EN40: Dynamics and Vibrations

School of Engineering
Brown University

Solutions to Differential Equations of Motion for Vibrating Systems

Here, we summarize the solutions to the most important differential equations of motion that we
encounter when analyzing single degree of freedom linear systems. The solutions are derived
here if you are curious, but we won’t ask you to derive the solutions in exams.

2
CASEL: lzd—; x=C
w;, dt
2
CASE II %d—; —x=-C
a“ dt
2
CASE III izd—zﬂﬁﬁﬂzc
2
CASE IV de—; 2B CLRF() with F() = Fysinot
w;, dt w, dt
2
CASE V de—;+2—gﬂ+x=C+K£y+2—gd—yJ with y =Y sin ot
w;, dt w, dt w, dt
2 2
CASE VI L dx Zedx o KAV ih y-Ysiner


http://www.brown.edu/Departments/Engineering/Courses/En4/Notes/Vibrations/Vibrations.htm#Sect55

SOLUTION 1

The equation

with initial conditions

has solution

1 d%x
gz e
w; dt
X=X %zvo t=0

x=C+ Xgsin(w,t+¢)

Xo =\/(x0 O +v} /o ¢=tan_1(—(x0 _C)a)”j
Yo

or, equivalently

SOLUTION 2

The equation

Vo .
x(t)=C+ (xy — C)cosw,t + 20 sin ,t
n

with initial conditions

has solution

de_

X=X dt_

) t=0

x(t)=C +%((x0 -0) +%)exp(+at) + %[(xo -0) —%OJexp(—at)



SOLUTION 3

The equation
1 d’x 2¢ dx
——+—2—+x

Vo + (g, — @i )(xy —C)

=C

a),% dt 2 27 dt

with initial conditions
dx
= X — =Y = 0
0 dt 0
has the following solutions:
Case I: Overdamped System ¢ > 1
x(t)=C+ exp(—ga)nt){vo * (o, ;r @)% ~C) exp(wyt) —
@q

where o, = a)n«/gz -1

Case II: Critically Damped System ¢ =1

20)d

x(t) = C+{(xg — C) +[vg + @, (x0 — O) ]t} exp(-m,1)

Case III: Underdamped System ¢ <1

x(t)=C+ exp(—ga)nt){(xo —C)cosaw,t +

where @, = w1 - ¢?

Vo + 60, (xo —C)

wq

sina)dt}

exp(—a)dl)}

The graphs below show x(?) for two types of initial condition: the first graph shows results with
vp =0, while the second graph shows results with x, =0. Both results are for C=0.
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Graphs of solutions to ODE governing free vibration of a damped spring-mass system



SOLUTION 4:

2

1 2 ) .
_ﬂ+_§ﬂ+x =C+KF(t) with F(t) = Fysinot
0)2 dt2 o, dt

n

and initial conditions
dx
X=X — = t=0
0 dt 0

has solution of the form
x()=CH+x;(t)+ Xp 2]
where the steady state solution (or particular integral) is
x,()=Xgsin(wt+¢)  Xo=KFpM(0/ ®,,¢)
1 _
Mo/ w,,l)= = ¢ = tan 1[

{(1—502 /a;,%)z +(2gw/con)2}

—2¢0/ w,

] (—r<¢<0)

1—a)2/a)n2

while the transient solution (or homogeneous solution, or complementary solution) is:

Case I: Overdamped System ¢ >1

h h h h
v + (5w, + 07)x) v + (5w, —wy)x)

exp(w t) —
20, p(@41) 20,

X () = exp(—gayt ){

where w; = a)n«/gz -1

exp(—a)dt)}

Case II: Critically Damped System ¢ =1

xp(t) = {x(})’ + [vé’ + a)nx(})’ }t} exp(—w,t)

Case III: Underdamped System ¢ <1

h h
vy + 6w, xy .
x,(t) = exp(—ga)nt){x(})’ cosw,t + Y0 U0 iy a)dt}

@d
where oy :a)nxll—gz

In all three preceding cases, we have set
X =x9—C—x,(0)=xy —C - Xgsing
dx
v(l,zzvo——p =vy — X(@wcos ¢
dt /=0

Observe that for large time, the transient solution always decays to zero.




The graphs below plot the amplitude of the steady state vibration and the steady state phase lead.
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Steady state response of a forced spring—mass system (a) amplitude and (b) phase

SOLUTION 5§

The equation
2
1 2 2 . .
_zd ;_+—gﬂ+x: C+K[y+—gd_y] with y(l‘): YO sin ot
wy, dt Wy dt wy, dt
and 1nitial conditions
dx_

=y t=0
dt 0

X = XO
has solution of the form

x(t)=x,(t)+x » ()

where the steady state solution (or particular integral) is
x,()=Xysin(wr+¢)  Xo=KYM(o/®,,¢)

{ ( / )2 1/2
I1+(2¢00/ w, } 200’ | 3
_1 —2¢w° | @
M@/ w,,l)= 8 ¢ = tan 3 2” > (7 <$<0)
2, 2\ 2 1-(1-4¢%)0" |
(l—a) /a)n) +(2¢0/ w,)
while the transient solution (or homogeneous solution) is:
Case I: Overdamped System ¢ >1
h h h h
x;,(2) = exp(—gwnt){vo * (60, ¥ 0g)Xo exp(w,t) - Yo * (6@ = @ )Xo exp(—a)dt)}
de 20)d



where w; = a)n\/gz -1

Case II: Critically Damped System ¢ =1

x,(t) = {xé’ + [vé’ + a)nxé’ Jt} exp(—w,t)

Case III: Underdamped System ¢ <1

h h
vy + 6w, X0 .
x,(t)= exp(—ga)nt){x(})’ cosw,t + Yo ¥ eOn X0 sin a)dt}

D
where wy :a)nxll—gz

In all three preceding cases, we have set
xé’ =x9 —C-x,(0)=xy —C—Xysing
dx
v{)’=v0——1’ =vy — Xowcos¢p
|,

Observe that for large time, the transient solution always decays to zero.

The graphs below show the steady state amplitude and phase
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SOLUTION 6

The equation

2 2
%d—szrﬁﬁer = C—ﬁzd—; with y =Y, sin ot
o, dt© @, dt w, dt
and initial conditions
dx
X=X — = t=0
0 dt 0

has solution of the form
x(t) = xp () + Xp ()

where the steady state solution (or particular integral) is

x, (1) = Xgsin(w? +9) Xy =KYyM(0/ ®,,{)
2 2
/ -1 26w/
Mo/ a,.0)= w Oy —  g=tan 1% (~7 < $<0)
2 2\2 2 -0/ v,
(l—a) /a)n) +(250/ w,)
while the transient solution (or homogeneous solution) is:
Case I: Overdamped System ¢ >1
h h h h
x;,(2) = exp(—ga)nt){vo * (g0, ¥ 0 )Xo exp(w;t) — Yo * (6@ = @ )Xo exp(—a)dt)}
2a)d 20)d

where w; = a)n\/gz -1

Case II: Critically Damped System ¢ =1

xp(t) = {xé’ + [v{)’ + a)nx(})’ Jt} exp(—w,t)

Case III: Underdamped System ¢ <1

h h
Vo + 6w, xo .
xp(t) = exp(—ga)nt){xé’ coswyt + Yo ¥ 6On X0 sin wdt}

Dd
where oy :a)nxll—gz

In all three preceding cases, we have set



xé’ =xp —C—x,(0)=xy —C—Xjsing
dx
vé’zvo—Tf =vy — Xo@wcos ¢
t=0

Observe that for large time, the transient solution always decays to zero.

The graphs below show the steady state amplitude and phase lead for Case 6.
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