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Abstract

Computational recognition of native-like folds from a
protein fold database is considered to be a promising
alternative approach to the ab initio fold prediction. We
present a new and effective method for protein fold recog-
nition through optimally aligning (threading) an amino
acid sequence and a protein fold (template). A pro-
tein fold, in our database, is represented as a series of
core secondary structures, and the alignment quality is
determined by three factors. They are (1) the fitness
between each amino acid and the environment of its as-
signed (aligned) template position; (2) pairwise interac-
tion preferences between amino acids that are spatially
close; and (8) dlignment gap penalties. Our threading
algorithm constructs an optimum alignment between an
amino acid sequence of size n and a protein fold tem-
plate of size m in O((m +n'+05C M log(n))nC+!) time
and O(nm~+n°1+2) space, where M is the number of core
secondary structures in the fold, and C is a (small) non-
negative integer, determined by a mathematical property
of the pairwise interactions in the fold. C is less than
or equal to 4 for about 75% of the 296 unique folds in
our database, when pairwise interactions are restricted
to amino acids < 7A apart (measured between their beta
carbon atoms). An epprozimation scheme is developed
for fold templates with C > 4, when threading requires
too much memory and time to be practical on a typical
workstation.
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1 Introduction

Protein fold recognition concerns recognizing the native-
like folds (3D structures) of an amino acid sequence,
from a protein fold database. It is considered to be a
promising approach to predicting the folded structure
of a protein from its sequence, based on the general be-
lief that there is only a small number of “domain core”
folds in nature, and some averaged preference to par-
ticular structural/solvent environments over the entire
sequence is sufficient for recognition of its native-like
folds [1].

Typically, fold recognition is achieved through op-
timally aligning an amino acid sequence with each of
the protein folds (protein threading) in the database.
Folds with “good” alignment scores are recognized as
native-like folds of the sequence. The quality of such a
sequence-structure alignment is determined by (1) the
fitness of each individual assignment of an amino acid to
a template position, (2) gap penalties for the unaligned
amino acids and template positions, and (3) interaction
preferences among aligned amino acids that are spa-
tially close.

In formulating the protein threading problem, we
follow a few basic assumptions widely used by the pro-
tein threading community. We assume that (i) each
protein fold is represented as a series of core secondary
structures (a-helices and 3-sheets) with the connecting
loops being removed; (ii) when aligning an amino acid
sequence with a fold template, successive positions of
each core can only be occupied by adjacent amino acids
in the sequence, and alignment gaps are confined to the
connecting loop regions or the ends of a core; (iii) only
pairwise interactions are considered; and (iv) all terms
measuring the fitness of individual assignments, inter-
action preferences, and gap penalties are additive.

The protein threading problem, under these basic
assumptions, is generally considered to be computa-
tionally intractable. While this belief is strongly sup-



ported by the proof on the NP-hardness of the thread-
ing problem under a particular mathematical formu-
lation [2], it also makes people shy away from seek-
ing a more direct solution to the threading problem.
Currently the most commonly used strategies for solv-
ing the threading problem include (1) nondeterminis-
tic approaches such as Monte Carlo method [3] and
Gibbs Sampling [4]; (2) implicitly exhaustive search like
branch-and-bound method [5]; (3) local search methods
using the so-called “frozen approximation” [6]. While
the strength and weakness of these strategies may vary,
they do not generally guarantee finding an optimum
threading, for practical purposes (it may require too
much time, or the result is statistical in nature).

We have developed an algorithm which guarantees
finding an optimum alignment between an amino acid
sequence and a fold template. As pointed out by Lath-
rop [2], allowing variable-length gaps and pairwise in-
teractions simultaneously is the reason for the compu-
tational difficulty of the threading problem. We have
structured our threading algorithm in such a way that
its computational complexity can be explicitly repre-
sented as a function of a parameter C, which charac-
terizes the overall “structure” of the pairwise interac-
tions and gaps. More specifically, the algorithm runs in
O((m + nt*95C M log(n))nC+!) time on a sequence of
size n and a fold template of size m, consisting of M
core secondary structures. This provides an effective
framework for an in-depth study on how the fold recog-
nition accuracy relates to the computational complexity
of the threading problem. For a fixed fold template, the
value of C changes as the allowed maximum distance,
D, between two interacting amino acids (measured be-
tween their beta carbon atoms, or a virtual bete carbon
position calculated based on the backbone structure for
glycine) varies. In a case study, we have demonstrated
that C is less than or equal to 4 for about 75% of the
296 unique folds in our database when we restrict D <
74, implying the practical solvability of the threading
problem on those folds. Our preliminary results sug-
gest that for most of the protein folds, C stays as a
small integer (3 or 4) even when D is increased to 9 ~
10A. For protein folds with C > 4, we have developed
an approximation scheme, which removes the minimum
number of pairwise interactions to make the C value
small enough to be practically solvable.

2 Fold Recognition Through Threading

We have used the 3D protein structure database de-
rived by Fischer et al. [7] as our protein database. This
database consists of 301 distinct, representative, and
accurate structures. We removed 5 uncompact struc-
tures (PDB codes 1mec4, 1mypa, 1scma, 2plv4, 2spca),
and have also replaced 24 entries which have been up-
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dated in Brookhaven Protein Data Bank (PDB) [8].
This database of 296 protein folds serves both as the
source of deriving the knowledge-based energy functions
and as the templates to align the sequences of unknown
structures.

2.1 Energy calculation

A protein structure is governed by physical energies
such as bond interaction, van der Waals, and electro-
statics. It is well-known that these energy terms are
both difficult to calculate (very time-consuming) and
too sensitive to small displacements in atomic coordi-
nates. As a result, most threading programs employ
knowledge-based potential functions. The total poten-
tial energy FEiotqr can be decomposed to the following
two terms:

EBiotar = Biocar + Epair- (1)

Ejyca1 Tepresents a residue’s local preference of the sec-
ondary structures and its preference in certain solvent
environment (either exposed to solvent or in the inte-
rior of the protein). Epqqr is the pairwise interaction
potential between amino acids.

To calculate Ejocqar, most researchers treat the sec-
ondary structures preference and the preference of sol-
vent accessibility separately by two decoupled energy
functions. We have, instead, used a single energy func-
tion for different combinations of secondary structures
and solvent accessibilities [9],

N(i,ss, sol) ©
Ng(i,ss,sol)’

N (4, ss, sol) is the number of occurrences of amino acid
1 in the secondary structure conformation ss and in the
solvent accessibility type sol, and Ng(%, ss, sol) is the
expected number of occurrences of (%,ss,sol). It can
be calculated by %ﬂﬂi, where Nj is the number of
amino acid 7, Ny, is the number of residues in the sec-
ondary structure ss, N is the number of residues in
the solvent accessibility type sol, and N, is the total
number of residues (all of which are calculated based
on our protein database). The secondary structures of
each protein are assigned by the DSSP package [10].
The solvent accessibility, which is defined as the per-
centage of exposed solvent accessible surface area of
the residue, is calculated by the program ACCESS [11].
Three types of solvent accessibility sol are considered:
buried (sol < 9.7%), ezposed (sol > 49.0%), and the
intermediate (9.7% < sol < 49.0%). The cutoffs are de-
termined such that in each type of the solvent accessibil-
ity there are equal number of residues in the database.
Combined with the 3 types of the secondary structures,
there are 9 combinations of ss and sol. Our results

Eiocal(i, ss,s0l) = —log
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show that a secondary structure typically has signifi-
cantly different preferences with different solvent acces-
sibilities, and vice versa, indicating that our function is
more sensitive than those treating the two preferences
separately by two independent energy functions.

The pairwise potential, Fp,:-(?,7), between residue
i and residue j is derived from the frequency of the
inter-residue interactions, i.e.,

K(i,3)
0 3
KE(%J) ( )
K (i, 7) is the number of cntacts between 7 and j in the

database (for a specified cutoff distance), and Kg(i,7)
is the expected numbg of occgences of (7,7), which
S K(03) ), K(id)
can be calculated by T K6
In our case study, we have used 7A as the cutoff dis-
tance, which accounts for most of the important inter-
residue interactions [12].

Epair (i:j ) = IOg

2.2 Problem formulation

Now we give a formal definition of the protein threading
problem. Let s = $;385...5, be an amino acid sequence,
and (¢,T) be a protein fold template, with ¢ = ty#5...1,
being a sequence of template positions (with an ar-
ray of physical properties attached to each of them)
and T' = T3,...,Thr being the sequence of core sec-
ondary structures ¢ is partitioned into. Let (5,7 =
((31,%1), (32,%2) -eees (3, 1x)) be an alignment [13] of s
and t, where 3; (similarly 7;) is either an element of
s (or t) or ¢ (representing a gap), and max{n,m} <
k < m-+n. Let A(s,¢,T) denote the set of all possible
alignments between s and £, which satisfy the following
constraint®: if s; is aligned with £, and s; aligned with
tq, where t, and £, are from the same core of T', then
Siyz is aligned with iy for all = € [1, j—1], and for any
i and j. Let Z(£,T) be the set of all pairs of positions
from ¢’s different cores, with their distance < a speci-
fied cutoff value. For each pair (3;,%;), F(5;,%;) denotes
the alignment score of the two, which could be either
a fitness score or a gap penalty depending on what 3;
and %; are. For each pair of positions (;,%;) € Z(¢,T),
and the two amino acids 5; and 3; assigned to them,
the interaction preference is given by P(5;,55,%:,%;). A
protein threading problem is defined as to find an align-
ment between the amino acid sequence s and the fold
template (f,T") that minimizes the following function:

minEhe st acic FGat+
@&zezen PG5t}
4

“Informally, gaps are confined to regions between two cores or at
the ends of a core.
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3 An Algorithm for Optimum Threading

This section presents an algorithm for solving the min-
imization problem (4), and analyzes its computational
complexity. This algorithm significantly improves the
computational complexity of our previous work [14],
and applies to a much wider range of threading prob-
lems.

3.1 The threading algorithm

An interaction graph of a fold template (£,T) is defined
to have a vertex set {;|]1 < ¢ < m} and an edge set
{(t:,£)|(t:, t5) € Z(¢,T)}. Cutting® the graph between
vertices ; and £;;; creates a set of open links (see Figure
1), each of which has one end in the graph and the other
end open. If we assign an orientation® to a cut edge, one
of its two open links is called an in-link and the other
one an out-link. An assignment (of an amino acid) to
an in-link means an (assumed) assignment of the same
amino acid to the end vertex of its corresponding out-
link.

We now outline a simple strategy for solving the
minimization problem (4), which slightly generalizes?
Smith-Waterman sequence alignment algorithm and uses
a threading matrix (storing combined alignment and in-
teraction scores) like an alignment matrix in [13]. The
basic idea is to calculate the threading matrix between
the amino acid sequence s and the partial template
t[1,4] (note ¢ = £[1,m)]) for each combination of all pos-
sible assignments of the amino acids to the open links
of #[1,1] (treated as in-links), and resolve any inconsis-
tency between an assumed assignment and the actual
assignment to ¢; by assigning +co to the corresponding
matrix cell, if ¢; is a right-end vertex of a link. It re-
peatedly expends the threading matrix to include the
next template position just as in Smith-Waterman al-
gorithm, until ¢ =m.

It can be shown that the minimum threading score
between a sequence s and a template ¢ among all as-
sumed assignments is an optimum solution to problem
(4), using a simple inductive argument on i, ¢ € [1,m).
A careful implementation of this strategy solves prob-
lem (4) in O(mn20™*1<i<m ICill) time, where C; de-
notes the open links at cut point ¢, and || - || represents
the cardinality of a set. For an average fold template,
the maximum cut size max; <i<m ||Cj{| could be as large
as a few dozen or even lager, making this strategy im-
practical. In the rest of this section, we improve on this
basic strategy by exploiting the constraint that gaps
are confined to regions between cores or at the ends

bCutting the interaction graph always means to cut between two
adjacent vertices in this paper.

“The orientation of a cut edge is determined dynamically by our
algorithm, and it affects its computational complexity.

9Some care needs to be taken so that gaps are all confined to
regions between cores or at the ends of a core.
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Figure 1: An interaction graph and a cut between vertices 7 and 7 + 1.

of a core. For the simplicity of discussion, we further
assume that gaps are all confined to regions between
cores. Extension to situations with gaps being at the
ends of a core is straightforward.

Note that the essence of this strategy is to (repeat-
edly) solve the threading problem on a partial template
with open links by examining all combinations of amino
acid assignments to them, and the computational com-
plexity depends on the maximum size of open links.
While preserving the basic idea, we generalize this strat-
egy by using a more general divide-and-conquer ap-
proach to greatly reduce the maximum open link size,
and hence improve the computational complexity. It
uses two key ideas: (1) group non-independent open
links together, and (2) hierarchically partition the fold
template into sub-templates in such a way that the max-
imum open link size, throughout the partition, is mini-
mized.

Let C;; be the set of edges connecting vertices of
cores T; and Tj, and a,b be two open links of Cj ; (as-
suming {|C; ;{| > 2). Since no gaps are allowed within a
core, the choices of assignments to e and b are not inde-
pendent. Obviously the total of number of all possible
assignments to C; ;’s open links is O(n) (the sequence
size). Hence we can redefine the interaction graph by
contracting vertices of each core into one vertex and
contracting the edges between two consecutive cores
into one edge (see Figure 2(a)). Now each open link
has O(n) possible assignments, i.e., each position on
the sequence gives a valid assignment to an open link.

The following observation helps to further reduce the
open link size. Consider a series of cores a,b,c and
d, and links (a,b), (a,c) and (a,d) between them (see
Figure 2(b)). A cut between a and b creates a partition
a and (b,c,d), and three open links. Note that these
links are not independent due to the restriction of no
gaps within a core. If we let them be all out-links of
a (and hence in-links of b, c,d), these links effectively
reduce to one link for this particular partition and this
orientation assignment. Generally, for each core a, the
number of open links can be counted as follows: all out-
links of a are counted as one link; And for a series of
cores in a partition, all its in-links directed from the
same core (outside of this series of cores) are counted
as one link. We call the number of open links counted

this way the effective number of open links.

The basic idea of our divide-and-conquer approach
is to repeatedly bi-partition the (contracted) interac-
tion graph (see Figure 2(c)), and solve the threading
problem on a partial template with open links by opti-
mally merging solutions for its sub-templates. We use
the following example to explain the basic idea.

Consider a cut of the interaction graph at any po-
sition ¢ € [1, M —1]. We want to show that 2 minimum-
scoring threading between s and (¢, T') can be constructed
through merging a minimum-scoring threading between
s[1, 4] and T'[1, 7] with open links and a minimum-scoring
threading between s[j +1,n] and T[i + 1, M] with open
links, for some j € [1,n — 1] and some set of “con-
sistent” assignments to both open link sets of the two
sub-templates. For each in-link, we examine every pos-
sible assignment to the end vertex of its corresponding
out-link and calculate the interaction score P() based
on each assumed assignment; and for each out-link, we
examine every possible assignment to its own end ver-
tex and set the corresponding interaction score P() to
be zero.

Let min_score(z,y,A) be the minimum threading
score (as defined in problem (4)) between a (sub)sequence
z and a (sub)template y under the assumption that y’s
open links are assigned with A. The following state-
ment can be shown using an inductive argument, which
we omit in this abstract.

min_score(s,T,0) =
miny <jen a{min_score(s[1, 5], T'[1,1], A)+
min_score(s[j + 1,n), T{i + 1, M], A)}
(5

where A represents a set of assignments to T[1,4] (and
also to T'[i + 1, M]). This equation is the foundation of
our divide-and-conquer algorithm. Note that equation
(5) is true for any ¢ € [1,M — 1] and any orientation
assignments to the cut edges, which allows us to choose
a partition strategy in such a way that its effective open
link sizes are as small as possible. Section 3.2 gives
a partition algorithm, which repeatedly bi-partitions a
(partial) template into two sub-templates until all sub-
templates become cores. It partitions the template in
such a way that the maximum effective open link size
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Figure 2: (a) Contraction of interaction graph. Each dotted box represents a core. (b) Merge of in-links and
out-links. (c) A hierarchical partition of a template. Each node represents a core, and the numbered vertical lines

represent a partition in the specified order.

of the partition is minimized. We call this minimized
maximum effective open link size an optimum open link
size of the template.

We now give the pseudo code of the threading algo-
rithm. Given are a sequence s, a fold template (¢,T),
and a partition strategy, calculated by the algorithm
of Section 3.2. L represents the open links of T and
A denotes a set of assignments to L. score is a one-
dimensional array, storing the last column (each tem-
plate position corresponds to one column) of the thread-
ing matrix between T and sk, n]; And scorel and score2
are defined similarly.

Algorithm threading (T, s, k, L, A, score)
1. if Tisa corethen call align (T, s, k, L, A, score);
2. else
3. begin
4. divide T" to 71 and 75 based on the partition
strategy, and divide L to L; and L, accordingly;

let Ly be the open links (between T3 and T3) cre-

ated; .

5. for each combination of assignments Ag to Lo
do

6. begin

7. call threading (731, s, k, LoUL;, AgU A3, scorel);
8. for i = k step +1 until n do

9. begin

10. call threading (75, s, £, LoUL2, AgUAs, score2);
11. call update_scores (score, scorel, score2, i);
12. end

13. end

14. end

align (T, s,k, L, A, score) uses a slightly-generalized
Smith-Waterman alignment to calculate the threading
matrix between core T and sub-sequence s[k,n] under
the assumption that the open links I are assigned with
A, and stores the last column of the threading matrix
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in array score. update_score (score, scorel, score2,1) is
a procedure that updates the array score by comparing
the current values of score with the values of score2
incremented by the value of scorelfi]. By using a search
tree data structure [15], each call to this procedure takes
O(logn) time.

Based on recurrence (5) and the pseudo code, we can
show that threading (T, s,1,0,0, score) calculates the
score of an optimum threading between s and (¢,T). If
C is the optimum open link size of the template, this
algorithm runs in O((m +n*+%3C M log(n))nC+!) time
and O(nm + n®*2) space. We omit implementation
details and the analysis on the computational complex-
ity in this abstract. Some bookkeeping is needed for
recovering an optimum threading from the minimum
threading score, which can be done within the above
time and space bounds.

3.2 Construction of an optimum partition

We define a partition tree of an interaction graph as
follows. The tree root represents the whole interaction
graph, and each tree leaf represents a single vertex of
the interaction graph. Each non-leaf tree node has two
children, each of which represents a subgraph created
by a cut as illustrated in Figure 1. For each tree node
x, we use Cz(A;) to denote the effective open link size
(of =’s representing sub-graph) when orientations of its
open links are given by A.. The goal is to find a parti-
tion and a set of consistent orientation assignments that
minimize the following function:

mar(G (4} (6)

‘We now outline an algorithm for calculating the min-
imum value of Problem (6). Let A;; be a set of par-
ticular in/out assignments to the open links of T'[, j].
For any bi-partition (T[i, &, T[k + 1,3]) of T[i, ], A5

min
partition,orientation



and Az;'-'l’j denote the corresponding portions of 4; ; for
the two parts, respectively, k € [i,j—1]. We use Af; to
represent a set of infout assignments to the open links
created by dividing T'[, ] into T'[z, k] and T[k+1, 7], and
A" i ; represents the inversed in/out assignments to the
other half of the open links. I; ;(A; ;) denotes the effec-
tive open link size of T'[i, j] under the assignment A4; ;,
and C; j(A; ;) denotes the smallest maximum effective
open link size among all partitions of Tz, j]. The fol-
lowing equations can be shown using an inductive proof,
which we omit.

( mlnz<k<_1,.4"

{max{C;i x A’ Fudk),
Ck+1,1 (Ak“’J U Ak )

Cij(Aig) = < Lj(Ais)}

1< ],

2

effective_openlink.size (T[’i, j] ]A;’j), i=73.
()

It is not difficult to show that C; ar(0) gives an opti-
mum solution to problem (6). Our algorithm calculates
the C;,; values in a bottom-up fashion using the equa-
tion (6). Though the algorithm runs in exponential time
of 2, it is efficient enough for our practical purpose due
to the small size of the open links (at most a few dozen).

.

4 Discussion

We are now in the final stage of completing the imple-
mentation of the threading algorithm and the calcula-
tion of the “energy” terms, and expect to fully test the
performance of the threading system in the very near
future. By our estimation, the threading algorithm, in
its current form, can find an optimum threading within
a few minutes to a few hours, between a sequence of a
few hundred amino acids and a fold template of similar
size with C < 4.

‘We have calculated the C values for the 296 unique
fold templates in our database when restricting the max-
imum distance between two interacting amino acids to
7A, as a case study. Our results show that over 75% of
the 296 fold templates have C' values less than or equal
to 4, and the rest are all small numbers, as shown in
Figure 3. This indicates the general applicability of the
threading algorithm on fold templates when we restrict
the maximum interaction distance to 7A.

Research is currently under way to study how well
the algorithm generalizes when we relax the maximum
interaction distance to larger values. We have stud-
ied how the total number of interactions and the opti-
mum open link size C change as the maximum interac-
tion distance, D, increases, on a portion of the protein
database. Figure 4 shows the result on a typical protein
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fold template (PDB code: lbrd — 171 residues). For this
example, C stays < 4 when D < 20A.

For the practical purpose of using our threading al-
gorithm, we have also designed a simple algorithm to
remove the minimum number of edges to keep the C
value < a specified C* (for our case study C* =4) for a
given fold template, and to use this as a pre-processing
step of the threading algorithm. In describing the al-
gorithm, we use the same notations as in Section 3.2
except that now each edge has a removed/kept assign-
ment, denoted by A. In addition, let w; j(A; ;) denote
the minimum number of edges that need to be removed
to guarantee that T[4, j]’s optimum open link size < C*,
under the removed/kept assignments A; ;. The follow-
ing equation can be shown using an inductive proof.

([ oo, f14: 51 > C*
z<k<J,IIA’= lisc-
w;,5(Ai7) = < {wip(4E, U AFE)+
We41,5 (AHI’J uAk;)-
L 11450, fl4: ]l < C*
®

where || A|] represents the number of “kept” edges in A,
TIA]] the number of “removed” edges, and the bound—
ary condition of recurrence (8) is given by w;;(A4;;) =
[l 4; 3l or oo, depending on if ||A;;|| < C* or not. On
a typical fold template, our algorithm, using recurrence
(8), removes the minimum number of edges in seconds
to minutes of time.

An alternative approach for threading fold templates
with large C values is to divide the protein into several
domains. Large proteins typically are composed of do-
mains of 2 size in the range of 100 to 150 amino acids
[16, 17]. The domains are relatively stable by them-
selves, and they are large enough to be recognized by
threading [18]. Our preliminary study shows that basi-
cally all the protein folds with C > 4 in our database
can be cut into smaller domain folds with C < 4.

A number of issues are being studied related to the
implementation of the threading algorithm. One of the
key issues is that the algorithm keeps a number of very
large tables during the execution to avoid recalcula-
tions, and its (disk/memory) space requirement could
be too large to be practical when the problem sizes are
becoming large. Research is currently under way to de-
velop an implementation that is time most-efficient for
a fixed amount of allowed space.

In conclusion, we have developed an algorithm that
finds an optimum threading between an amino acid se-
quence and a protein fold template, and have structured
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Figure 4: An example showing the relationship between maximum distance between interacting amino acids, and
the total of number of links and the optimum open link size.

the algorithm in such a way which allows us to in-depth
study how the maximum allowed interaction distance
affects the computational complexity versus the fold
recognition accuracy of the threading problem. Using
this framework, we can determine what distance will
be small enough for a practical solution to the thread-
ing problem, and large enough to guarantee an accurate
fold recognition. We expect this study will lead to new
insights into the computational protein threading prob-
lem, and possibly new and better ways to model the
problem.
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