Chapter 7
Improved Algorithms for Protein Motif Recognition

Bonnie Berger *#

Abstract

The identification of protein sequences that fold into
certain known three-dimensional (3D) structures, or
motifs, is evaluated through a probabilistic analysis
of their one-dimensional (1D) sequences. We present
correlation methods that run in linear time and in-
corporate pairwise dependencies between amino acid
residues at multiple distances to assess the conditional
probability that a given residue is part of a given 3D
structure. One of these methods is generalized to mul-
tiple motifs, where a dynamic programming approach
leads to an efficient algorithm that runs in linear time
for practical problems. By this approach, we were
able to distinguish (2-stranded) coiled-coil from non-
coiled-coil domains and globins from nonglobins.

1 Introduction

The so-called “grand challenge” problem associated
with protein folding is to determine how a protein
will fold in 3-dimensions when given only its amino
acid sequence. In addressing this problem, there are
three relevant structural classes of protein informa-
tion. The 1D structure is the amino acid sequence of
the protein. Secondary structure is common recurring
local folding patterns, such as a-helices, -sheets, and
coiled coils. Tertiary structure is the complete global
fold of a protein, including the positions of the back-
bone and side-chain atoms, with their corresponding
bond lengths, bond angles, and torsional angles. The
fold of a protein provides the key to understanding
possible biological function.

An important first step in tackling the protein
folding problem, which is already useful in its own
right, is a solution to what we call the motif recogni-
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tion problem, also called profile analysis in the biolog-
ical literature [33, 17, 27, 26]. The motif recognition
problem is: given a known 3D structure, or motif, de-
termine whether this fold occurs in a given amino acid
sequence, and if so, in what positions. In most cases,
the motif is a region of secondary structure.

Many soluble protein sequences can, with some
difficulty, be synthesized and tested in the laboratory
to see if they fold into a given motif;, however, such
a process is expensive and can take up to one to two
months per sequence. Therefore, a computer program
that recognizes motifs solely from sequence data can
expedite recognition and guide understanding of the
protein folding problem [9].

The motif recognition problem is currently an
active area of computational research. The goal is
to develop a sieve: a way of separating sequences
that fold into a particular motif from those that do
not. We introduce a general framework for motif
recognition, based solely on the “right” correlation
probabilities, which seems to do as well or better than
more complicated algorithms. Qur algorithms have
the following advantages:

e They are a natural generalization of the methods
that assume complete independence of amino
acid residues [29, 17, 27, 26, 15], already in use
by biologists.

¢ Unlike hidden Markov models [18, 23, 4, 12], they
compute a likelihood score for each residue posi-
tion in a given sequence, rather than a single final
probability for the entire sequence. This extra
data is valued by biologists for their understand-
ing of structure [21].

e Unlike hidden Markov models, they naturally
handle pairwise correlations between amino acid
residues at multiple distances simultaneously.
This has been found to be essential for the
successful recognition of certain motifs, such as
coiled coils [6].
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e They can be proved to compute the right answer
when the sequences in the database are assumed
to satisfy a basic set of minimal assumptions.

e A dynamic programming algorithm is presented
that generalizes these methods to multiple motifs
and runs in linear time for practical problems.

The best reasons to use our algorithms, however,
are that they are relatively simple to code, run very
efficiently (linear-time for most variants), and have
already been implemented to successfully recognize
coiled coils [6] and globins.

Related Work

We now survey previous work in the biological and
computational communities. Two main approaches,
or template methods, have been pursued in the bio-
logical literature. The feature that distinguishes these
two approaches is whether they make use of tertiary
structure information.

1D methods: These use a statistical analysis of the
sequence, sometimes using known secondary struc-
ture, to correlate sequence positions. These tech-
niques range from sequence alignments [10, 20, 2] to
tailored approaches, based on properties of the amino
acid residues that can be deduced from the sequence
and secondary structure (e.g., hydrophobicity, size,
solvent accessibility) [29, 25, 5, 7, 26]. These methods
have been moderately successful at motif recognition
but have been unable to completely distinguish posi-
tive from negative examples of a fold.

Researchers have started to investigate pairwise
correlations between amino acid residues. Pairwise
correlations were found between particular pairs of
residues in the zinc finger binding domain [13] and g-
sheets [32, 24], and between pairs of tRNA nucleotides
[22, 1]. Recently, researchers have focused on hidden
Markov models [18, 23, 4, 12], which can take into ac-
count consecutive pairs of residues. Using these meth-
ods, Haussler et al. report they achieve good recogni-
tion of globins. Our approaches have some similarities
and some important differences with hidden Markov
models (see discussion below).

3D methods: There has also been a considerable
amount of recent work in the direction of using
geometric and physical models of protein structure
to predict folding [30, 19, 16, 31, 8]. This work
incorporates pairwise correlations between residues
that are physically close. These more complicated
methods require the full tertiary structure of many
different folds to be known, and discovering the latter
is a slow and costly biological endeavor. In fact, only
about two to three hundred distinct folds are currently
known [21].

Our Results

We present a linear-time algorithm for general motif
recognition and prove that it works, given plausible
probabilistic assumptions on the sample data. Our
1D method is strong enough to capture all pairwise
correlations between amino acid residues. This in-
cludes non-fixed-distance-based pairs, as well as more
complicated functions such as minimums or averages
of multiple pairs of residues, as well as pairs of residues
at fixed distance d apart. Implementing multiple pairs
simultaneously is what allowed us to obtain complete
separation between positive and negative examples of
coiled-coil domains [6]; in particular, the minimum
over multiple pair scores seems to work very well since
it deters against “false positives”.

The method can be extended to recognize multi-
ple motifs in the same sequence, which are ordered and
distinct, by a new dynamic programming algorithm.
The algorithm aligns m regions of secondary structure
within a sequence of length n in O(mn) time, inde-
pendent of the imposed maximum gap size between
motif regions. This is a linear-time speedup over the
running time of standard methods.

Our more sophisticated algorithm has the desir-
able property that it runs in linear time on problems
with a constant number of motifs. Typical applica-
tions in practice have a small (i.e., constant) num-
ber of motifs. Prior implementations used in practice,
such as the well-known Lupas et al. [25] program for
recognizing coiled coils and the Bashford et al. [5]
program for recognizing globins, required over a day
to run on large databanks such as Genpept. (Gen-
pept is the database of nearly all available protein
sequences, translated from GenBank.) Using the im-
proved algorithms described in this paper, we are able
to run through the entire Genpept in approximately
15 minutes on a Sun SPARC 10 computer. Hence, in
addition to giving better performance in terms of our
output on coiled coils and globins, our algorithms run
substantially faster than those used in practice.

The first algorithms we present for single and
multiple motifs are different in approach from hidden
Markov models. Unlike the Markov models, they
naturally handle pairwise correlations between amino
acid residues at multiple distances simultaneously.
This has been found to be essential for recognizing
certain motifs successfully, such as coiled coils [6]. The
Markov methods do not seem to have been generalized
successfully to non-consecutive pairs of residues. In
fact, using the natural Markov approach on multiple-
distance pairs simultaneously would require statistics
involving correlations between three or more residues,
where pairs suffice for us. There does not appear
to be enough data to handle correlations involving
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triples of residues. In addition, our algorithms retain
more information by means of a score for each residue
position, rather than an overall alignment score for the
entire sequence. When analyzing a particular protein
of interest, biologists find the likelihood score for each
position to give valuable information as to the relative
“strength” of the motif in each location [21].

Even though our correlation functions do not
correspond to hidden Markov models in the natural
sense, we show toward the end of the paper (Section 4)
that we could in fact generalize simple hidden Markov
models, and then adapt the correlation method of
Section 2 to such a Markov framework. This second
method gives an alternative linear-time algorithm,
which is best understood as a generalization of the
Markov methods to correlations between multiple-
distance pairs of residues. The second algorithm
could also be seen as using our correlation functions
to generalize the dynamic programming approach
introduced in [15] to pairwise correlations.

In practice, the main advantage of the first cor-
relation method we present is that it returns a score
for each residue; the advantage of the second is that it
is a “windowless” approach, which may be preferable
for the recognition of certain motifs.

Implementation
The first correlation method has been implemented
to recognize both (2-stranded) coiled coils [6] and
globins. In [6], we applied the method to pre-
dict coiled-coil domains in protein sequences by us-
ing pairwise-residue correlations obtained from a (2-
stranded) coiled-coil database of 58,635 amino acid
residues. The implementation recognized every po-
sition in the distinct coiled coils that were used to
make the database. Similarly, it obtained over 99.5%
recognition of the 610 different globins tested. The
most popular coiled coil prediction scheme [25], when
tested with the Brookhaven X-ray crystal structure
database, has a “false positive” prediction rate of 7%
(14 out of the ~ 215 nonhomologous proteins are pre-
dicted to have coiled coils when their X-ray crystal
structures show that no coiled coil exists). These false
positives represent 2/3 of the proteins their method
predicts to have coiled coils. Usually these false pos-
itive predictions correspond to amphipathic a-helices
that are not coiled coils. By contrast, our method has
no false positives or false negatives when it is tested
with the Brookhaven database. 1D methods were pre-
viously believed incapable of achieving such success.
In fact, for a-helices, a 66% success rate has been re-
garded as very good.

The location of a new coiled coil, found by
the method, has already been corroborated in the
laboratory. Namely, the method identified a coiled-
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coil region in the moloney murine leukemia virus,
whose existence has since been verified [14]. The
method has identified similar coiled-coil regions in
influenza hemagglutinin and HIV. These coiled-coil
regions are important because the formation of coiled
coils has recently been found to be the mechanism by
which the influenza virus hemagglutinin binds to the
cell membrane [9].

A companion paper [6] reporting experimental
data based on the correlation method has been sub-
mitted for journal publication.

2 The Correlation Method

We present a method for determining whether an
unknown sequence contains a given motif in its fold,
and if so, in what positions. First let us define some
terms. Let C be the class of positive examples; for
our purposes, this is the set of all w-long sequences in
Genpept (the database of nearly all available protein
sequences) that fold into the given motif. Suppose
we have a window of fixed length w. We say that a
window is aligned to a sequence when it is positioned
over a contiguous subsequence of length w.

In our applications, since there is a lower bound
on the length of the motif [28, 5], a fixed size win-
dow suffices. Qur algorithm’s running time will be
independent of the window size. The window-based
approach has the advantage that it computes a like-
lihood score for each residue position. However, in
Section 4, we adapt the correlation method to a “win-
dowless” approach.

In this section, we present algorithms for finding
the best alignment of a single motif pattern to a given
sequence, and in Section 3 show how to use dynamic
programming to generalize this to multiple, ordered
motif patterns in a given sequence.

The basis for the correlation methods presented
in this section is computing pairwise correlations
between amino acid residues some constant distance
d apart in the sequence. These correlations alone
can be used to recognize motifs, or alternatively, we
also show how to compute more complicated functions
of multiple-distance pairs. In particular, a scoring
function based on the minimum of a number of
different fixed distances seems to work well in practice,
since it will deter against false positives [6].

2.1 Single Distance d Correlations

For each alignment of a w-long window to a given
sequence, we wish to compute an estimate for the
probability that the aligned subsequence is in C. We
then take the maximum-valued alignment over the
entire sequence to estimate the probability that some
subsequence is in C, or alternatively, that a particular
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amino acid residue is in a subsequence which is in
C. Finally, in Section 2.3, we use this probability to
interpret a score for a given sequence {or residue).

How do we compute the probability estimate for
a particular alignment? Traditionally, researchers
estimated this probability by tabulating the single
residue frequencies in the window under the implicit
assumption that they were independent of each other.
We find that using conditional higher dependencies
between pairs of residues provides a more effective
sieve; that is, a way of separating sequences (or
residues) that are in C from those that are not.
First, we consider pairs of residues some constant
distance d apart in 1D sequence (where distance d = 1
corresponds to consecutive positions).

Genpept defines the probability distribution over
the universe of protein sequences. We are assuming
all probabilities are with respect to the Genpept
probability distribution.

Suppose we are given sequence z = Tirg---Ty.
Let £ = RyRs -+ R, be a sequence randomly drawn
from Genpept, G; be the event that B; = r;, and H;
be the event Gj A G;44. Given any sequence y, also
define Cy to be the event that y is in C. Note that,
for all z, Pr[C,] is one or zero, depending on whether
or not z is in C. We will estimate the conditional
probability Pr[C;|G1AG2A- - -AGy, |, which is Pr[C,].

We assume dependencies between only pairs of
residues distance d apart. More formally, for all k, we
assume that

(2.1)

Pr[Gi |Co AGrg1 A+ A Gw] = Pr[Gi | Ce A Grid]

and

(2.2) Pr[Ge [Gr+1 A - AGy] = Pr{Gg | Grtd],

where the event G4 is true if k+d>w. That is, for
sequences randomly drawn from C or Genpept, we
assume that the probability of G is dependent only
on Gg4q among {Ggy1,...,Gy}. Note that we are
not assuming G is independent of the other residues,
just that whatever dependency there is is captured
in Ggyq. Under these assumptions, the following
theorem gives the probability that sequence z is in
C, conditioned on the residues that appear in z.

THEOREM 2.1. (PAIR FREQUENCY METHOD)
Assuming Equations 2.1 and 2.2,

Pr[C;] = Pr[C: |G1 A+ A Gy

w—d
Pr[H; |Cy Pr(G;
= piicy) - L ARG ’;“;;” s
Hz =1+d Pr[G; | Cy] H Pr[H]
Proor: The first term in the right-hand-

side 1s the probability that z is in C; the second

term is the product of the probabilities of pairs of
residues occurring in C divided by the product of
the probabilities of the single residues repeated in
the pairs occurring in C; and the third term is the
reciprocal of the analogous pair to single probability
ratio in Genpept.

By Bayes’ Law,

PriCe AGLA---ANGy)
PGy A A Gl

Pr[Ce |GiA---ANGy] =
We first focus on expanding the numerator. Thus,

by repeated application of Bayes’ Law,

Pr(Cy AG1 A-- A Gu]
= Pr[G1|Cs A Ga A+ A Gul-Pr[Co A Ga A - A Gu]
= PI‘[Gl I Ce A G1+d] . PI[C,; AGa A A Gw]

= (by repeated applications of Bayes’ Law
and then Equation 2.1)

PI‘[G' | Ce A Gi+d] . PI‘[C,;]

Il
||::]s

Y PrGiAGipa NCy]
= Pr[G;|Cy)-Pr[Ce
=1 Pr[GH.d e ] i:u;lz-[d-l-l [ | ] [ ]

158 Pr[H; | Cl)
H;U lid PrG; | Cs]

-Pr[C;] (by def. of H;).

By a similar analysis, using Equation 2.2 instead
of Equation 2.1, it can easily be shown that the
denominator is

Pr[Gll\~~-/\Gw] = M
Hz i4d PI‘[G ]

Combining the equations for the numerator and
denominator, we obtain the desired theorem. O

Using the notation of Theorem 2.1, consider the
special case where the G;’s are completely indepen-
dent.

COROLLARY 2.1. (SINGLE FREQUENCY METHOD)
Assuming the G;’s are completely independent,

Pr[C,] = PrlC.|GiA---ANGy]

¢l - [[ PG 1] !

I, PrGa)

We note that this gives a formal framework
for interpreting the single frequency methods of
{29, 25, 7, 26], which compute a score function of
IT;Z, Pr[G: | C2] / TIiz, Pr[Gi]. By the corollary,
this score, times the constant factor Pr[Cg], is just

Pr[Cp |G A A Gyl
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Estimating the individual probabilities. We use

the above theorem to estimate Pr[C,] by estimating
the individual probability terms in the theorem. We
use sample data to approximate the probability terms.
(See Appendix A.)

2.2 Multiple-distance Correlations

Variations on the correlation method that are based
on dependencies between residue pairs that are not a
uniform fixed distance d apart can be constructed in
a similar manner. Theorem 2.1 generalizes to corre-
lations between pairs ¢ and o(¢), where o is an ar-
bitrary function of ¢. The G;’s are the same, but
the H;’s now correspond to events G; A G,(;), where
o(z) is the new position paired with i. Consequently,
the assumptions for Theorem 2.1 are now somewhat
different: the right-hand-side of Equation 1 is now
Pr[Gy | Cz A Go(r)), and the right-hand-side of Equa-
tion 2 is now Pr[Gk |G o(x)]. The proof of the theorem
is similar. As before, if (k) > w, then Go(r) is taken
to be true. Consequently, the numerator is

Hi:lSi(a(i)gw Pr[H;|Cy]
Hi:a(i)f'w Pr[Ga(i)lcx]

The denominator is solved similarly.

Another of the many possible variations, which
seems to work well in practice since it deters against
false positives, is a combination of methods based on
pairs at distances d and d’.

- ] PrlGilCa] - Pr[C].
iro(i)>w

Pr[CxlA;UZIGi] = min{Pdr[CzlA}HZIGi]’ E;[CzlA:'U=lGi]}:

where the subscripts on the probabilities correspond
to dependent pairs at distance d and d’, respectively.
The probabilities are then computed as before. In
other words, we choose the lower of the scores achieved
by the two methods. The final score can be viewed as
a statistical point in 2D space. Dependencies between
pairs of neighbors at L different distances likewise can
be represented as a point in L-dimensional space. Ex-
perimentation will be needed to determine whether
minimum, average, or some other function will pro-
duce the best sieve for a particular motif.

The methods in this paper can be further ex-
tended to handle k-wise dependencies for 1D template
methods for any k. A prior:, it was not clear that
pairwise correlations or correlations for £ > 2 should
help. However, our results indicate that pairwise cor-
relations are sufficient to separate (2-stranded) coiled-
coil from non-coiled-coil domains [6] and globins from
nonglobins. Strictly greater than pairwise correlations
may indeed improve 1D methods, but there does not
seem to be enough data to support this approach. The
question remains whether pairwise or greater correla-
tions will increase the power of 3D template methods.
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2.3 The Algorithm

Given a sequence of amino acid residues, let z be the
subsequence restricted to a w-long window. We use
one of the correlation methods above to compute an
estimate for the probability that the subsequence z is
in C. Let P, be the resulting probability estimate.

We begin by interpreting the probability estimate
as a score. Set S, = log P, —log Pr[C] to be the score
for z (i.e., the score S; is simply the logarithm of the
product of the last two terms on the right-hand-side
of the equation in Theorem 2.1).

To determine all the regions of a sequence that
fold into a given motif C, we need only score all the
residue positions. In this section, we show how to
do this for periodic motifs (see Section 4). Many
motifs, such as a-helices, f-sheets, and coiled coils, are
periodic. The next section handles aperiodic motifs.

The algorithm glides the w-long window from left
to right along the sequence, maintaining a running
sum and keeping track of the maximum score for each
residue. We thus obtain the following theorem.

THEOREM 2.2. The running time to compute a
score for a sequence of length n is O(pn), where p is
the period of the motif. The running time does not
grow with the window length w. For periodic motifs,
the running time is O(n) for all practical purposes.

Proor: Because we keep a running sum, each
position is visited only when the window first glides
over it and when the window exits it. Computing
the maximum score for each residue, independent of
window size, also takes constant time per position by
using a method similar to the block method described
in the next section. Therefore, the total time to glide
the window over the sequence and do the necessary
computations is O(n). This is done p times. a

Now, the question is, what is a high score? One
can give an estimate for this using the methods in
Sections 2.1 and 2.2, based upon an estimate for
Pr[C;]. Another way to determine a high score is to
run the algorithm on a bunch of positive and negative
samples [6] and then pick a good separating score.
Since logPr[C;] is added to all the scores, it is not
important for comparison purposes. Since an estimate
of Pr[C;] is generally not known, the latter approach
has proven to be most reliable in practice.

3 Alignment of Multiple, Ordered Motifs

If we want to align multiple motifs that have a spec-
ified ordered arrangement, we may turn to dynamic
programming. The following dynamic programming
algorithm was inspired by the globins [5], which
are oxygen-carrying proteins such as myoglobin and
hemoglobin. These have a number of different or-
dered motifs, and each is always within a certain fixed
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distance of the next. If a negative example has one
of the motifs, followed by the succeeding motif many
positions later than the maximum gap between these
would allow, it is assumed that it is not a globin. In
general, it is very often the case with proteins that we
know certain regions of secondary structure should
occur within a certain range of each other.

Given a sequence of length n, we want to find a
maximum scoring alignment of fixed-size contiguous
windows By, ..., Bm (3 ie; | Bi| < n) to the sequence
from left to right in increasing order of ¢, such that
the windows are non-overlapping, windows ¢ and i+ 1
are placed within at most g; positions of each other,
and every window position aligns to some sequence
position. The score of an alignment is the sum
of its individual window scores, computed by the
correlation methods in Section 2. Our solution to
this problem uses dynamic programming to achieve
an O(mn) algorithm, independent of the maximum
gap sizes g;. Since m is typically constant, as with the
globins (m = 7), this gives us a linear-time algorithm.

If we used the naive implementation for this
dynamic programming algorithm, it would run fairly
slowly (O(mn?) time), since the algorithm would have
to “look back” O(n) for each entry in the m x n
matrix. However, we can get around this problem
by partitioning the columns of the matrix into equal-
size blocks. This partition allows us to perform
single left and right sweeps across the rows, using this
information to efficiently compute maximum scores,
even with the gap restrictions between the windows.

The dynamic programming matrix has m rows
and n columns. Define M(%,j) to be the maximum
score for the first ¢ windows when the ith window
ends in some position k € [j — g;,7]. Let M(0,5) =0
for all j. For all matrix positions (¢, j), let

N(i,j) = score(s,j)+ M(i—1,j— |Bj|),

where score(%, j) is the score of the ith window ending
at position j.

For all matrix positions (7,7), compute M(%,j)
from N(i,7) as follows. For a given i, partition the
n columns of N into [n/g;] contiguous blocks of size
g; (except the last one is < g; in size.) Then for each
position j, let N (¢, j) be the maximum N (i, k), where
k ranges from the beginning of j’s partition block to
position j, and let Ng(i, j) be the maximum N (i, k),
where k ranges from the end of j’s partition block to
position j. Np(%,7) (Ngr(%,j)) can be computed by a
single left-to-right (right-to-left) scan over the ith row
of N, starting a new maximum each time a barrier of
a partition block is crossed. Compute

M(i,j7) = max{Nc(4,7), Nr(i,7 — 9:)}

Notice that we save computing max;_g,<k<j V(i k)
for every matrix entry. The maximum score is
M(m,n). The actual alignment is found using stan-
dard methods [11].

THEOREM 3.1. Given the score malrir, the
dynamic programming elgorithm aligns m non-
overlapping windows to a sequence of length n in
O(mn) time, independent of the mazimum gap sizes
gi.

Proor: Given the score matrix, N(zZ,j) can
be computed in constant time once its M values are
computed. Ny and Ng take O(n) time for each
row; thus, it takes O(mn) time overall to compute
M (m,n), the maximum score. Recovering the actual
alignment takes linear time. g

If the different motifs are periodic, the score
matrix can be computed with a running sum through
a left to right scan of the sequence in O(ny [~ pi)
time, where p; is the period of motif B;. Note that
for all practical purposes this running time is O(nm).
If the motifs are aperiodic, then the running time is
O(n 51~ |B;i|). We pose as an open problem whether
the running time can be improved, for example, by
using convolution techniques, developed in pattern
matching, to compute the scores for the windows.

4 A Markov Framework for the Correlation
Method

Some protein motifs are periodic, for example, «-
helices, B-sheets, and especially coiled coils. Consider
the coiled-coil motif. Coiled coils consist of a-helices
wrapped around each other in a superhelical twist.
Since these a-helices have about 3.5 residues per
turn, coiled coils have a characteristic heptad repeat
(abcdefg),,. Coiled coils are biologically important as
they are found in fibrous proteins such as myosin, sev-
eral DNA binding domains, some tRNA synthetases,
tumor suppressor gene products, and membrane fu-
ston proteins.

Given a random protein, the method described
below outputs the “most probable” assignment of the
amino acids to positions in the motif. For coiled coils,
the motif positions are the symbols a through g, to-
gether with a special symbol z to represent residues
not in a coiled coil. For example, the experimen-
tally determined assignment for human keratin is

amino acids: ...EIATYRRLLEGEDAHLS ...
motif positions:  ...gabcdefgabedzzzzz ...

To find the most likely assignment, we could com-
pute for each string S of motif positions the probabil-
ity ps that this string characterizes the residues of
a random protein. Next compute the probability ¢s
that a random protein characterized by .S will be the
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given protein. The output is the string S which max-
imizes psqs. Note that the given sequence can be
represented in about 1g[1/psqs] bits by writing down
the sequence S of motif positions and then the amino
acid sequence. The output minimizes the number of
bits needed to represent the protein in this way.

The algorithm described below uses a Markov
chain model to estimate pg and statistical information
to estimate ¢s. The optimal string of motif positions
is computed with dynamic programming.

In [15], an efficient pattern-matching algorithm
is presented for identifying coiled coils and other
periodic protein motifs. The method described here
may be viewed as a generalization of their algorithm
to handle pairwise residue correlations. The pattern-
matching gap penalties would be determined by the
Markov chain state transition probabilities. There are
also differences in how the dynamic programming is
carried out.

4.1 The Method

We demonstrate our method as applied to coiled
coils. Each residue in a sequence of amino acids
will be in one of eight states depending on whether
or not it is in a coiled coil, and if so in which
position. For example, if an amino acid residue is
in the ¢ position, chances are that the next residue
will be in position d; if a residue is not in a coiled
coil (referred to as position z), chances are that
the next one will not be in a coiled coil as well
(see Figure 1). For convenience, let v denote the
permutation defined by these likely transitions. But

Figure 1: Coiled-coil states. State transitions follow
the solid arrows with probability close to 1 (z.e., the
solid lines define the permutation v). Other state
transitions sometimes occur, but only the transitions
from non-coiled-coil to coiled-coil states and back are
depicted here.

since proteins containing coiled coils often contain
non-coiled-coil regions, transitions from coiled-coil
states to z and back sometimes occur. Irregularities
known as “skips” and “stutters” sometimes occur
in a coiled coil. They are found in places such as
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the hinge region of myosin. In these locations, a
residue in coiled-coil position { is followed by a residue
in a coiled-coil position other than wv(l). “Phase
shifts”, the state transitions corresponding to skips
and stutters, are not shown in Figure 1.

More generally, the motif has period p, and

the positions in the motif are labeled myq,... ,mp_1.
For coiled coils, p = 7 and myq,...,mp_1 are the
heptad-repeat positions a,b,c,d,e,f,g. Given a

protein, the goal is to assign to each residue a label
in {mog,...,mp_1,2}, where z represents a residue
which is not in the motif. In particular, for a given
amino acid sequence, we want the most plausible such
assignment.

Suppose the given protein consists of residues
ry,...,rn. Let R;,...,R, denote a “random pro-
tein” of length =n, and let Ly, ..., L, denote its label-
ing. We are seeking the labeling [, ... ,{,, of the given
residues which maximizes the probability

PI[R]_:rl/\"'/\Rn:rn/\Ll:1}_/\"’/\Ln:ln].

For convenience, let Ry denote the event Ry = ry
and Ly denote the event Ly = l;. (Rx = G from
Section 2.)

We have by Bayes Law,

(43) PrflRiA--- AR ALIA-- ALy
= Pr{li A ALy Pr[R1y A ARRILL A+ A L]

We need to estimate the first and second terms on the
right-hand side of the above equation. To estimate the
first term of Equation 4.3, we need some knowledge
about the domain of interest. For coiled coils, we
can model the label probabilities with a Markov chain
approximation:

(44) Pr[£k|E1 A A [:k—l] ~ Pl‘[ﬁklﬁk_l].

Returning to coiled coils, for lack of good biologi-
cal data, we assume that the transitions from z to the
coiled-coil states are equally likely, as are the transi-
tions from the coiled-coil states to z. About 2% of
residues in Genpept are in coiled coils, and the av-
erage length of the coiled coil is about 40 residues.
Thus the probability that the first state is a coiled-
coil state is 1/50. Furthermore, given that a residue
is in a coiled-coil state, the probability that the next
residue is labeled z is 1/40, and the probability of go-
ing from z to a coiled-coil state is (1/40)(1/49). The
skip and stutter transition probabilities remain to be
estimated. Our experience is that skips and stutters
are about as common as transitions from coiled-coil
to non-coiled-coil regions, and for lack of better data,
we assume that all possible phase shift transitions are
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equally likely. So the phase shift transition probabili-
ties are (1/40)(1/6). To summarize:

11:Z

PI‘[L] = ll] = {5

al-3ls

% otherwise

and Pr[Ly = lp|Lg—1 = lg-1]
21549% lyor=zand iy #2
1-5d hoi=h=z
lk—l ;Ez and lk =2z
4()% l]c-1 75 z and lk 75 Z,I/(lk;_l)
1-— 1;2—0 Ik—] ;é Zz and Ik = I/(Ik_l)

Now suppose that the labeling of the residues is
given, and we need to estimate the second term of
Equation 4.3. We can do this by using the statistical
information in a database of coiled coils and the
Genpept database. First break up the sequence into
blocks. Residues 7 and i 4+ 1 are in the same block
if and only if l;;1 = v(l;). The database does not
contain much information about the correlations of
residues on either side of a block boundary, so we will
assume that the residues in one block are independent
of the residues (and labels) in other blocks:

(4.5) Pr[RkIRl A ARk 1NLIN-- -/\,Cn]
~ PI‘[RHR]' /\---/\Rk_1/\[,j/\'~-/\£k]

where j is the beginning of the block containing k.
Next we need an estimate for the right-hand-side of
this equation. For coiled coils, the residues physically
close to rx 1n 3-space are those at distances 1, 3, and
4,s0of rj,... ,rg_1, the residues with the greatest in-
fluence on Ry are rg_i, rg—3, and rg_4. (In Genpept,
the residues are largely pairwise independent with the
exception of positive correlations between like residues
which are nearby. So for convenience, we can use dis-
tances 1, 3, and 4 for predicting Ry whether or not
I = Z.) Let

Py = PI‘[Rkle_d ALg—gN--NLg,

Py is the probability that Ry = rj if this is indepen-
dent of all previous residues other than Rr_g. Since
the database is not large enough to get good informa-
tion on more than pairwise correlations, we average
the relevant pairwise probabilities:

(4.6) Pl‘[’R.krR,j AN ARE- /\ﬁj /\"'/\Ek]
P k—3<ji<k-1

~ [P1P3}1/2 ] =k — 3
[PLPsPy) 3 j<k—4

Assuming all these approximations are accurate,
we next need to find an optimal choice for ly,... ,1,.
We can do this with dynamic programming in O(n)
time for fixed p and bounded correlation distance D.
(Le., a residue is conditionally independent of the
residues further than distance D away, provided that
the residues at most distance D away are known.) For
coiled coils, p = 7, and we are assuming D = 4. We
use an n X (p+ 1) X (D + 1) matrix A. Ay,,4 contains
the maximum “score” for ry,...,r; given that Ly =/
and that the block containing k starts at &k — d. (If
d = D, the block containing k may start at k — D or
earlier.) The matrix A is never actually stored all at
once, we need only O(p(n + D)) storage.

For convenience, let

Qija = Pr[Ly = | Lg—1 = v (D) -
Pr['R,kl Ri—aN---ARrp_1 A
ALp_q = l/_d(l) A AL = 1],
where v=2() = v=}(v~1(l)), etc. Equation 4.6 and

the Markov chain transition probabilities are used to
compute Q4. Then

Agra = logQr1.a+

0 k=1,d=0
e k=1,d>0

J Ak—l,y—l(!),d_1 ks> 1’ 1 Sd< D
D—rlnsaé)’(SDAk_l:”‘l(l),d' k>1,d=D

max max Ax_i1pa k>1,d=0

\0<d'<D l'#v-1(l)
The first two cases are for initialization; residue 1
begins its block. The third term is for the case where
residue k starts a new block. The last two terms are
for the case where residue k£ continues the block that
residue k£ — 1 is in. In the d = D case, the two terms
correspond to whether residue k is the Dth residue in
its block, or whether the block starts even earlier.

To compute the scores for Aj ««, only the scores
for Ag—1,4+ are used, where * is wildcard for any
index. As is usual in dynamic programming, once the
matrix entries are computed, the optimal labeling is
found by following backpointers. Backpointers need
only be stored for A..o and A..p, since when
1 < d < D, the backpointers for A, . q are fixed.
Hence we have

THEOREM 4.1. The dynamic programming algo-
rithm to compute the optimal assignment of motif po-
sitions to amino acids runs in O(p(n+ D)) space and
O(pDn) time, excluding the time and space to com-
pute Qr14. When p and D are constant, as they are
with coiled coils, Qi 1,4 can be computed in constant
time, and the algorithm runs in linear time and space.
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A Estimating the Individual Probabilities

Since the randomly drawn w-long window can occur
anywhere in a sequence in Genpept, posttional infor-
mation as to where it occurs can be ignored. Thus,
Pr[G;] is estimated by the relative frequency of residue
A; in Genpept, which is the number of occurrences of
this residue in Genpept divided by the total number
of residues in Genpept. Similarly, Pr[H,] is estimated
by the relative pair frequency of residues A; and A; ;4
appearing at distance d apart in Genpept. Below we
estimate Pr[G;|C,] and Pr[H;|C,], using approximate
frequencies in C. Pr[Cy] is an unknown constant (it is
simply the proportional number of w-long sequences
in C to all w-long sequences in Genpept).

We want to estimate Pr[H;|C;] for residue pair
A and B in positions ¢ and i+d in C. Let f;(4, B)
be the number of times A and B occur in positions i
and i+d in the set of T known samples from C, and

Then a first pass estimation for Pr{H;|C;] could
be the relative frequency j/7T on the assumption that
unknown sequences in C have the same distribution
as known sequences in C, since the latter were picked
randomly. However, if one thinks about it more
carefully, this is not a good approach when the
frequencies are 0. For example, the fact that there
are no residues A; in positions 7 in the known set
does not mean that there is a 0 probability of this
event occurring; we may have just been unlucky.
Furthermore, setting this probability to 0 causes the
probability of the entire sequence being in C to be 0.
The 0-frequency case is particularly important in this
paper, since we have found pair frequencies are often
very likely to be 0.

One method of approximating the probabilities is
through a Bayesian estimation [3]. It is assumed that
nature picks the desired probability p € [0,1], e.g.
uniformly at random. We sample and guess p. The
guess is E[p | sample data]. This is one way to guess
p. In the limit of infinite data, it will give us the right
answer. However, for the amount of data we had, we
found it does not work (i.e., does not produce good
separation of positive and negative examples). We
found a different approach produces better results.

We compute approximate frequencies for residue
pair A and B in positions ¢ and i+d in C as follows.

Define
7t (nj + nj41) - T -
(Note that the case n; = njy; = 0 is never used.)

Then set approximate frequency P(A4,B) = P; =
(Pj-1,; + P;,j41)/2, where j = fi(A, B). Thus,

.1 —nj_3 nj 41
Al T P =4+ = J + J )
(4D 0T (nj—1+"j nj + ;41

An approximate single frequency for Pr[G;|C;] is
computed similarly.

We show in the following claims that P; differs
from j/T, the observed frequency, by at most 1/(27")
and Zj P =1.

Cramm Al |(T-P;)—j| < 1/2, for j > 0.

ProOF: Consider Equation A.1. In the second
term, —1 < —n;_1/(nj_1 + n;) < 0, and 0 <
nj+1/(nj + nj41) < 1; therefore, the second term’s
total value is between —1/2 and 1/2. O

Cramm A2 Zf:o n; - Py =1.

PRroOOF:

T
> nj- P
ji=0

noFo1  miPor+niPra naPia+ngPags

2 2

I
RO} =
.qu

Pj j+1(nj + nj41)
0

J

(G715 + G+ Dnjn) (s + nj41)
T(nj + nj41)

“
i
o

It
B
'M"]

1

NE

(2-7-n;)
j=1
1 & 1<
= -ij-nj = ij-nj = 1 (by def.) O
j:l j:O

If P,y > 2P(A)P(B) (where P(A) and P(B)
are the single residue frequencies), then we would
conclude P(A,B) > P(A)P(B), even though we
saw 0 such events. P would then seem like a poor
guess for P(A, B). So for this particular pair (A, B),
we decrease Pp1(A, B) to 2 P(A)P(B), and evenly
redistribute the remaining probability mass to the
other Py 1(X,Y)’s. This process is repeated until no
Py 1(A,B) > 2P(A)P(B), or it cannot be applied
anymore. Note that the second claim still holds
because we are simply redistributing the probability
mass. In the first claim, the right-hand-side of the
equation can be only slightly more than 1/2.



