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ABSTRACT 

The paper has two p a r t s .  In Par t  I ,  we s h a l l  p resen t  Chomsky-SchOtzen- 

b e r g e r  theorems f o r  the f a m i l i e s  of  c o n t e x t - s e n s i t i v e  (C~S)and r e c u r s i v e -  

enumerable (R..E.E) languages .  

The r e s u l t s  are ob ta ined  by g e n e r a l i z i n g  the c o n s t r u c t i o n  o f  the Dyc~ 

set  from a " c o n t e ~ t - f r e e "  one to a " c o n t e n t - s e n s i t i v e "  one,  

A l so  p resen ted  are  f i x e d - p o i n t  c h a r a c t e r i z a t i o n  theorems f o r  C S and 

R_.EE, which g e n e r a l i z e  the A l g o l - l i k e  theorem, Whi le  ~ X t = F i ( X  1 . . . . .  X t ) ,  

1~  l ~ t ,  i s  the system used in  the A l g o l - l i k e  theorem, our  theorems 

use { X t = h l ( R t ~  FI (X 1 . . . . .  X t )  ) , 1~ i ~ t ,  w i t h  F t as above, h i a f t n l t . ~  

s u b s t i t u t i o n  and R 1 a r e g u l a r  s e t .  The p a i r  ~ t = ( h i , R t )  i s  c a l l e d  e 

R I ' - f u n c t i o n ,  d e f i n e d  as ~ t ( L ) = h I ( R I I ' t  L ) ,  

Par t  I I  c o n t a i n s  the s tudy of  systems of  equa t i ons  w i t h  r i g h t  s i des  

po l ynom ia l s  in  d I t - f u n c t i o n s ,  which tu rn  out to be r e g u l a r  exp ress i ons  
[ • , U , ~'~ , ~ , f i n i t e  s u b s t i t u t i o n }  . over 

Thls is of interest not only because they realize the CS- and RE-steps, 

but  a l so  because they  seem to p rov ide  w i t h  a " language"  in which a 

v a r i e t y  of g e n e r a t i v e  mechanisms from the l i t e r a t u r e  can be exp ressed .  

Th i s  g i v e s  the base to an a b s t r a c t ,  e q u a t i o n a l - b a s e d  theo ry  f o r  p r e -  

s e n t i n g  g e n e r a t i v e  mechanisms: Grammatical  t y p e s .  

W l t h l n  the t h e o r y  we p resen t  gene ra l  t echn iques  f o r  d e r i v i n g  Chomsky- 

Scha tzenbe rge r  r e p r e s e n t a t i o n s  f o r  f a m i l i e s  of  languages possess ing 

a g rammat ica l  type d e f i n i t i o n °  Among such f a m i l i e s  of  languages we 

ment ion :  C~S, R.~E. programmed, Tu r ing  machines,  P e t r l - n e t s ,  r e g u l a r -  

c o n t r o l ,  s c a t t e r e d - c o n t e x t ,  L -sys tems,  N (D)T IME( f ) ,  N(D)SPACE(f) ( f o r  
f ( n ) = n  k or f ( n ) = k n ) ,  NP, P, EXPTIME. 

PART I 
I . l .  FI,XE,D,,-PO,INT THEOREMS 

We s h a l l  g i v e  a f i x e d - p o i n t  theorem f o r  c o n t e x t - s e n s i t i v e  anti  r e ¢ u r e l v e  

-enumerable languages, improving our results [ 1 1 ] ,  [ 12 ]  . 
THEOREM i 

A language LCV'CC V*] is oontext=senaitlve ~ecurslve-enumereble] i f  
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end only if it is s component of the minimal solution of a system of 

equations of the form: 
I X = h I (R 1 /~ FI(X 1 . . . . .  X t ) )  

X t = hi: (R t t~ F t (X 1 . . . . .  X t ) )  
where : 

ere &-free Eerbltrary] finite substitutions; i) h I ~h t 

ll) R l ..... R t .re regulsr expresslons with U not containing 

variables ; 

ill) F I ..... F t are ~-free ~srbitrary] polynomials in variables Xl~ 

.... X t and having coefficients in V @~. 

1.2, CHOMSKY-SCH~TZENBERGER REPRESENTATIONS 

Content-sensltive parentheses 

We shell define a concept of "parentheses" generalizing the classical 

ones. The generalization is inspired by the reducibility of the known 

parentheses. While the classical reducibility is "content-free", i,e. 

( ) ~-~, our generalized reducibility is "content-sensitive", l,e. 

Ew3 ~- w' (reducing parentheses, but the result of the reducibility 

depends on the content). 

DEFINITION I 

Let Par = {F n. 3 n / n>/1} be an infinite set of palrs of parentheses 

symbols and V a finite alphabet disjoint with Par. 

Let VIC V UPar be a finite set. 

k l]'-function over V 1 is e pair ~=(h,R) where: 

i) h is e finite substitution on Vl0 and 

il) R is a regular set over V I. 

We say that ~ is ~L-free, i f  h is A-free. 

ECV~" we de f ine  ~ (E )  = h(E /3 R). For 
Let us remark that the system given by theorem i has now the form 

~X i = I~ i~ where denotes the ~-function 3 ' I (F t (X 1 X t ) ) .  t~  Tr l 

~rr I = ( h i , R i ) ,  l ~  i ~  t .  
DEFINITION 2 

A ..c.on...t.ent-sensitive parentheses over V I (ca-parentheses,  f o r  sho r t )  
i s  g iven by 9 =  (1T t E-1T, ~ T )  where: 
e) 1]" i s  a 1T- func t ion  
b) there  e x i s t s  n such that  ~ v = ~  n and ~IT= ~ n "  

We shall denote by V~ and V k respectively V 1 and VlU ~ T r ' ~ ] T r }  " The 

cs=parenthesis ~ I s  ca l l ed  7L- f ree  i f  1]" is so. 
The red ucibllity rel,,a, t i o n  ~ sssociated tO jO , is given by U ~'-v if~ 

U=Ul [Tr w ~q1" u2' V--UlW'U2 and w£q(w'). 
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I f  V = { Y l  . . . . .  y q }  and the f i n i t e  s u b s t i t u t i o n  h i s  d e f i n e d  by the 

r u l e s  y i - - - >  z i j ,  l < l K q ,  l~<J~<n I .  l e t  us c o n s i d e r  m=(mz= . . . .  . . .  m.zn l '  
. . . .  mqnq) be the v e c t o r  of  d i s t r i b u t i o n  ( i . e .  number of  usages)  of  

r u l e s  of h i n  w' to  o b t a i n  w. ( r u l e  y i - - ->  z i j  i s  used mi j  t i m e s ) .  
We say t ha t  w i s  ob ta i ned  from w' by an m - f a c t o r i z a t i o n  ' v i a  TF ,and we 
w r i t e  U ~ v. 
Given a f i n i t e  set  ~ of  c s - p a r e n t h e s e s ,  the r e d u c i b i l i t y  genera ted  

DEFINITION 3 

Given a set of cs-parentheses ~ = { ~ l  . . . . .  T n } '  ~ i  =( ~ i ;  E~r. ,~n. . ) ,  
• u ~ ' r t  the .D.yck-se.t ' generated bye,  is the class of the empty word ~ of ( U 

V'Irl)W. i t  iS denoted D~ . i = l  

EXAMPLES 1. 

i )  The r e s t r i c t e d  DyC k set. D n ~ K B ] e q u a l s  D~ , where ~ =={r 1 . . . . .  ,iOn} . 

The o~o, set Of e,uals o ,  wherep . ~  ~ ' 
¥ 

ii) The Dyck -se t  D l ( g e n e r a l i z a t i o n  due to  SchOtzenberge rEB 3 ) 

whsre :c{l . . . . .  n }  equals o~, where ~ "~U :9~ I i~:}. 
iii) The se t  of  n o n - n e c e s s a r t ! y  nes ted  paren theses  over  ~ ={Xl , . .  

. ,Xn } ,  equa ls  O~ w h e r e ' :  = { ~ i j  ) l ~ < l ,  j~< n !  , ~ i j  = ( 3 r i j ; x l " i i )  =r 9 J 
~'i j = ( i v ,  ,{xj,xj~ ) and V = ~ U ~  , 1~<i, J ~ n 
The twin-shuffle T~(Engel f r ie t ,  Rozenberg EER] ) equals D~o ~ , where 

~:.Ru~r/j~ l < l j ~ n }  ~Cj=( ~l j  : i ' l )  l .<i j.<° .ore thet oy. 
can a l so  be c a l l e d  the r e s t r i c t e d  t w i n - s h u f f e .  

Using the c h a r a c t e r i z a t i o n  theorem 1 and the c o n t e n t - s e n s i t i v e  paren-  

theses we s h a l l  o b t a i n  Chomsky-SchUtzenberger r e p r e s e n t a t i o n  theorems 

f o r  the f a m i l i e s  of  c o n t e x t - s e n s i t i v e  ( f i l l i n g  a gap i n  the l i t e r a t u r e )  
end r e c u r s i v e - e n u m e r a b l e  languages ,  
THEOREM 2 

For every  c o n t e x t - s e n s i t i v e  [ r e c u r s i v e - e n u m e r a b l e ]  set  L C._V ~P, the re  
e x i s t s  a r e g u l a r  set  R such t ha t  

L = ~ ( ~  R) 
where ~-CS[~(= RE], is a homomorphism not depending on L and ~)CS 
E)RE is the "universal" Dyck set over V for the family of context- 
sensitive [recursive-enumerable] sets, 

The s tudy  of  

.... PART I I: GRAMMAT I CAL. T.YP.E$ 
(.P.RELIHINARY REPORT) 

~ - f u n c t i o n s  in  systems of e q u a t i o n s  i s  i n t e r e s t i n g  not 
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on ly  because they r e a l i z e  the c o n t e x t - s e n s £ t i v e  s tep ,  but a l so  because 

they seem to p rov ide  us w i th  a " language in  which m v a r i e t y  of  genera- 

t i v e  mechanisms from the l i t e r a t u r e ,  can be expressed.  

Th i s  g i ves  the base to an a b s t r a c t ,  equat lonsZ-based theory  fo r  p re -  

sen t ing  genera t i ve  mechanisms: Grammatical t ypes .  

The g e n e r a l i z a t i o n  of  the no t i on  of  Dyck set  from a " o o n t a ~ t - f r e e "  one 

to  a " c o n t a ~ t - s e n s i t i v s "  one i s  performed by the way of ~ - f u n c t i o n s .  

The i r  power of express ing  gene ra t i ve  ac t i ons  i s  the base of o b t a i n i n g ,  

Chomsky-SchOtzenberger - l i k e  r ep resen ta t i on  theorems f o r  e v a r i e t y  

o f  f a m i l i e s  of  languages, possessing grammars or  automata c h a r a c t e r i -  

z a t i o n s .  

I I . 1 .  FIRST-ORDER GRAMMATICAL TYPES 

The f o l l o w i n g  f a m i l i e s  of languages have a f i r s t  o rder  type d e f i n i n g  

them: c o n t e x t - f r e e ,  C S, RE, P e t r i  ne ts ,  Programmed, Tur tng machines, 

r e g u l a r - c o n t r o l l e d  (on S z i l a r d  words) ,  ordered,  sca t te red  c o n t e x t ,  L- 

systems. 
We s h a l l  def ine the f i r s t - o r d e r  grammatical  type ~ , by g i v i n g  i t s  

syntax and i t s  semant ics ,  

Syntax:  

1) L e t ~  b e . ,  a f i n i t e  se t ,  ca l l ed  the set of s o r t s ,  and s T be a 

element of ~ c a l l e d  the t e rm ina l  s o r t ;  a lso  we denote d i s t i n g u i s h e d  

Given M~' C ( ~ ) ~ ,  the set of c~-schemat tc  ac t i ons  (o r  ~-mono-, ~, 

inlet=) Is u { sty. L e t  POLY  be a regular subset of {ST U(. 
- ~  )~ M W" ca l l ed  the ~ - p o l y n o m i a l s ,  i . e .  words of the form pl+. . .+ 

Pn' w i t h  P i ~ M ~  , l ~ i ~ n .  

i t )  ~ = { X } Y ~  i s  the set of v a r i a b l e s ;  x o i s  a s p e c i a l  symbol ca l l ed  

the i n i t i a l ;  i f  p6POLY~ then p(X u x  O) i s  an c~-termo 

l t l )  An ~ -schemat!,c System i s  g iven by: So( : { X = t  X, Y=ty~where t X , 
t y  ere O( - te rms  and ty  = ST(X U Xo) .  

Semant ics:  
We s h a l l  cons ider  th ree a lphabets :  

s) V s f i n i t e  set~ 
(We suppose VCVTermtna l  which i s  the i n f i n i t e  c o l l e c t i o n  of  t e r m i n a l  

symbols° However, we w i l l  always work w i th  the a r b i t r a r y  f i n i t e  a lpha-  

bet V) .  
b) N ={Xo,X I . . . . .  X m . . . .  }an infinite auxiliary set; 
¢)  Par  " { C  n, ~n~ n ~ l }  U ~CO j 3 o  , :-l~ 3 - I~  an i n f i n i t e  

set  of p a i r s  of parentheses symbols, 
A bas ic  no t ion  f o r  d e f i n i n g  the semantics of  ~ -schemat ic  systems i s  
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t h a t  of  q - f u n c t i o n ,  The c l ass  of " ~ - f u n c t i o n s  over  VUNu .Pa r , deno ted  

T T ,  i s  the c o l l e c t i o n  of  e l l  p a i r s  3T= ( h , R ) ,  where the re  e x i s t s  a 

f i n i t e  set  V.~C V U  N u P a r  such t ha t  h i s  a f i n i t e  s u b s t i t u t i o n  h:  

V~-----~ 2 v~" and R a r e g u l a r  s=et over  V~r . Such a p a i r  ~= (h ,R)  d e f i n e s  
the f u n c t i o n  l r  : 2 Tr_ . .~  2v/r  g i ven  by 17 ( t ) = h  (L ~ R ) .  In  whet f o l -  

l ows ,  we i n t e n d  to  a s s o c i a t e  some meenin sg_.~.to the ~ ( - t e r m s .  Let  us 

c o n s i d e r  a s o r t i n  9 f u n c t i o n  ~ = ~ .  ~ 2 == , and denote f o r  every  

s . C d  e)  by T-F= . the o l e s s  of  = - f u n c t i o n s  of  e o r *  s .  * .  

denote by T ~ l t h e  c l o s u r e  of  T T u n d e r  compos i t i on  "o"  and un ion  "U " ,  
and ex tend ~ t o  POLY¢K as f o l l o w s :  

~&(Pl+P2 )= ~=(¢Pl ) U ~ ( P 2  ) 
for every pl,P2G{sT~LJ(M ~ ~'b~ /e Mc ~, 
Considering an o(-term p(XuXo), we shell define one possible meaning 
f o r  i t  as f o l l o w s :  i f  f ' E  p ) ,  we d e f i n e  the f u n c t i o n  f .  2 - - ) 2  

by f ( L )  = f ' (L~J~Xo~ ) where Vf i s  an a lphabe t  ob ta i ned  by the ad- 
J u n c t i o n  of  x o to the a lphabe t  of  f= ,  

Now the set  o f  meanings of  the o~ - te rm  p ( X U X o ) ,  denoted ~ p ( X U X o )  ) 
is given by: C¢~(p(XUXo) ) = { f  i f ' e  ~jp)}. 
Given an o ( - s c h e m a t i c  system So( : { X = t x ,  Y=ty  then an i n t e r p r e t a t i . o n  

of S=( is any member of ~=~(tx) x ~¢~(ty). 6" ¢' 
I f  O" i s  an i n t e r p r e t a t i o n ,  denote i t  (~" = ( t  , t ) .  X Y 
An ~-eystam is e p a i r  G=CS=~ , ¢ ) ,  i . e .  c-{x=t[. Y . t~. 
Each O(-system possesses an unique minimal solutlon G MI~ =(xMIN,yHIN). 

A language L is said o( -e~uational i f f  L-Y MIN for some o(-system G, 
such that G MIN - (X MIN yMIN) 

0 • 

The f a m i l y  of O ( . e q u a t i o n a l  languages i s  denoted EQUAT=~ . 
Our c o l l e c t i o n  of  1 T - f u n c t i o n s  must be augmented w i t h  two s p e c i a l  
o n e s .  

Let  be 1T.4= ( l { & ~  ~ {R~ ) end ?ro-(ho, [~=-1  2 1 ) ,  where ho~ i s  

g i v e n  by h o ( C _ l )  =~ r -_ l  Xo~ end h o ( ~ _ l )  ~{3_i ] ' .  

EX~uMPLE 2.  The type. p rov ided  by CS~-qrammars 
i %  

The C o r r o l a r y  3 of  E I I ~  g i v e s  a f i x e d - p o i n t  c h a r a c t e r i z a t i o n  to  the 
~ - f r e e  c o n t e x t - s e n s i t i v e  languages (CS A ) .  An e q u i v a l e n t  form of the 
system p resen ted  i n  Theorem l ,  ( e q u i v a l e n c e  being the co inc i dence  of  
t h e i r  f i r s t  component of  the min ima l  s o l u t i o n )  i s  the system: 

(1)  ~ XI  = v ~  ~ (x2 U . . .  U X t U x o 

L X i = h i (R i ~ ( X 2 U , , .  U X t U x o )). 2 < t ~  t 
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where= i) V is a "terminal" alphabet; ii) all T-functions 11" i = 

(hioRi) are over the alphabet V3T = V • V N, with V N a finite "non- 

terminal" alphabet; iii) xeE V N. 

In the same sense as above, the system (I) is equivalent to= 

f Y = v'kCr~ (XUXo) 

(2) X = ~ hi(Ri(~ (×UXo)) 
i=2 

The equations of (i) have the following properties: 

(e) The equation for X I simulates the "selection of terminal words", 

i.e. words containing only terminal symbols~ 

(b) There exists one equation, say that of X 2, which simulates the 

task "chooses nondeterministlcally one nonterminel"~ 

(c) All the remaining equations, i.e, for X i, 3< i~ t, simulates 

different "applications of the context-sensltive rules" of the CS- 

grammar, i.e. rules of the form pxq---)puq. 

Again, more natural, an equivalent form of (2) is: 

,~Y = U XO) (3) ~ l(x 
x = ( ~ 2 ) ( x u x  o) 

i=3 
According to the "so r ts "  of equations of (1 ) ,  in order to def ine the 
type o~ , we consider three sorts Sl,S2,S 3. I,e. ~CS~ = { Sl'S2'S3~" 

The sorts will abstract the structure of the foIlowlng sets of 3f- 

functiona{Vl~ .~1T2~ and respectively ~3  . . . . .  ~'t~" 
A) ~Tsl , the set of ~-functions of sort s I, over V u N contains 

exactly one ~'-function IT= (IV, ~V ~- ); 

B) TTs2 is the collection of all pairs ~=(h,R) satisfying the 

conditions: B.I) There exist two finite subsets of N : V N, V'- N in 

bijection and disjoint such that VTf = VUV N LJ V N (we consider VN= 

~'xt X~VN) ) ; B.2) R (V U VN )e B.3) h is defined by h(x) =Exo~}, 

for x~V N and h(a)=a, for a EV. 

C) ~T s , is the collection of all pairs ~= (h,R) satisfying the 
3 

cond i t ions :  C.1) the same as B.1, C.2) there ex is t  XeVN,p ,qe (VUVN)  ~- 

such that R = (VUVN)~" p~q ( V U V N f  ; C.3) there ex is ts  u e(VUVN )4P 
such that h is  defined by h(y)=y,  fo r  YeVTr '~x~  and h(~)=u. 
The relevance of so r ts ,  i s  in fact  the decomposition in atomic act ions 
of the generat ive device. The sor ts  s l , s2 , s  3 are nothing else but 
names for "selection of terminal words", "chooses nondeterminlstlcally 

one nonterminal" and "application of the context-sensitive rule". 
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As we can see, in  the format of the system (3) our CS7%-polynomials 

are P°~Ycs~" {elt~{e3s2 +T °3e2 O 
DEFINITION 4 
A Dyck set Of type. ¢~ , D~ i s  the c lass  of )L of V~under  the reduc i -  

b i l i t y  r e l a t i o n  ~ , where ~ = {  ~ l  . . . .  'P t  ~ ' Z i  = ( ~ i '  ~ ~ ~ i  } '  

T r i 6 ~ ( c ~  ) ,  CW.i, ~1,1. t i s  a p a i r  of  parentheses symboIs from Pa_._.rr, 

1,< , ,< t  and v I = ( U { ~i ! l< i_<t} ~{c~i ' ]~i I l~ i< ~} >. 
Let Dyck~( be the fam i l y  of Dyck se ts  of type ~ . 
PROPOSITION 1 
For any L~EQUAT~ . there e x i s t  a Oyck set D~D lck~4 ,  a regu la r  set 
R and a homomorphlsm ~ such that: t = ~0 (D (~ R) 

PROOF. Let us consider an o~ -system G: {X = t X, Y=ty, where tx=Pl+.O 

...+Pm(XUXo) and Pi=Si,1 , .... Sl k ' i.< i.< m and yMIN=L. 
' i 

If p~= si0-1 o.. e ~'i,ki, let us denote s 0-z,e by qi,e" Also s T is 

denoted Yr T. To each T/-function ~Ti, e used to define the interpreta- 

tion of our ¢<-system we shall associate a distinct pair of parentheses 

symbols from Pa_._r, obtaining a specific cs-parenthesls ~i,e = (qTl,e| 

CTri, e. ~3Ti,e), i~ i~m, l< e ~<ki. The terminal cs-parentheels is 

~T" (-B'T; CIFT' 31FT)" 

"~i,e 3Ti,e ,e~ ' 16e~ 

and V'. T = Vm. TU{[ITT, ~T~T}. We shall define the reducibility relation 

~- o° the eat v G where V c = (U{v I l.<i~m l~.<ki~UV' 
3Ti ,e G ~T u 

g={ f i .e  ) 1-<'~"i' l~ i~m}U{~,.~o ~- l } '  ~ j= (~ j '  
; j .  %>.  j = o . - 1 .  ~o o ~ho. {~_ l  3 - 1 }  > ' ~ - l = ~ l ~  "~ ~t> and 

h o is defined by ho(~. l )  = C.iXo , ho(~_l)= ~ . i  

In order to obtain the resul~ of the Proposition we take O=O~. Note 

that we add the cs-parentheses ~o 0 ~-i to realize the reducibility 

of the initial x ° to the empty word 71 . 

In order to construct the regular set R, we denote ~ and Pr respec- 

tively the sets % = {~lYi,e I l,<i< m, i< e~ki~ and Pr ={~,e I 
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than R = i f X ~  L then R' e, lee R U ~ .  

NOW i t  iS mani fest  tha t  i f  we de f ine  ~ by: ~ (z )  = 7b f o r  ze P U P_U 

~ o ,  C - Z ,  n o ,  ~ - l ~  and ~ (a)=a,  f o r  a e V  we have= L = y ( D n R ) .  ~ 

We s h a l l  prove in  what f o l l ows  a Chomeky-Schgtzenberger r ep resen ta t i on  

f o r  EQUAT~ , but at t h i s  t ime w i th  s " u n i v e r s a l "  Dyck se t ,  depending 

ony on the a lphabet  of the language, not on the language i t s e l f . T h a t  

i s ,  we e x h i b i t  s met ~ , that  we call the u n i v e r s a l  D¥ck met of the 

type ~ w i th  respect to an a lphabet  V, such that  fo r  any L G EQUAT~ 

there  e x i s t  a r egu la r  set R L and a homomorphiem ~ such tha t  

c = ~ ( © = ~ L )  
Th is  u n i v e r s a l  Dyck set of the type o( encodes a l l  poss ib le  r e d u c i b i -  

l i t i e s  of e l l  cs-parentheses prov ided by the "T f - f unc t i ons  of the set 

Because the c o n s t r u c t i o n  i s  leng thy  we cannot inc lude  i t  here,However 

we s h a l l  g ive  the main p o i n t s .  

A f unc t i on  Code i s  de f ined ,  which g ives  usual  encodings fo r  par UVUN,  

By the way of Code we der i ve  an encoding fo r  a f i n i t e  s u b s t i t u t i o n  and 

another  fo r  a regu la r  set (a regu la r  express ion  over U j=~ ~ ) .  At 
t h i s  p o i n t ,  we can de f ine  Code ( ~ )  (which i s  a set of  words) .  

Another  code f unc t i on  Aoccurs in  our c o n s t r u c t i o n ,  but s t  t h i s  t ime 

g i v i n g  codes over a d i s j o i n t  a lphabet ,  w i th  that  of Code. 

In these termse we can de f ine  the ( u n i v e r s a l )  r e d u c i b i l i t y  r e l a t i o n  

~ 1  * I f  ~ = (17"j r'~_~3Q~) ~ G T ~ )  we pu t :  u v i f f  u l 
e. CodeC ) • v . and Ul: . Ul.'  2 .  

I f  TT41e a set of  ~ - f u n c t i o n s ,  then c s ( ~ l )  denotes the c o l l e c t i o n  
of a l l  cs-parenthesee obta ined from ~ ' - f u n c t i o n s  of ~-T~and w e l l  

/ 

balanced p a i r s  of parentheses of Per.  In a s i m i l a r  way w i th  the d e f i -  

n i t i o n  of  ~ K w e  de f ine  ~ , a v ~ r i a n t  fo r  cs -paren theses .  We have 

S~Z~. 
We extend ~0 to subsets of ~ b y :  

The d e f i n i t i o n s  above fo r  composi t ion and union of ca-parentheses are 
g iven in the usual  way: 

F i n a l l y ,  we de f ine  u ~ v ~  i f f  u ~ v f o r  some ~ , 
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DEFINITION 5 

The Unlvereml Oyck set of type ~ over V, is the class of the empty 
word ~ of  (VUK)  ~ w i t h  respec t  to  the ¢ ~ - r e d u o i b i l t t y  r e l a t i o n  ~ . 

I t  i s  denoted D~  • 

Ex tend ing  the f u n c t i o n  Code to se t s  of  compos i t i ons  of  ca -pa ren theses  

by Code (E 1 o E2) = Code ( E l )  Code (E2) , Code (E 1 U E 2) = Code ( E l )  

U Code (E2)~we are ready to d e f i n e  a c e n t r a l  n o t i o n  in  our  t h e o r y .  

DEFINITION .6 i~½e 
The Kerne l  o f  , ~ m m a t t c a i  type, o~ over  V, i s  the language K e r ~  = 

Code C ~ ( ~ ( M = ~ ) ) ) .  
PROPOSITION 2 

I f  KerO~ i s  a c o n t e x t - s e n s i t i v e  s e t ,  then the language ~)~ i s  c o n t e x t -  
s e n s i t i v e  t o o .  

THEOREH 3.  (The Chomeky-Schgtzenberger  r e p r e s e n t a t i o n  ) 
Let  c~ be a g rammat i ca l  t y p e .  

For  any language L EEQUATc~ , t he re  e x i s t  a r e g u l a r  set  R L such t ha t  

where ~ i s  a hoeomorphism depending o n l y  on <=~ . 
PRO,OF 
Let  us c o n s i d e r  LEEQUAT~ and t h e ~ - s y s t e m  G=(S~ ,~ - )  d e f i n i n g  i t )  
¢ . e .  G : : X - t ~ ,  Y - t ?  and yMIN = L.  

~" .*pn~)(Xu t y  and p ~ =  1T t We suppose t h a t  t x = ( p l + . .  Xo) .  = ~ ( X  Xo) el 

. . .  lT~,k I .  We s h a l l  use a c o l l e c t i o n  of  p a i r s  of  pa ren theses  symbols 

from Per. say ~ l r i ,  ~ , 3]Ti. j , l~i~n, l~J~k i and~1[ T ~31~ T . 

[~i ^ Code(f Let /~be the r e g u l a r  set  L e f t  = ~J ,1 Code ( ~ t , 1 ) ~ I T I ,  2 t , 2 )  

• " E ~ r i . k  I Code (# l .k i )  / Z<. i~ n~ .  
We s h a l l  d e f i n e  the r e g u l a r  R L as f o l l o w s :  

"L " Eo Code C~o~ E-z coder ~-l~ :~T C°de<~T~C~'eft U [ ~ I . F  
l ~ i ~ n  l~J(kt~) ~ ~ ~ A ' ~ ~ T  ~I~-i "~0" The homomorphism k~ Is given 

by ~ ( a ) = e ,  f o r  a E V ,  and ~ ( z )  =7~ , f o r  z E k .  
Now we have indeed 

[ ]  
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11.2. SECOND-ORDER GRAMMATICAL TYPES 

We shall consider a more general concept as the one introduced above 

called second-order grammatical type. 

Examples of families of languages which have second-order grammatical 

types defining them are; 

N(D)TIME(f),  N(D)SPACE(f), N(O)RETURN(f) 

( f o r  f (n)  = k n or f (n )  = nk; 

AHO's indexed Ianguages, EXPT~ME, some genera i i za t ions  of PETRI nets 
languages, NP, P, 
The second-order grammatical type p__ 

A second order grammatical type ~ is constructed from two (first- 

order) grammatical types C~ and c~ ~ . 

( i )  Z ~ = ~ U  LJ ~ s ~ l s  the set of so r ts ;  s~ i s  ca l led 

the second-order terminal sort. 

The set of ~ -monomials (or  ~ -schemat i c  ac t ions)  i s  M~ - M~UM , u 
~S~}.  The ~ -POiynomia le  are given by 

= u POL , V s÷ 
( i t )  g = ~X, Y, X ' ,  Y' , Z } i s  the set of va r i ab les .  

The ~ - t e r m s  are the ¢~-terms,  the ~ L t e r m s  and a s p e c i f i c  second- 
order term s~ ( Y , Y ' ) .  

( t l t )  A ~ -schematic system is  given by: 

Sp : ~ x = t  X, Y=ty,  x ' = t x . ,  Y ' = t y , .  z = s~ (Y ,Y ' )  

where S .  : { X  = tx°  Y=ty and S : ~ X ' = t x , °  Y' = ty ,  3 a r e  respec ive ly  

and ~ i - -schematic systems. 
Semantics 
To def ine semantics we need the not ion of second order ~ = func t ion .  
I t  l s a  two-var lab le  func t ion  def ined by the way of a f i n i t e  subs t i -  
t u t i o n  h appl ied to the i n t e r s e c t i o n  of arguments= 

v; 
3T : 2 X 2 ~ 2 given by 

IT(E l ,L2)  : h(Li{ '~ L 2) 

Given a ~-schematic system S~ . an interpretation of it is a 5-tuple 

#= (t x , ty, t , ty, , t ) where: ~---(tx}ty), _X,~.y, ) 
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are interpretations of S~ respectively S¢ and t ~-mr(y,y,) with 

a second-order ~-function. 

NOW, a ~-system is a pair G" = (S~ ~ ), 

A language is said ~ - ~  if it equals Z MZN of a ~ -system. 

Notions as: ~ , ~)~ , Ker~ can be introduced following the cor- 

responding generalizations. 

THEOREM 4 
For any L ~ EQUAT~ there e x i s t s  a regular  set R such that  L= ~ ( ~ R ) ,  

where ~is a homomorphism depending only on ~ . 

II.3. AN USEFUL RESULT 

We derive as a corollary of the above resultS an useful theorem giving 

sufficient conditions for a family of languages~ to possess a 

Chomsky-SchOtzenberger representation with ~G~ • 
i,{ 

OEFINIT:ON 7 

A Chomsky-SchOtzenberger representation for a family of sets~ is 

called standard if the universal Dyck set used to represent the sets 

i n o ~  belongs to ~ . 

A family of languages ~ is called grammatical type accessible 

If there exists a (first-order or second-order) grammatical type 

~cXI~ such that EQUAT~ =~ . 

THE,OREM 5 

Any grammatical type accessible family of languages ~ (l.e.~= EQUATe) 

satisfylng~ 
i )  Ker~ ~ CS 

i i)  c_~s c ~ c  R__E 
possesses a standard Chomsky-Sch0tzenberger representat ion. 

APPENDIX I 

THE FIRST-ORDER GRAMMATICAL TYPE OF TURING MACHINES.. {TM) 

We consider a Turing machine M as a rewr i t ing system E $1 ] with Q the 

set of. states, V T the tape alphabet. Q1 ~ Q the f i na l  states set and 

F a set of ru les.  We shal l  use two new symbols x o, y and the "barred" 

copies of Q and VT, namely ~, ~T" ~ V T  i s  the boundary marker. 
We def ine 1T- func t ions  to s imulate the ru les of the TM. For no ta t i ona l  
simplicity a finite substitution h is specified by a set of context- 

free rules only for the nonidentical replacements. For example, 

~a---~a,a----)~,s-----) s0s )~'~ is the substitution ho, given by 

ho(a) = ~ a , ~  , h(s) = { e , ~ }  , ho(;  ) = ~ ; } ,  ho(~ ) ={~}, for  seO and 

a ~ V  T. Note t ha t ,  ~ . . . ~  (X) means ho(X ) .  

(1) .O.verprlnt: s I a ---~sj b i s  simulated by the equation 
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X - I Sl "-~ Sj, ; --'~ b }  (ho(X) n v T slav T ) 

(2) Move-riqht: siac --~asj¢ is simulated by the equation 
~F_ _ ~r 

X= t ~ i - - ' )  a ,T - - - )  s j ,  c - - - ) c }  ( h o ( X ) ~  VTSiaCVT) 

( 3 )  M o v e - r i g h t  and ex tends  w O,Oork-space: s i a#r - -~  asjr~@ i s  s imu la ted  by 

- ~ ~ i ;  ~ ) x= {R~ " h . ;  - . ,  r , ~  ~(ho(×)n vT 
S i m i l a r  e q u a t i o n s  are c o n s t r u c t e d  f o r  (4)  M o v e - l e f t  and (5)  M o v e - l e f t  

an,d ,extend s work-space r u l e s ,  

Let  us remark t ha t  the above equa t i onshsve  the form: X= ~ ' i ( ~ T o ( × ) ) .  
l.<i.<5. 
Note t h a t  we need to p reserve  the format  of  the i n p u t  word,  Th i s  i s  

done by the usage of  two p laced symbols .  

As s consequence, we have t ha t  the system 

I X=(~ini~ * ~ IF~O ) (X U x o) 

Y =3Ffin(X U x o) 

has the property that yMIN=L(H). (Here 3Yinit generates an arbitrary 

word, to be tested for acceptance, and T~fi n verifies the eccurence 

of  f i n a l  s t a t e  and t r ans fo rms  a two p laced symbol i n  i t s  " p r o t e c t e d "  

i n i t i a l  c o n t e n t ) .  I t  I s  c l e a r  t h a t  o n l y  4 s o r t s  we need, i n  o rde r  to  
de f i ne  our  TM-schemat ic  systems.  

We take POLYTH= { S f i n ~ U { S i n i t  + }  fSSo+~ ~f SSo. 

APPENDIX 2 

THE SECOND-ORDER TYPES PROVIDED BY N(D)TIHE(f(n)), f(n)=n k 
or  f ( n ) = k  n 

~., .s conaider the . l p h e b e t ,  { (~) Io.  d ~v ,, { ~,}]'where ~ .tends 

f o r  the b lank symbol .  V T C V i s  the " t e r m i n a l "  a l p h a b e t .  For u,  v e ( V  

, u U { k } )  ~ u=c 1 . . . c p .  V - d l . . . d p ,  d i , c i e V U  { B }  , we w r i t e  ~ f o r  
o 1 Cp ("q-~) ""(dF )" 

( 1 ) .  The c o n s t r u c t i o n  of  the f i r s t - o r d e r  type o( ! . 
Let  us assume a (~ V and d e f i n e  the set  

" u u 

For q = l ,  we c o n s i d e r  a grammar G1, f g e n e r a t i n g  the set  L1, f and we 

suppose t h a t  the l e t t e r  a appears o n l y  in  the t e r m i n a l  r u l e  of  G1, f 
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of the form: 

( ~ )  x a a 

Let us observe tha t  from G i ,  f we ob ta in  f o r  a g iven k the grammar 

Gk, f Just  by tak ing  i ns tead  of ( ~ )  the ru le  xa--- -~ak.  We ob ta i n  in  

t h i s  way the fam i l y  of grammars 

We s h a l l  cons t ruc t  a type ~ prov ided by ~ as fo l lowso 
We cons ider  the RE-system assoc ia ted  (~¢~ Example ~ ) to G l , f :  

t 
(SRE' '0"'):~X-txO'. Y - ty<~. where tXO'= ( ~ ~i-/1"2 ) (X U Xo).  i t =  • I ( X U X o ) .  

t=3 
Let us suppose tha t  ~ '3  i s  the "~ - f unc t t on  " Implement ing"  the ruZe 

~ a ~  a, ~'3 = (h3 'R3)*  where 

and h 3 i s  g iven by: h3(~a)=a,  h3(y)=y o therw ise°  Note tha t  W N i s  fo r  

the nontermlna l  a lphabet  and xaEWN. 

To de f ine  our type ¢KP0 we s h a l l  use t s o r t s ,  namely ~ = : e l , s 2 . = ,  
• ~ l  i$ 

. . , a  t ~ .  w i th  ~ l e i )  = ~3ri~ 0 t~3 and ~ = , ( s 3 ) ~ e f i n , ~  as the co l -  

l e c t i o n  of e l l  p a i r s  3T=(h,R3) where there e x i s t  k ~  ~ o ~ s u c h  that  

h i s  g iven by= h(~e) = a k, h (y )=y  o t h e r w i s e .  

C l e a r l y  tak ing  P O L y K , - ~ s l ~ U ( s 3 s 2 + s 4 s 2 ÷ . . . + s t $ 2 ~ ,  we have 

( 2 ) .  The c o n s t r u c t i o n  of the f i r s t - o r d e r  t y p e ~  . 

I t  i s  a mod i f ied  ve rs ion  of the type prov ided by Tur ing machines (see 
Appendix 1) which can be caZled = t i m e - t o u t i n g  Tur tng machine t y p e " ,  
The d i f f e r e n c e  i s  tha t  at  each t ime one r e w r i t i n g  ruZe l s  app l i ed  a 
"coun to r "  at  the Zef t  end of the anaZysed word i s  increased by one. 

Now fo r  a p -system) Z M IN=  h ( y M I N ~ y , M I N )  and EQUAT~ = NTIME( f ) .  
REMARKS 

1) A c t u a l l y  our c o n s t r u c t i o n  shows tha t  

EQUAT~ = C u t - o f f  NTIME(f) 
but in  our cases, f being countable EHU] we have e q u a l i t y  w i t h  NTIME(f ) .  
2) I f  we r e s t r i c t  to  d e t e r m i n i s t i c  TM we ob ta in  e x a c t l y  EQUAT~=DTIME(f). 
3) I t  l s  easy to see tha t  In  e l i  cases K e r ~ C S S o  
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APPENDIX 3 (Sketch) 

#gme other firs,,t, 0 r d e r t y £ e s :  CF, mat r ix ,  r egu la r - con t ro l , sca t te red~  
context ,  p a r a l e l l  CF .... L-system8 (Notat ion from~Sl~) 
I)  CF. In Example 2, in C~. we take p-q=&, 
2) Matrix CF. If ~Xl_-~ w I ..... xt--~ wills a matrix rule, it can be 

simulated by the equation X= ~l~o~2q~o ... ~%lTo(X)~ Ii" ° is~n Example~ 
i.e. "nondeterministically chooses one nonterminal", and 7f i is the 

-function implementing the CF rule xi--~w i. 

3) Regu,lar,-control C_~F. A special  symbol ,,rule, and Lab(F) the set of 
labels for  the grammar ru les .  Let C C (Lab(F)) ~ be a regular  set .  I f  
r :X r - - - - )u  r then 1Tr, which simulates the rule r is  given by ~ ' r= (hr ,Rr  ) 

where h r ( ~ r ) = { U r } ,  h r ( r u l e ) = r  ru le and hr(X)=X otherwise;  Rr=(Lab(F))~.  

rule V~r  v~ , V=V N U V T, 
Two more ~ - f u n c t i o n s  complete the const ruct ion of the type : lT  T and 

~ i n i t "  We have ~T=(hT,C ru le  VT~r ), ~ i n i t ~ ( h i n i t , { x ~ ) ,  where hT(~)= ~ 
for ~eLab(F)U~rule ~and identity otherwise, hinit(Xo)= ru!e x o" 

4) Paralell CF. The ~-function which simulates the rule x--)u,is~=(h, 

R), where R=(((VN--Ix ~ ) U VTt~ I((VN-- { x~)UVT)* and h is given by 
h(x)=u,  h(y)=y otherwise.  
5) q systems. For EOL systems e, as usual, the following system of 

equations {X= h+hinit(XUXo)o Y=(XUXo) (~ V~. 

For ETOL systems we change the first equatlon as X=(hl+...+ht+hinit ) 

(XU Xo). In the case of EIL systems, in the system of e~uations occurs 

a ~-function of s new sort called "syncronization". 

A table giving the sets POLY for each case ends our remarks: 

TYPE POLY TYPE POLY 

CF [ST~ U (SSo+)4r ss O Reg-contr. ~ST~ u (SSo+)• es 0 

Matr ix  {ST} U((aSO)*+)~ (SSo) Pa ra le l l  ~8 T~ U (SSo +)~ SS O 

EOL 

EIL 

EIL 

B 

CS 

{e+Sini  } U 
Sinit+(s+)* s u ~sT) 
Sinit+Sgn+(SSo+ )* seo u {sT~ 
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