Theory and Application of Width Bounded
Geometric Separator*

Bin Fu

Dept. of Computer Science, University of New Orleans, LA 70148, USA
Research Institute for Children, 200 Henry Clay Avenue, LA 70118
fu@cs.uno.edu

Abstract. We introduce the notion of the width bounded geometric
separator and develop the techniques for the existence of the width
bounded separator in any d-dimensional Euclidean space. The separator
is applied in obtaining 2°0v™) time exact algorithms for a class of NP-
complete geometric problems, whose previous algorithms take S
time [2/5/1]. One of those problems is the well known disk covering prob-
lem, which seeks to determine the minimal number of fixed size disks to
cover n points on a plane [I0]. They also include some NP-hard prob-
lems on disk graphs such as the maximum independent set problem, the
vertex cover problem, and the minimum dominating set problem.

1 Introduction

The geometric separator has applications in many problems . It plays an impor-
tant role in the divide and conquer algorithms for geometric problems. Lipton
and Tarjan [I§] showed the well known geometric separator for planar graphs.
They proved that every n vertices planar graph has at most v/8n vertices whose
removal separates the graph into two disconnected parts of size at most %n Their
%—separator was improved to v/6n by Djidjev [§], v/5n by Gazit [13], v/4.5n by
Alon, Seymour and Thomas [6] and 1.97+/n by Djidjev and Venkatesan [9]. Spiel-
man and Teng [25] showed a 3-separator with size 1.82y/n for planar graphs.
Separators for more general graphs were derived in (e.g.[I4]). Some other forms
of the geometric separators were studied by Miller, Teng, Thurston, and Vavasis
[22021] and Smith and Wormald [24]. For a set of points on the plane, assume
each point is covered by a regular geometric object such as circle, rectangle, etc.
If every point on the plane is covered by at most k objects, it is called k-thick.
Some O(V'k - n) size separators and their algorithms were derived in [2212T24].

The planar graph separators were applied in deriving some 2°(V™)_time algo-
rithms for certain NP-hard problems on planar graphs by Lipton, Tarjan [19],
Ravi and Hunt [23]. Those problems include computing the maximum inde-
pendence set, minimum vertex covers and three-colorings of a planar graph,
and the number of satisfying truth assignments to a planar 3CNF formula [I7].
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In [24], their separators were applied in deriving nPW)_time algorithms for
some geometric problems such as the planar Traveling Salesman and Steiner
Tree problems. The separators were applied to the parameterized independent
set problem on planar graphs by Alber, Fernau and Niedermeier [3l4] and disk
graphs by Alber and Fiala [5].

We introduce the concept of width bounded separator. For a set of points
Q@ on the plane, an a-wide separator is the region between two parallel lines
of distance a. It partitions the set @) into two balanced subsets and its size is
measured by the number of points of @ in the strip region. Our width bounded
separator concept is geometrically natural and can achieve a much smaller con-
stant ¢ for its size upper bound cy/n than the previously approaches. Fu and
Wang [I1] developed a method for deriving sharper upper bound separator for
grid points by controlling the distance to the separator line. They proved that
for a set of n grid points on the plane, there is a separator that has < 1.129\/n
points and has < %n points on each side. That method was used to obtain
the first sub-exponential time algorithm for the protein folding problem in the
HP model. This paper not only generalizes the results of [11], but also sub-
stantially improves the techniques in [I1I]. We would like to mention our new
technical developments in this paper. 1) In order to apply the separator to
more general geometric problems with arbitrary input points other than grid
points, we use weighted points in Euclid space and the sum of weights to mea-
sure the separator size instead of counting the number of points close to it. We
introduce the local binding method to merge some points into a nearby grid
point. This method is combined with our separator in deriving 20V time
exact algorithms for a class of NP-complete geometric problems, whose pre-
vious algorithms take n®v™) time [2/5/I]. One of those problems is the well
known disk covering problem, which seeks to determine the minimal number
of fixed size disks to cover n points on a plane [I0]. They also include some
NP-hard problems on disk graphs such as the maximum independent set prob-
lem, the vertex cover problem, and minimum dominating set problem. 2) We
will handle the case of higher dimension. We develop an area ratio method to
replace the previous angle ratio method [II] for obtaining higher dimensional
separators. 3) We develop a similar separator theorem for a set of points with
distance of at least 1 between any two of them, called 1-separated set, we es-
tablish the connection between this problem and the famous fixed size discs
packing problem. The discs packing problem in 2D was solved in the combina-
torial geometry (see [26]). The 3D case, which is the Kepler conjecture, has
a very long proof (see [I6]). It is still a very elusive problem at higher di-
mensions. Our Theorem [2] shows how the separator size depends on packing
density. 4) We develop a simple polynomial time algorithm to find the width-
bounded separator for a fixed dimensional space. This is a starting point for
the algorithms finding the width bounded geometric separator, and it is enough
to obtain the 29(vV™) time exact algorithms for a class of NP-hard geometric
problems.
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2 Width-Bounded Separators on the d-Dimension

Throughout section [2] we assume the dimensional number d to be fixed. We will
use the following well known fact that can be easily derived from Helly theorem
(see [1526]) to obtain our width bounded separator.

Lemma 1. For an n-element set P in d-dimensional space, there is a point q
with the property that any half-space that does not contain q, covers at most
d

" elements of P. (Such a point q is called a centerpoint of P).

Definition 1. For two points p1,ps in the d-dimensional Euclidean space R?,
dist(p1,p2) is the Euclidean distance between py and ps. For a set A C R%,
dist(p1, A) = mingea dist(p1,q). In particular, if L is a hyper-plane in R%,
dist(p, L) is the regular distance from the point p to L. For a > 0 and a set
A of points on d-dimensional space, if the distance between every two points
is at least a, the set A is called a-separated. For ¢ > 0 and a set of points
Q C R%, an e-sketch of Q is a set of points P C R? such that each point in Q
has distance < € to some point in P. We say that P is a sketch of Q if P is
an e-sketch of Q for some positive constant € (e does not depend on the size of
Q). A sketch set is usually an 1-separated set such as a set of grid points. A
weight function w : P — [0,00) is often used to measure the point density of
Q near each point of P. A hyper-plane in R% through a fized point py € R? is
defined by the equation (p — pg) - v = 0, where v is normal vector of the plane
and “ .7 is the regular inner product (u -v = Zle w;v; for uw = (u1,- -+, uq)
and v = (vy,---,vq)). For @ C R® with sketch P C R%, the width parame-
ter a > 0, and the weight function w : P — [0,00), a (2a)-wide-separator is
determined by a hyper-plane L. The separator has two measurements for its
quality of separation: (1) balance(L, Q) = %, where Q1 1s the set of
all points of Q on one side of L and Q2 is the set of all points of Q on the
other side of L (Note: Q1 or Q2 does not contain any point on L); and (2)

measure(L, P, a,w) = ZpeP,dist(p,L)ga w(p).

2.1 Volume, Area, Integrations and Probability

We need some integrations in order to compute volume and surface area size at
arbitrary dimensional space. Some of the materials can be found in
standard calculus books. We will treat the case of any fixed dimension. We
recommend the reader understands the cases d = 2 and 3 first. We use the stan-
dard polar transformation: x4 = rcosfy_1;x4-1 = rsinfy_1cosfy_o; ;22 =
rsinfy_1s8infy_s---sinfs cosfy; and x1 = rsinfy_1sinfy_o---sinfy sin 6.

It is a smooth map from [0, R] x [0, 7] X - - - X [0, ] X [0, 27] to the d-dimensional
ball of radius R with center at the origin. The Jacobian form is

Ozq 9Ta—1 Oz
%T 667‘ %7‘
x Ld—1 x
Ja(r,0 o) = QTara, ) gt G e
d(Tv d—1,"""> 1)* 8 0 9 -
(’f‘, d—1,""" 1)
dxg Oza—1 Oz

90, 80, 90,
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It has the recursive equation: Jg(r,04_1,---,01) =7 (sinfq_1)?2 - Jg_1(r,
B4—2,---,61) for d > 2, which in turn gives the explicit expression: Jy(r, 041, - -,
1) = r? 1 (sinfy_1)9"2 - (sinf4_2)? 3 (sinfy). Let By(R,0) be the d- di-
mensional ball of radius R and center (}% The volum2e of the d-dimensional ball
of radius R is Vg(R) = de(R,O) 1d, = fo fo "'fo fo | Ja(r, 041, ,62,01)]

_gla+ly/2,(d=1)/2 g . . od/2,d/2
drd9d71 R 'd92d91 = WR if dis Odd, and 72~4---(d72)~d

Let the d-dimensional ball have the center at 0. We also need the integration
1 s h R rm T p2m | Ja(r,0a—1,",02,01)]
T e, whichisequal to [° [+ [y [y =22 d, dg, - -

de(R,o) dist(z,0)
d92d91 Vd(R) Thus,

R otherwise.

_ d
= [@-DR

1 d
/Bdm)o) Gst(z,0) " = de(R) (1)

Let Vy(r) = vg-r%, where vg is constant for fixed dimensional number d. In par-
ticular, v1 = 2,vs = m and v3 = 3T Define Aq(h, R) = {(21, -+, 24)| S <
R?2and 0 < 21 < h}, which is a horizontal cross section of d-dimensional half
ball of the radius R. The volume of A4(h, R) in the d-dimensional space is cal-
culated by

d—1

Ud(h,R)/Othl( R? — 22 dzlvdl/oh (,/3233%) A, (2)

The surface area size of 3D ball (4w R?) is the derivative of its volume (37 R?).
The boundary length of circle (27 R) is the derivative of its area size (7 R?). This
fact can be extended to both a higher dimensional ball and a cross section of a
ball. The surface area size of B4(R,0) is Wy(R) = 6‘/511(;?’) =d-vg- R The
side surface of Ag(h, R) is {(x1, -, 2q)] Zle 22 = R?and 0 < 27 < h}. Its

area size is

d—3

Sa(h,R) = % =(d— 1)vd1R/0h (\/RQ - x%) dy,

When R is fixed and h is small, we have Sy(h, R) = vg_1-(d—1)- R2 - h+
O(h?). For a a > 0, the probability that a d-dimensional point p has the distance
< a to a random plane through origin will be determined. This probability at
dimension 3 was not well treated in [11].

Lemma 2. Let a be a real number > 0. Let p and o be the two points on a
d-dimensional space. Then the probability that p has distance < a to a ran-

hg-a _ co-a2 hg-a co-a2 _
dist(p,0) dist?(p,0) ’ dist(p,0) + dist2(p,o)]’ where hq =

dom plane through o is in |

Q(dfl)vdfl

T, and c, are constants for a fized d. In particular, hy = % and hs = 1.

Proof. Without loss of generality, let o be the origin (0,---,0) (notice that the
probability is invariant under translation). The point p can be moved to an
axis via rotation that does not change the probability. Let’s assume the point



Theory and Application of Width Bounded Geometric Separator 281

p = (21,0,---,0), where z; = dist(p, 0). For an unit vector v = (vy,---,v4) with
v1 > 0 in the d-dimensional space, the plane through the origin with normal
vector v is defined as u - v = 0, where - represents the regular inner product
between two vectors. The distance between p to the plane is |p v = zv. I
2101 < a, then v; < 2. The area size of {(v1,---,vq)] Zl i =1land 0 <
vi < 21 is Sa(25,1). The probablhty that p has a distance < a to a random
=1 2
B E/Ijl(l)) ha - dist((lp,o) + O(distg(p,o))'

hyper-plane through the origin is

2.2 Width Bounded Separator

Definition 2. The diameter of a region R is sup, , cpdist(p1,p2). A (b,c)-
partition of a d-dimensional space makes the space as the disjoint unions of
regions Pi, Ps,--- such that each P;, called a regular region, has the volume to
be equal to b and the diameter of each P; is < c. A (b, ¢)-regular point set A is a
set of points on a d-dimensional space with (b, c)-partition Py, Pa,- -+ such that
each P; contains at most one point from A. For two regions A and B, if AC B
(AN B #0), we say B contains (intersects resp.) A.

Lemma 3. Assume that Py, Pa,--- form a (b, c)-partition on a d-dimensional

d
space. Then (i) every d-dimensional ball of radius r intersects at most %

va-(r—c)?
b

reqular regions; (iii) every d-dimensional ball of radius (nb/vg) + ¢ contains at
least n (b, c)-regular regions in it; and (i) every d-dimensional ball of radius

reqular regions; (i) every d-dimensional ball of radius r contains at least

(nb/vq)a — ¢ intersects at most n (b, c)-regular regions.

Proof. (i) If a (b, ¢)-regular region P; intersects a ball C' of radius r at center
o, the regular region P; is contained by the ball C’ of radius r + ¢ at the same
center 0. As the volume of each regular region is b, the number of regular regions
contained by C’ is no more than the volume size of the ball C’ divided by b.
(ii) If a regular region P; intersects a ball C” of radius r — ¢ at center o, P; is
contained in the ball C of radius r at the same center o. The number of those
regular regions intersecting C” is at least the volume size of the ball C” divided
by b. (iii) Apply r = (i’)—’;)é + ¢ to (ii). (iv) Apply 7 = (2)d — ¢ to (i).

Va

Definition 3. Let a be a non-negative real number. Let p and o be two points
in a d-dimensional space. Define Prqy(a,po,p) as the probability that the point p
has < a perpendicular distance to a random hyper-plane L through the point pg.
Let L be a hyper-plane. Then define the function fqpo(L) =1 if p has distance
< a to the hyper-plane L and L is through o; and 0 otherwise.

The expectation of function fg o i8 E(fap0) = Pra(a,o,p). Assume that P =
{p1,p2,-,pn} is a set of n points in R? and each p; has weight w(p;) > 0.
Define function Fy po(L) = > cp w(P)fap,o(L). We give an upper bound for
the expectation E(F, p,) for F, po in the lemma below.
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Lemma 4. Let a be a non-negative real number, b and c be positive constants,
and § > 0 be a small constant. Assume that Py, Pa,--- form a (b,c) partition in
R®. Let wy > wy > --- > wy, > 0 be positive weights, and P = {p1,---,pn} be a
set of (b, c)-regular points in R%. Let w be a mapping from P to {wy,---,wx} and
n; be the number of points p € P with w(p) = w;. Let o (the center point) be a
fized point in R®. Then for a mndom hyper- plane passing thmugh 0, E(Fu.po) <
(((idhdmvi +6)-a Z§:1 w;(r§ ™! =1 71) +e2 ZJ L wien 7y 2+ 0((a+en)?) -,
where (1) ro = 0 and (i > 0) is the least radius such that By(r;,0) intersects
at least Z;’:l n; regular regions, (2) c1 and co are constants for a fizved d, and
(8) hq and vq are constants as defined in section [Z1]

Proof. Assume p is a point of P and L is a random plane passing through the
center o. Let C' be the ball of radius r and center o such that C covers all the
points in P. Let C’ be the ball of radius ' = r + ¢ and the same center o.
It is easy to see that every regular region with a point in P is inside C’. The

probability that the point p has a distance < a to L is < hg - dlst(o il dlbt(o ;)2
(by Lemma [2]).

Let ¢ > 0 be a small constant which will be determined later. Select
a large constant rg > 0 and Ry it 4 ro such that for every point
p with dist(o,p) > Ry, hd.dfs(’t'glo oz < dlstgo ) and for every point p’ with

dist(p’,p) < ¢, = < e TLet P, be the set of all points p in P

> dist(o,p’) — dist(o,p)”
such that dist(o,p) < Ry. For each point p € Py, Pry(a,o,p) < 1. For every
. 2
point p € P — Py, Prg(a,o,p) < hg - T T dl:tf’(gp)2 < hiﬁgig) From the

transformation E(Fu,pe) = B3y w(pi) - fapio) = 2imy w(pi) - E(fapi0) =
k k
Zj:l wj Zw(pi):wj E(fa,pi,o) = Zj:l wj Zw(pi):wj P’f’d((L, O’pi)7 we have

k
hg-a-(1+e€) 1
E(Fa,po) < wi|Py| + Zwa' Z b " dist(o, pi) b ®)

j=1 w(p: )=w;

The contribution to E(F, p,) from the points in Py is < w;|Py| <= wy -

M =w; - O((a + c1)?) for some constant ¢; > 0 (by Lemma ). Next we

only consider those points from P — P;. The sum (@) is at a maximum when
dist(p,0) < dist(p’,0) implies w(p) > w(p’). The ball C’ is partitioned into k
ring regions such that the j-th area is between By(r;, 0) and Bgy(r;—1,0) and it is
mainly used to hold those points with weight w;. Notice that each regular region
has diameter < ¢ and holds at most one point in P. It is easy to see that all
points of {p; € Plw(p;) = w;} are located between By(r;, 0) and By(rj—_1 — ¢, 0)
when (@) is maximal.

ha-a-(1+e€) 1
Z b " dist(o, p;) 0 )

w(p;)=w;
chara- (0t / L
- b Bg(rj,0)—=Ba(rj—1—c,0) diSt(Ov Z) :
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_h 1 2 en N
da +€)? / / / / Ja(r, 1,0 1)drd9n,1"'d01 (6)
Tj—1—C

hd a- (1+€ . Vd<rj) Vd<r] 1 —C)
b (d— 1) ( T R ) (7)
< (Zlf% + 5) -a- (T;.i*1 _ ’I”;i:ll) + O(r;i:f) (8)

Note: (@) — (@) — (@) follows from (), and selecting € small enough.

Lemma 5. Assume a = O(n%). Let o be a point on the plane, b and c be
positive constants, and €,6 > 0 be small constants. Assume that Py, P, -+ form
a (b, c) partition in R?. The weights wy > -+ > wy, > 0 satisfy k-maxt_, {w;} =
O(n®). Let P be a set of n weighted (b,c)-reqular points in a d-dimensional
space with w(p) € {wy, -, wi} for each p € P. Let n; be the number of poz’nts

p € P with w(p) = w; for j =1,--- k. ThenE( Fupo) < (ka- (3 Yi +6)-a
d—1 -

Z§:1 wj-m; T+ O(n“T+¢), where kq = Lha ~vd . In particular, ko = % and
1

o=t ()"

Proof. Let r; be the least radius such that the ball of radius r; intersects at least

: 1
J_, n; regular regions (j = 1,---,k). By Lemma 3] (M) o< r; <

Vg
1
(M)d+0forj:17...’k_

Vd

<3
<.,
I
—
|
7%
-
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7
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S~—
. >
\—/
al=
_|_
o
/N
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S G
]
=
S
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S
v
al
|
o
—
Nej
Nt

(%)_ ((Zni)% _ (Zni)%> +0((Zni)%z) (10)

B .
b . d—1 d—2
() " o ) (11)
By Lemma (] Lemma [l is proven.

Definition 4. Let ai,---,aq > 0 be positive constants. A (a1, --,aq)-grid reg-
ular partition divides the d-dimensional space into disjoint union of a; X --- X aq
rectangular regions. A (ay,- -, aq)-grid regular point is a corner point of a rect-
angular region. Under certain translation and rotation, each (ay,---,aq)-grid
reqular point has coordinates (aity,- - -, aqtq) for some integers t1,- -, tq.

Theorem 1. Let a = O(ndd;?z). Let ay,---,aq be positive constants and €,6 > 0
be small constants. Let P be a set of n (ay,---,aq)-grid points in RY, and Q
be another set of m points in R with sketch P. Let wy > wq--+ > wy > 0 be
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positive weights with k - max?_ {w;} = O(n), and w be a mapping from P to
{wi,---,wr}. Then there is a hyper-plane L such that (1) each half space has
< #m points from Q, and (2) for the subset A C P containing all points in P

1
with < a distance to L has the property ZpGAw<p) < (kd . (Hle ai) Ty 6) .
da—1

a-Zle w;-n; +O(n%+€) for all large n, where n; = |{p € Plw(p) = w,}|.

Proof. Let b = Hle a;, c = Z?Zl a?, and the point o be the center point of
Q@ via Lemma [Il Apply Lemma

Corollary 1. [11] Let Q be a set of n (1,1)-grid points on the plane. Then
there is a line L such that each half plane has < %" points in Q@ and the number
of points in Q with < % distance to L is < 1.129/n.

Proof. Let each weight be 1, k=1,a = % and P = Q. Apply Theorem [Tl

Corollary 2. Let Q) be a set of n (1,1,1)-grid points on the 3D Euclidean space.

Then there is a plane L such that each half space has < ?jT" points in Q) and the

. . . 1 . . 2
number of points in Q with a < 5 distance to L is < 1.209n3.

Corollaries [[] and 2] are the separators for the 2D grid graphs and, respectively,
3D grid graphs. An edge connecting two neighbor grid points has a distance of
1. If two neighbor grid points are at different sides of the separator, one of them
has distance < % to the separator. We have a separator for the 1-separated set.

Theorem 2. Assume that the packing density (see [26]) for the d-dimensional
congruent balls is at most Dy. Then for every l-separated set @Q on the d-

dimensional Fuclidean space, there is a hyper-plane L with balance(L, Q) < T

and the number of points with distance < a to L is < (2kq - (Dd/vd)% +o(1))a-
d—1
Q™.

We develop a brute force method to find the width-bounded separator. In order
to determine the position of the hyper-plane in d-dimensional space. For every
integer pair si, so > 0 with s; + s = d, select all possible s; points pi1,-- -, ps,
from P and all possible sg points q1, - - -, ¢s, from Q. Try all the hyper-planes L
that are through ¢1,---,¢s, and tangent to Bg(a + 8,p;) (i = 1,---,s1). Then
select the one that satisfies the balance condition and has small sum of weights
for the points of P close to L. A more involved sub-linear time algorithm for
finding width-bounded separator was recently developed by Fu and Chen [12].

Theorem 3. Assume a = O(ndd;;). Let ay,--+,aq be positive constants and
8,e > 0 be small constants. Let P be a set of n (ay,---,aq)-grid points and Q be
another set of points on d-dimensional space. The weights w1 > -+ > wg > 0
have k - max®_ {w;} = o(n). There is an O(n*1) time algorithm that finds a
separator such that balance(L, Q) < %, and measure(L, P, a,w) <

d—1

(W + 5) aZLl win; T+ O(n“T+) for all large n, where n; = |{p €
Plw(p) = wi}|.
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3 Application of Width Bounded Separator

In this section, we apply our geometric separator to the well-known disk covering
problem: Given a set of points on the plane, find the minimal number of discs
with fixed radius to cover all of those points. The d-dimensional ball covering
problem is to cover n points on the d-dimensional Euclid space with minimal
number of d-dimensional ball of fixed radius.

Before proving Theorem [ we briefly explain our method. To cover a set of
points @ on the plane, select a set P of grid points such that each point in @
is close to at least one point in P. A grid point p is assigned the weight 4 if
there are 2% to 2'T! points of @ on the 1 x 1 grid square with p as the center. A
balanced separator line for @ also has a small sum of weights (O(y/n)) for the
points of P near the line. This gives at most 29V ways to cover all points of
Q close to the separator line and decompose the problem into two problems ()1

and @ that can be covered independently. This method takes the total time of
20(vn)

Theorem 4. There is a 2°0V™ _time exact algorithm for the disk covering prob-
lem on the 2D plane.

Proof. Assume the diameter of any disk is 1. Assume that Q) is the set of n input
points on the plane. Let’s set up an (1, 1)-grid regular partition. For a grid point
p = (i,7) (i and j are integers) on the plane, define grid(p) = {(z,y)[i— 3 <z <
i+ %, Jj— % <y<j+ %}, which is a half close and half open 1 x 1 square. There is
no intersection between grid(p) and grid(q) for two different grid points p and q.
Our “local binding” method is to merge the points of @Ngrid(p) to the grid point
p and assign certain weight to p to measure the @ points density in grid(p). The
function Partition(Q) divides the set @ into @ = Q(p1) U Q(p2) U --- U Q(pm),
where p; is a grid point for ¢ = 1,2,---,m and Q(p;) = Q Ngrid(p;) # 0.

Let n; be the number of grid points p; € P with ¢~ < |Q(p;)| < g*, where
g is a constant > 1 (for example, g = 2). From this definition, we have

|—1°gg n-l
> gmi<gem, (12)
=1

where [z] is the least integer > x. Let P = {p1,---,pm} be the set grid points
derived from partitioning set @ in Partition(Q). Define function w : P —
{1,2,---, [log, n]} such that w(p) =i if g+ < |Q(p)| < ¢".

Select small § > 0 and a = % + @ By Theorem [3] we can get a line L on
the plane such that balance(L,Q) < % and measure(L, P,a,w) < (k2 +6) - a -

(Zi[olgg "l i /ni). Let J(L) = {plp € P and dist(q, L) < 5 for some q € Q(p)}.
After those points of @ with distance < % to the separator line L are covered,
the rest of points of () on the different sides of L can be covered independently.
Therefore, the covering problem is solved by divide and conquer method as
described by the algorithm below.
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Algorithm
Input a set of points @ on the plane.
run Partition(Q) to get P = {p1,- -, pm} and Q(p1), -+, Q(pm)
find a separator line L (by Theorem B]) for P, Q@ with
balance(L, Q) < 2 and measure(L, P,a,w) < (k2 +06)a Z“OgM i1
for each covering to the points in @ with < 1/2 distance to L
let Q1 C @ be the those points on the left of L and not covered
let Q2 C @ be the those points on the right of L and not covered
recursively cover Q1 and Q2
merge the solutions from @) and Q-
Output the solution with the minimal number of discs covering )
End of Algorithm
For each grid area grid(p;), the number of discs containing the points in Q(p;)
is no more than the number of discs covering the 3 x 3 area, which needs no more

than c3 = ([%—‘ )2 = 25 discs. Two grid points p = (i,5) and p’ = (i’,5) are
2

neighbors if max(|i —4’|, |j —j'|) < 1. For each grid point p, define m(p) to be the
neighbor grid point ¢ of p (¢ may be equal to p) with largest weight w(q). For a
grid point p = (i, j), the 3x3 region {(z,y)[i—2 <z <i+3andj—3 <y < j+3}
has < 9 x g*(™(®) points in Q. The number of ways to put one disc covering at
least one point in Q(p) is < (9 x g*(™®))2 (let each disc have two points from
Q on its boundary whenever it covers at least two points). The number of ways
to arrange < c3 discs to cover points in Q(p) is < (9 x g@(™P))2¢s The total
number of cases to cover all points with distance < 3 Lto Lin Upes)@(p) is

< H (9. g me)y2es — H 9 (logy 9+w(m(p))-log, g)2cs (13)
pEJ(L) peJ(L)
H 92¢3(log, 9+logy g)w(m(p)) (14)
peJ(L)

_ 2203(10g2 9+log, g) Z;DEJ(L) w(m(p)) < 22C3(10g2 9+log, g)9-measure(L, P,a,w) (15)
< 92¢3(logy 9+logy 9)9(kz-a+6)(X [ " i- y/iwr) (16)

This is because that for each grid point ¢, there are at most 9 grid points p
with m(p) = ¢. Furthermore, for each p € J(L), p has a distance < 3 + g to

L and m(p) has a distance < 3 + @ = a to L. Let the exponent of () be

represented by u = 2c3(logy 9 + log, 9)9(k2 + 6)a (Z[log "l /7). By Cauchy-
Schwarz inequality (3°1", a; - b;)? < (Xiv, a?) - (0%, bz),

|—10g9"-| |—10ggn-| . |—loggn-| .9 |—10ggn-| _

O3 wWmP=( Y <Y DY g 07
i=1 i=1 i=1 i=1

Using standard calculus,3>;2, & = ‘(](Eq_ﬁa) By (@) and ([I2), u < e(g9)v/n,

where e(g) = 2c3(logy, 9 + log, g)(ka + 6)a (qgt)lg, V9. Let T(n) be the
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maximal computational time of the algorithm for covering n points. The prob-
lem T'(n) is reduced to two problems T'(3n). We have T'(n) < 2- 26(9)\/517(%”) <

9l083/2 nge(9) (Lot )y — 9e(9) (=) vVitlogs /o m — 90(VA)  where o = 3

Definition 5. We consider undirected graphs G = (V, E), where V denotes the
vertex set and E denotes the edge set. An independent set I of a graph G = (V, E)
is a set of pairwise nonadjacent vertices of a graph. A vertex cover C of a graph
G = (V,E) is a subset of vertices such that each edge in E has at least one
end point in C. A dominating set D is a set of vertices such that the rest of
the vertices in G has at least one neighbor in D. For a point p on the plane
and r > 0, Cy.(p) is the disk with center at p and radius r. For a set of disks
D = {Cy,(p1),Cry(p2), -+, Cr, (pn)}, the disk graph is Gp = (Vp, Ep), where
vertices set Vp = {p1,p2,---,pn} and Ep = {(pi,p;)|Cr,(pi) N Cr,(p;) # 0}.
DG is the class of all disk graphs. DG, is the class of all disk graphs Gp such
that D is the set of disks {Cy,(p1),Cry(p2),- -+, Cr, (pn)} with %:11:: <o.

Several standard graph theoretic problems for GD; are NP-hard [7[T0/20127].
The n°V™)_time exact algorithm for the maximum independent set problem
for DG, with constant o was derived by Alber and Fiala [5] via parameterized
approach, which was further simplified by Agarwal, Overmars and Sharir [I] for
DG;. We obtain 20V _time algorithms for maximum independent set, mini-
mum vertex cover, and minimum dominating set problems for DG, with con-
stant o. Their algorithms are similar each other. The d-dimensional versions
of those problems, including the ball covering problem, have algorithms with

computational time 20 /"),

Acknowledgments. The author is very grateful to Sorinel A Oprisan for his
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