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Abstract 

A long standing problem in molecular biology is to de- 
termine the three-dimensional structure of a protein, given 
its amino acid sequence. A variety of simplifying models 
have been proposed abstracting only the “essential physical 
properties” of real proteins. In these models, the three di- 
mensional space is often represented by a lattice. Residues 
which are adjacent in the primary sequence (i.e. covalently 
linked) must be placed at adjacent points in the lattice. A 
conformationof a protein is simply a self-avoiding walk along 
the lattice. The protein folding problem STRING-FOLD is 
that of finding a conformation of the protein sequence on the 
lattice such that the overall energy is minimized, for some 
reasonable definition of energy. This formulation leaves open 
the choices of a lattice and an energy function. Once these 
choices are made, one may then address the algorithmic 
complexity of optimizing the energy function for the lat- 
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tice. For a variety of such simple models, this minimization 
problem is in fact NP-hard [6, 5, 81. 

In this paper, we consider the Hydrophobic-Polar [HP) 
Model introduced by Dill [a]. The HP model abstracts the 
problem by grouping the 20 amino acids into two classes: 
hydrophobic (or non-polar) residues and hydrophilic (or po- 
lar) residues. For concreteness, we will take our input to be 
a string from {H, P}+ , where P represents polar residues, and 
H represents hydrophobic residues. Dill et.al. [l] survey the 
literature analyzing this model. 

Selecting an energy function. Given a conformation, 
a pair of residues form a topological contact (or simply con- 
tact) if the residues are not covalently linked. A bond refers 
to a topological contact between a pair of H’s. Define the 
free energy of a conformation as (-1) x (# of bonds). The 
optimal conformation for the protein is the one which has 
the lowest free energy. 

The biological foundation of this energy function is the 
belief that the first-order driving force of protein folding 
is due to a “hydrophobic collapse” in which those residues 
which prefer to be shielded from water (hydrophobic residues) 
are driven to the core of the protein, while those which in- 
teract more favorably with water (polar residues) remain on 
the outside of the protein. The protein is hypothesized to 
fold in such a way as to minimize the surface area of hy- 
drophobic residues exposed to water or polar residues. 

Selecting a lattice. HP simulations have typically fol- 
lowed Dill’s original choice of square lattices. Unfortunately, 
one rather severe consequence of the structure of the square 
lattice is that no two amino acids can be at adjacent lattice 
points if the substring between them is of odd length. We 
call this the parity constraint of square lattices. Thus, the 
string (PH)n has no bonds in a square lattice, despite the 
fact that such a protein string has many potential bonds in 
“real space”. 

The bizarreness of the parity constraint illustrates an- 
other possible pitfall of algorithmic analysis of this problem. 
An approximation ratio for a maximization algorithm is the 
ratio of a lower bound on the performance of the algorithm 
and an upper bound on the optimal solution. Thus, it is de- 
sirable to raise the lower bound of the algorithmic solution, 
or to lower the upper bound of the optimal solution. But in 
the case of the STRING-FOLD problem on a square lattice, 
the upper bound is artificially low, due to the parity con- 
straint. To illustrate, consider once again the string (PH)n, 
which has a trivial upper bound of 0 bonds, so any algo- 
rithm will achieve the optimum. Thus, any approximation 
ratio on a square lattice will have little meaning for moving 
towards a “realistic” solution of t,he problem. 



Figure 1: The two-dimensional triangular lattice 

Figure 2: The Three-Dimensional Triangular Lattice. 

If the square lattice is so seriously flawed, what is a more 
interesting lattice choice? We propose using triangular lat- 
tices as a folding model. The two- and three-dimensional 
triangular lattices are shown in Figure 1 and Figure 2. The 
triangular lattice does not exhibit the parity problem. That 
is, for every pair of sites 2, y on any string, there exists a 
confirmation of the string on the triangular lattice such that 
z and y are neighboring sites on the lattice. 

Past results. From a computational point of view, it is 
not known whether or not the protein folding problem under 
HP-model (on either square or triangular lattices) is NP- 
hard. The problem is known to be NP-complete when the 
alphabet size is unbounded and the lattice is a two- or three- 
dimensional square lattice [7]. Hart and Istrail [3] presented 
approximation algorithms on the square lattice having ap- 
proximation factor of l/4 on the two-dimensional square 
lattice and 3/8 in three-dimensions but the optimal con- 
formations on these lattices may be arbitrarily worse than 
the optimal on lattices without the parity problem. It is 
therefore interesting to examine the HP folding problem on 
triangular lattices, and to strive for conformations approach- 
ing the more natural optimal score found there. The utility 
of the triangular lattice was also observed independently by 
Kleinberg [4]. 

Our results. We have developed a collection of local 
folding rules for the HP model on triangular lattices, in both 
two and three dimensions, and we prove approximation ra- 
tios for each of these rules. For all of our rules, these ratios 
are better than those achieved by Hart and Istrail [3] for 
the square lattice. As pointed out above, an approximation 
ratio can often be misleading. We provide these numbers 
as a rough guideline, since no more appropriate measure 
of goodness for a rule is available. Yet, since optimal solu- 
tions for triangular lattices are so much more densely packed 
than are optimal solutions for square lattices, we achieve 
our approximations by local rules which yield very dense 

structures. That is, since the upper bound of the optimal 
solution is much higher, the performance of the folding al- 
gorithms must increase correspondingly. Furthermore, these 
local rules may be combined in many ways to get more com- 
plex foldings. 

All of our folding rules are implementable in linear time. 
The following table summarizes the proposed rules for pro- 
tein folding under the HP model in the two- and three- 
dimensional triangular lattices. 

Folding I 2D I 3D 1 

We extend the HP model by considering a more general 
representation of hydrophobic residues. The new model is 
motivated by the fact that certain hydrophobic residues are 
more hydrophobic than others. While in the standard HP 
model all hydrophobic residues have identical hydrophobici- 
ties, our new model allows different residues to have different 
hydrophobicities and contacts between hydrophobic residues 
contribute to the energy function proportional to their com- 
bined hydrophobic strength. In the new model we are able 
to achieve similar constant factor approximation guarantees 
on the triangular lattice as were achieved in the standard 
HP model. 
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