —_
o' B A
C=D/B
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Calculating natural frequencies for 1DOF systems

Use F=ma (or energy) to find the equation of motion s
For an undamped system the equation will look like hY %k,[,,,J

d::y —r
+By=D
dt’ 4

Handout online gives solution to
1 d’x
o’ dt’

A

+x=C

Rearrange your equation to look like this

1 4 B
_zz_zwnz —_—
@, B A
C=D/B




~page 8 Tricks for calculating nat freqs of undamped systems

Using energy conservation to find EOM

2
KE+PE::12m[j§) +%k($—LD)2:const i}\j}v\ ,
2 m
- 9 (KE + PE) = m(@Jd S k(s—L) B =0
dt dt - dt
d’s
—>m—+ks=k
Tar b
Combining springs
k, ™
w —> Parallel (forces add) k., =k +k, "1
A i }—«W\——}
ook 11 1
WW——M\—— Series (lengths add) = F -
eff 1 2
k, ks
These are all in parallel — YW, —WH k=K +2k,
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Vibratha EOM

Page? & vample g’f <colving a
7 =

2

Solve Q+4y:0 y=1

dy 0
dr? dt

Teapnpge oune eymabn,
d .

Use +fabulated S0 luhma

=0

-Thit 3w “Case L

Solution to Case | (From handout)

2
1 d°x dx
Equation ——+x=C Initial Conditions X=: — =y
3 wy dt’ 0o

=0

\&/ A2 Solution x=CrXommloni+) \
Ny Xo=\to-C g /0] gt 250 |
/wn Or x(1)=C+(xy —C)cosw,t +;—Dsinm”r
> (A)yx - Z C =O '
loital condifine = %> - | Vo=0 = Xo= [ @:ﬁm"'lf_}_) T
o —
, \ 2
= | Y = Sin(2k 47),) =  cot (Rt )
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Example: Find the number of DOF and vibration modes of the systems shown

(a) — (b) © o
, ® AN gh\o
I B AN
/4
/ i ® ‘
‘% 7 C
Molecule

2D Idealization of an overhead crane

(@) 2D systew,  HDOF = 2p + 3 -C

B/c « naid bodies A = packclke  (could glio gorme
~ each 4id 6ad«u)

Consteainh: 2 pin romb . 2 CMJ?refw( A (¥ u preventeod)

La1] Drﬂxmi K famt moring KM—)C@M
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Check - Coocdls  § i, M Z > S

(6) ; Formnle ffyr molecules = HDOF wd% 320 = 60

M

— N |

2 Vibeathm modes = HDOF — # rigid 500[« misdes

For a moleale | £ nyid pody nudes = 3 Frantslatron

o 3 rthmy
g2 Vféf‘aham - .,%/P C =54
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Example: Find the natural frequency of the system shown ';
k

| :
fomu/a Wn -~ 5 ézfi | i

" kse#{ ; %

ol Ll p =4
Lot

Seaes = Z€@ﬁ1 aolcf

Facllel = ;;E;ﬂfa‘ édc{ —all Hhen m Padde]

. - /. /N
/“C-’eﬁlt g 4R "’fl = \_5___;%_. =S WA 5_5
< > [ 2m
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Example: Find the natural frequency of the . ]
p quency N | , ﬂ@?marh

‘friction oscillator’

Assume  wheels & 0 Femea | M =0
Pin fast enough @ C -

Yo encure e @) oM

L+¥ I L - ‘ _
Wi = ra 7 (3) Roud Ot W

/LAVA_H Tm

Va mg
Fema 5 UGN + (Ny Ny -mg)) mdzéc_bz_lr 0
Me=0 > [N (LX) =Npx)E =0
- go/%’. /Vﬁ T Mg =ma4 4 cmpanenf“ of 1}
0\(3_444\1 = WmMy) x = (2)
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Hence < p mgX = m ol % (2 component of (l)j
/ i F—

L ALF
i M
Kearrang e L\ d>x 4 x =0
v am) dt*
7 // ]
/a)n :'—"'-> w < Iurq‘
A
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