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bstract

A statistical mechanical approach to the protein folding problem is devel-
oped based on computer simulations. The properties of proteins related
to conformation and folding are determined from the density of states of
the protein. A new simulation procedure, the Entropy Sampling onte

arlo method, is used to determine accurately the density of states of the
protein. To enhance the e ciency of sampling the conformational space
of a protein, two techniques (a conformational-biased chain regrowth pro-
cedure and a jump-walking method) were introduced into the simulation.
Applications of the approach to study a number of model polypeptides and

a small protein, Bovine Pancreatic Trypsin Inhibitor, have been carried out.

The results obtained demonstrate that the new approach is more power-
ful and produces richer information about the thermodynamics and folding
behavior of proteins than conventional simulation methods.

I. I tro ctio

The emergence of supercomputers and advances in supercomputing tech-

nology have changed almost every �eld of scienti�c research. They not
only shorten the time needed to carry out simulations, but also make it

feasible to carry out many computational tasks that were previously im-

possible. Roughly speaking, computing in scienti�c research involves two
types of activity: (1) devising new programs to increase the e ciency of

existing simulation methods, and (2) developing new simulation methods

to solve new problems or to treat known problems with higher accuracy .
In this paper, we focus on a computational problem in the �eld of prote in
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folding, i.e. a study of the statistical mechanics of protein folding by com-

puter simulation. Even though we have taken advantage of new techniques

such as parallel computing, our paper is concerned primarily with the basic

formulations for carrying out the desired simulations accurately. There is

still much potential in our approach for utilizing more sophisticated pro-

gramming techniques that would be helpful for treating larger proteins in

a shorter time, but they are not the focus of the present paper.

Proteins are linear polymeric molecules formed from twenty di erent kinds

of amino acid residues; the linear size of proteins is on the order of 1 2

residues per molecule. The structures of proteins are highly exible, and, as

a result, there is an astronomically large number of possible conformations

for any given protein. In order for proteins to carry out their biological

functions, they must fold to particular conformational states called \native
structure". A theoretical understanding of the protein-folding problem, i.e.
how proteins fold to their native states from a huge number of unfolded
states, is a very challenging problem. As with many physical problems

with a large number of states, the problem of protein folding can be ad-
dressed conveniently by statistical mechanical methods. hile analytical
treatments of protein folding based on simpli�ed models have been helpful
for our understanding the problem1� , a detailed treatment of the folding
problem for proteins under concrete interactions has to depend

on computer simulations.

The main task in the statistical mechanical treatment of protein folding
is an accurate determination of the density of states of the given pro-
tein. Traditional onte arlo ( ) methods, adopted for simulating poly-

meric molecules, have been quite useful for studying some protein folding

problems �12, such as the average properties of a protein in the folding pro-
cess and the kinetic pathway of folding. owever, traditional methods

are not well suited for obtaining the free energy of a system. In partic-

ular, as far as simulating proteins is concerned, it is very di cult, if not

impossible, to use traditional methods to obtain a true sample of the
complete conformational space of a realistic protein as is required for a

statistical mechanical treatment. There are two main factors that create
this di culty: one is the extremely large number of conformations of a pro-

tein, on the order of 1 , which cannot be enumerated by any present-day

computer; another is the very rugged shape of the potential energy surface
of a protein which usually causes conventional simulation methods to be-

come trapped in the valley of a particular energy minimum at relatively low
temperature, making it almost an impossible task to sample the complete

conformational space of a realistic protein.



In this paper, we describe a new simulation procedure which overcomes the

above di culties and makes the study of the statistical mechanics of protein

folding more reliable. There are two essential elements leading to the

success of this approach: (1) an iterative procedure that converges rather

rapidly to the true density of states of the protein without sampling all the

possible conformations, and (2) a feed-back mechanism that can overcome

traps of local energy minima. The basics of the algorithm are explained in

Section II; applications of the methods are discussed in Sections III and I .

To readers who are familiar with the �eld of protein folding, we emphasize

that the goal of our approach is aimed simply at folding proteins in

some computer experiments, but rather at answering the questions as to

whether or not a given polypeptide can fold to a unique native structure

and as to what are the conditions for such a folding transition to occur.

II. t o o o

.

A statistical mechanical treatment of the folding problem requires an exten-
sive sampling of the conformations of the protein. It is, therefore, necessary
to �nd a representation for the structure of a protein that can be rapidly

and e ciently manipulated in a computer algorithm. The lattice-chain
model o ers such a representation. In space, the primary lattice is the
cubic lattice, in which the unit vector of the lattice can be used to represent
a basic unit of the protein chain, i.e. a - virtual bond. The cubic
lattice, however, is not very good in representing the intrinsic geometry of

polypeptide chains because the - virtual bond angles of polypeptides

have many di erent values other than the provided by the cubic lattice.

oreover, the lattice is anisotropic in contrast to real space. Therefore,
we �rst describe a systematic way of improving the accuracy of the lattice
representation of protein structures.

The basic unit of the cubic lattice may be divided into 2, or even a larger

number of smaller units. Starting from the simple cubic lattice ( igure

1A), if the basic lattice unit is divided into two, a �ner (cubic) lattice with
unit length of 1 2 of that of the original lattice is obtained. Among the

more available vectors in the new lattice, one can use a sequence of vectors
of the type ( 1 ) and all their permutations ( igure 1B) to represent

the - virtual bonds in the protein structure. This is called the (21 )

chain lattice which was �rst used by olinski and Skolnick 1 . hen the
basic vector of the simple cubic lattice is divided into three, an even �ner

(cubic) lattice with basic units of only 1 of that of the original lattice is

obtained. n this lattice, more vector types are available and, to maintain





.

The statistical mechanical treatment of protein folding requires an accurate

determination of the density of states of the protein. As discussed in the

Introduction, this is a very di cult task with conventional methods.

Therefore, we have developed a new procedure1 �1 based on the idea

of entropy sampling onte arlo (ES ) �rst proposed by ee1 . The

ES method originated as the multicanonical method1 1 but has a

simpler and more general form than the earlier method. Even though the

new procedure is named ES , the main body of the simulations actually

does use the exact entropy of the protein.

In contrast to conventional , the ES simulations are carried out

based on a distribution of conformations in which the probability of
occurrence of states at energy level is de�ned as

�

1

where is the number of conformations with energy , i.e. the den-

sity of states, and is a function of energy. The function acts
to scale the probability of occurrence of states at energy level . nce the
probability function is given, the simulation is carried out ac-
cording to the etroplis procedure, but with the function � replacing
the usual Boltzmann probability � . Thus, when an old conformation

with energy is perturbed to a new conformation with energy

, the acceptance probability is de�ned as

1
�

or numerical calculations, the energy space is discretized into bins with
width . uring the simulations, a histogram is collected from
the number of visits to the conformations in each bin. After a su cient

number of runs, the function is updated by the following formula:

This formula can be considered as the mathematical de�nition of the func-
tion . rom Eq.(1), it is clear that, the larger the function , the

smaller the probability of occurrence of states with energy and, as a re-
sult, the histogram for that state obtained in the simulation will be smaller,

and the increase of the new after the updating will be smaller. There-

fore, the moving direction of in a series of interactions is toward the



uniformity of the function . The criterion of convergence of the simu-

lation is simply de�ned as . hen the convergence condition

is reached, one obtains from Eq.(1):

This determines the density of states of the protein from the converged

function .

e summarize here the distinctive features of the ES method. irst,

the procedure has a built-in mechanism of convergence to the true density

of states of the system, and there is an unequivocal criterion to determine

the convergence of the simulation. Second, in this method, the information

gained from earlier simulations about the distribution of conformations of a
protein is fed directly back to guide the following simulations. inally, in the
ES method, the probability of occurrence of states at di erent energy

levels always moves toward the uniformity of the probability function. hen
the simulation is near convergence, both low- and high- energy states have
nearly equal probability to be sampled; this creates an optimal condition for
obtaining a representative sampling of all energy states. These properties
form the basis of the algorithm to generate a complete density of states

for proteins.

.

In simulations of proteins, a basic phenomenon is that, from a folded (un-
folded) conformation, it is much easier to pick another folded (unfolded)
conformation than to pick an unfolded (folded) conformation because of

the polymeric nature of protein structures. If the sampled conformations

are taken predominantly from one of the states, it is obviously impossi-
ble for the ES procedure to obtain a reliable estimate of the relative

probabilities for all the conformational states. To increase the e ciency
of sampling all conformational space of proteins in the ES procedure,
we introduced a biased conformational generating procedure2 21 into the

simulation process. The basic idea is to use certain biases to increase the

probability of sampling the compact conformations.

In the conformational-biased chain generation procedure2 21, a new con-

formation is generated by discarding part of the old chain and then regrow-

ing the discarded part of the chain residue by residue. In regrowing each
residue, the local chain states ( S) of the residue are given weight factors

proportional to their Boltzmann factors. The choice of a certain S for



growing this residue is calculated by the probability:

�

�

where is the interaction energy of the residue in the S with

all residues that are already on the chain, is an inverse temperature

parameter chosen to increase the weight of folded conformations2 , and

the sum is evaluated over all possible S for the added residue. After a

new conformation is generated by such a biased move, the probability of

acceptance of the new conformation with respect to the old is calculated by

Eq.(2), corrected for the di erent weights when both conformations were

generated by the conformational bias procedure. The corrected acceptance

probability is2 :

1

�

�

where the are probabilities for growing the residue.

The above conformational-biased chain generation step is introduced stochas-
tically into the regular conformational-updating procedure based on local
perturbations. In general, one regrowth of a part of the chain takes a
time equivalent to several hundreds of local chain moves. owever, the
conformational-biased chain generation procedure is very e ective in sam-

pling new conformational space, and, in particular, in sampling compact
low-energy conformations. As a result, the overall e ciency of the sampling
algorithm increases.

.

or su ciently large polypeptides and proteins, the convergence of the

ES simulation can be very slow. The main reason is that the structures

of proteins occupy two very di erent conformational regimes, the statistical

coiled state and the globular state. The transition between these two
conformational regimes in an ordinary simulation procedure is usually slow

and rare. hen the estimated entropies for the coiled and globular
states are very di erent, either too large or too small, from their correct

relative entropy , the updated entropy function according to Eq.( )

could change either too much or too little in an iteration in a certain
conformational region. As a result, the updated function would
oscillate instead of steadily approaching a �xed point.

To overcome the above problem, we incorporate into the ES procedure
the jump-walking technique22 2 originally proposed for the standard



procedure. ur basic idea is to break a single long ES run in an it-

eration into many short runs, each of which starts with an independent

new conformation. The new starting conformations of these short runs are

not generated completely randomly, but rather are drawn from a confor-

mational pool which is generated in a previous ES iteration. hen the

probabilities of occurrence of the conformations in the pool approach those

de�ned by Eq.(1), the conformations drawn randomly from the pool will be

nearly uniform over all energy levels. As a result, in an identical amount of

computational time, the simulation with a number of short runs will pro-

duce a more uniform sampling over the whole conformational space than

a single long run does, and the convergence of the simulations is greatly

improved.

The jump-walking technique is implemented in the following way. irst,
starting from a normal ES simulation, randomly selected conforma-
tions in the simulation are saved to form a conformational pool. Then, in
the following simulations, the procedure jumps occasionally, with a certain

probability, to the conformational pool saved previously to choose a new
conformation with which to continue the regular ES run. The jump
is treated as a particular kind of conformational move. et the estimated
entropy functions for the current simulation and for the previous simulation
from which the conformational pool was generated be and ,

respectively. In a jump, the conformation in the current step is switched
to the conformation randomly chosen from the pool, and then the regular
simulation procedure is resumed. If the transition between conformations

and were carried out by a move from the current simulation, the

forward and backward transition probabilities, and , would
be determined by

� � �

where .

The new conformation chosen through the jump, however, is not selected
completely randomly, but rather is determined by the distribution of con-

formations in the pool. The transitions between and through the jump

process are, therefore, a ected by the relative statistical probabilities of the
two conformations in distribution II. To correct for the e ect of the un-

equal probabilities of conformations and in distribution II, the forward

and backward transition probabilities in a jump have to be determined by
Eq.( ) instead of Eq.( ):

� �



where . The probability of acceptance

for the jump is �nally expressed as:

1
�

The above jump-walking procedure is incorporated into the ES sim-

ulations only when the whole conformational space has been covered in

the initial simulations. The conformational pool is also updated from each

iteration in the simulations.

.

It can be seen from subsection B that the main information used in the

ES simulations is the histogram . In theory, whether the his-

togram is obtained from one long simulation or from a number of shorter
and independent simulations does not a ect the updated function as
long as the two di erent simulations include the same number of moves and
are performed with the same probability function. Therefore, the ES

simulation can be carried out in a straightforward parallel fashion. e have

taken advantage of the SR shared memory parallel computer at the or-
nell Theory enter in our simulations. The parallel part of the algorithm
is incorporated into the simulation in conjunction with the jump-walking
steps. To start the simulation, a number of processors pick a starting con-
formation independently from the conformational pool. Then, each of the

processors carries out its part of the ES runs. After all the processors
�nish their jobs, the sub-histograms obtained in the di erent processors
are combined together to yield the total histogram. The updating of the
function is based on the total histogram according to Eq.( ). This

parallelization is at the most coarse-grained level, and, with proces-

sors, the speed-up of the simulations on the parallel computer is directly

proportional to the number of the processors used.

e conclude this section by summarizing the procedures for analyzing the
results from the ES simulations. The direct results from the ES

simulation is the function . The relative density of states of the

protein is de�ned by in Eq.( ). Since the entropy of the

protein at a given energy level is related to the density of states by
, the function is equal to the relative entropy

of the protein. nce the relative entropy is known, all other thermodynamic

properties of the protein can be calculated. or example, the relative free

energy at di erent energy levels, , is calculated from as

1



where is the canonical temperature. The average energy of the protein

at a given temperature can be calculated as

11

Indeed, the average value of any mechanical property can be calculated

from as

1

where is the mean value of the property at the given energy
level E. can be obtained from the same ES simulation without
costing much extra computer time.

III. i atio s o o o ti s

The study on model polypeptides serves several purposes: (1) the chain
representation of the model polypeptide can be made simpler, (2) the po-

tential functions that describe molecular interactions of model polypeptides
can purposely be chosen to study certain features of a protein, ( ) model
polypeptides bear basic similarities to real proteins, and ( ), therefore,
model polypeptides can be used to study the fundamental characteristics
of protein folding and to test the e ectiveness of the algorithm with less

computational demand.

The model polypeptides are represented by the (21 ) lattice chain (de-

scribed above). The side chains are represented by a single sphere attached

to the backbone atom. our types of interactions are considered in the
model: (a) The excluded volumes of the atoms are treated as hard
spheres with a radius of . (b) Side chains are divided into three types:

polar (P), hydrophobic ( ) and neutral ( ). Interactions between - type

residues are represented by the potential 12 ,
and between -P and P-P type residues by 12, where is

the distance between the centers of the side-chain spheres, is the char-
acteristic separation of the spheres, and and are the strengths of the
two types of interactions, respectively. eutral residues have only an ex-

cluded volume. (c) Two non-neighboring bond vectors are associated with
a dipolar interaction energy, , when the two vectors are anti-parallel

and the distance between the centers of the bonds is smaller than a given

distance, ; this term accounts for the energies of main-chain hydrogen
bonds. (d) Interaction energies between neighboring residues are accounted

1



for by a bond-angle potential for the angles between neighboring
bonds. Bond angles may be two types: those with and those without a

preferred state. or the bond angles with a preferred state, an energy of

is associated whenever it adopts the preferred value; otherwise, its

energy is zero. or bond angles with no preferred state, the energy of all

its states is zero.

The (21 ) lattice chain provides a good representation for random con-

formations as well as for the -type structures of proteins. But its rep-

resentation for -helical structures is not very satisfactory. The present

study is therefore restricted to -type proteins (when the real protein is

studied later, the hyper lattice is used since it can represent all types of

local structures well). The following energy and geometry parameters are

used in the simulations: 1 , , , , ,
and the bond-angle parameter is tested with two values: 1. and 1. .
The native bond angle is chosen so that the distance between atoms 1 and
is 1 , i.e. the value for the structure on the (21 ) lattice. istances

are measured in lattice units, temperature in units of 1 , where
is de�ned above, and is the Boltzmann constant.

A number of model polypeptides with di erent sequences have been studied1 �1 .
or the purpose of comparison, we will discuss two -residue polypeptides

in this paper, one with an optimized sequence:
S1: P P P P P P P P P P P P P P P P

and another with a random sequence:
S2: PP PP P PPP P P P PP PP P

where , P and are the residue types de�ned above. In the above se-

quences, the bond angles at the positions where the center atom is under-

lined are angles with no preferred state, while all other bond angles prefer
the 1 state. Turns in the conformations of the above model polypeptides

will prefer to occur at the positions with underlined residues because there

is no bond-angle energy bias at those positions. The dipolar interactions

lead to a preference for anti-parallel regularly extended conformations. The

long-range side-chain interactions vary in di erent sequences. hile S2 is

a random sequence in terms of side-chain long-range interactions, S1 is
a designed sequence in which in the targeted (two-layered four-stranded

-sheet) structure all side chains that are in contact are type residues

while side chains that point to the outside are P type residues. In other
words, in the targeted structures, both long-range and short-range energies

are minimized; therefore, this sequence can be considered as satisfying the
\principle of minimum frustration" .

In our ES simulations, one conformation updating consists of a sequence

11



of random local perturbations , in which of the chain makes

on average one two-bond spike-like rotation (for the chain ends it is a ip

of the end bonds), one four-bond rearrangement and one eight-bond re-

arrangement, followed by a conformational-biased partial chain regrowth.

The resulting conformation is considered as a new conformation in the con-

formational updating process. The energy space is divided into bins of .2
energy unit. The initial rough estimates of the function for the model

polypeptides were obtained by a number of short iterations, ranging from

1 to 2 until the lowest-energy conformation has been sampled (as judged

by the fact that, in further iterations, no new lower-energy states appear).

Each iteration consists of , chain updates. After the rough estimate

of the entropy function was obtained, a series of long iterations, each con-

sisting of 1 chain updatings, was carried out to attain the convergence of

the entropy function. In these long runs, the sampled conformations
are saved at every 2, chain updates to form the conformational pool
(which contains a total of conformations). Starting from the second
long iteration, the simulation incorporates the jump-walking procedure
which draws a new conformation from the conformational pool for every

2, conformational updates. n the SR computer, 2 , conforma-
tional updates for the -mer model polypeptides required about one half
hour on one processor. sing processors, we could carry out a million
chain updates (in a long run) within one hour.

e now discuss the information and signi�cance of the results obtained
from the ES simulations.

igure 2 and show the relative entropy of states of sequences S1 and

S2, respectively, obtained from the simulations. In these simulations, while

the long-range interaction parameters were kept constant, the bond-angle
potential was varied between two values to assess the e ect of the relative
strength of short- and long-range interactions on the folding transition of

proteins. The insets of each �gure show the standard errors of the

simulation results in representative cases. The standard errors are de�ned

as the root-mean-square variations of the simulated data points in the

last four consecutive iterations. It can be seen from the insets that the
standard deviations of the simulation data are very small, only about .2

entropy units with respect to the entropy values which are on the order of

1 . Therefore, the accuracy of the results is very good. It is useful to

note that, in the earlier ES simulations without introducing the jump-
walking algorithm1 , the standard deviations of the simulated data were

about times larger than the present results. The jump-walking procedure

1









between the folded and unfolded states.

According to the above rules, we can see from igs. and that the type

of folding transitions of the polypeptides depend on the sequence as well as

the potential. or the optimized sequence S1, its folding transition can be

determined as �rst-order. This folding behavior of S1 does not appear to

depend very much on the strength of the bond-angle potential (see Ref.1

for more examples). or the random sequence S2, its entropy curve under

di erent strengths of bond-angle potential is either linear or convex in a

�nite region. Because the model polypeptide is a �nite system, it is ex-

pected that the folding transition of S2 is continuous without encountering

a free energy barrier.

The clearest way to illustrate the di erence between a two-state folding
transition and a continuous folding is to calculate the relative free energy
of di erent states according to Eq.(1 ). igures a and b compare the

free energy curves at the transition temperature for sequence S1 and S2,
respectively, under the given potentials. It can be seen that, in sequence S1
at the transition temperature, there is a high energy barrier separating the
folded and unfolded states. or sequence S2, however, the free energy curve
shows a at pro�le. The shape of the free energy curve is a critical factor
in determining whether or not the folding transition will lead to a unique

native structure or to a random globule. In polypeptides with sequences
like S1, the free energy barrier separates the unfolded and folded states
in the folding transition. hen the polypeptide folds from the unfolded
state, it has a very large possibility to fold to the native state because
this is a downhill movement in the free energy landscape and all the non-

native states have smaller probabilities of occurrence. In contrast, for a
polypeptide with a sequence like S2, at the transition temperature there

are no dominant states, and the polypeptide may fold to any one of many

di erent conformations. As a result, the probability that such a polypeptide

folds to the lowest-energy state is vanishingly small.

The simulated entropy curves for a polypeptide or protein can be �tted with

an analytical expression, from which a set of energy parameters speci�c for
each polypeptide can be extracted. This set of energy parameters is a

quantitative measure that characterizes the thermodynamic properties of

the given polypeptide. The analytical expression is based on a mean-�eld
theory which has been described elsewhere2 1 . The parameters include ,

1 and 2, which characterize the mean-�eld energy of individual residues

1









requirements are: (1) a realistic representation of the protein structure, and

(2) a potential function that correctly de�nes the structure of the protein.

The representation of the protein structure is a relatively easy problem.

In the present study, we have used the hyper lattice chain ( ig. 1 ) to

represent the backbone of the protein. The side chains of the amino acid

residues in the protein are represented by either two pseudo-atoms for large

side chains (i.e. , , S, AR , P E, TRP and T R) or one

pseudo-atom for the rest of the residues except for for which no side

chain is included. The positions of the pseudo-atoms which represent the

side chains of a residue are determined by the local backbone conformation,

i.e. by the two - vectors connected to the atom of the residue. A

list of all the side-chain positions for all residues is contained in a database

in the computer algorithm. To establish a lattice-chain representation of
the native structure of a protein, the backbone of the protein is �rst �tted
by the basic lattice vectors described earlier, grown one residue at time.
Then, the side chains of all residues are attached on the atoms of the

residues. inally, the whole lattice structure of the protein is optimized by
minimizing the rms deviations of all the pseudo-atoms of the lattice chain
and of the crystal structure, with additional constraints of the excluded
volume of all the pseudo-atoms. The resulting lattice-chain structure is
very close to the target crystal structure of the protein, the rms deviation

between two such structures being about only 1 for most proteins. igure
compares the backbone conformation of the crystal structure of BPTI and

its lattice-chain representation; the di erence between these two structures
is seen to be very minor.

The derivation of a correct potential function for proteins is one of the
fundamental problems in theoretical studies of protein folding. A complete

treatment of this problem is beyond the scope of this article. In what

follows, we a procedure for obtaining the potential function for

simulating the folding of proteins. The potential function includes a bond-

angle potential for local interactions:

1

� �

2

� �12 2
1

where represents the type of the residue where the bond-angle is situated

and is the value of the bond-angle, a hydrogen-bond interaction between
the peptide vectors:

1

where if 1 or 1 and , and

otherwise, and nonbonded interactions between all pseudo-atoms:

1











approach developed in this work treats the folding problem in a more fun-

damental way: it determines the density of states of the protein, identi�es

the characteristics of the folding transition, thereby elucidating the fold-

ability of the protein. To a su cient extent, this approach separates the

limitation of our folding algorithm from the intrinsic foldability of a protein

model and enables us to distinguish good models from bad models. This

approach opens a new way for studying the problem of protein folding and

will contribute to our theoretical understanding of the problem as well as

to practical applications, e.g., to determine whether a potential function is

good enough for predicting the native structures of known proteins and to

design new polypeptide sequences that fold to unique stable structures.

The results of this paper clearly demonstrate how computer simulations can

help us in understanding fundamental phenomena in biological systems,
in this particular case, the folding of a protein to its biologically active
state. Simulation studies of biological macromolecules are usually very
computationally demanding. The availability of supercomputers not only

shortens the time needed to carry out a simulation, but also motivates us to
design more complicated simulations to attack new problems which would
not have been practical on smaller computers.
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