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This appendix includes the proof of Proposition 11 from the paper "The Value of Network Information." For com-

pleteness, we repeat the statement of the Proposition.

Proposition. Suppose that vk™** < 1/2. Then, for any of the price discrimination schemes considered, there exists

a unique finite price schedule p that solves the monopoly’s profit maximization problem.

We now prove the Proposition.

Notation and definitions

Recall that v > 0 is the network externality coefficient, that out-degrees are indexed by k and in-degrees by [.
Recall further that P (k) and H ([) are the fractions of consumers with out-degree k and in-degree [ respectively,
and that k(1) = E[k|l] and (k) = E[l|k] capture the conditional expected out-degree of a consumer with in-degree

I and conditional expected in-degree of a consumer with out-degree k.

Let
Kout = ke
K”L — km&X
Kin/out = (kmax)2 + 2k™Ma*
where £™#* is maximal degree (among all in- and out-degrees of all individuals).
Let

Pout * {0, ) kmax} — {Oa R Kout}
Yin: {0, K"} = {0,..., Kin}
Pin/out - {07 SR kmax}2 - {07 s vKin/out}
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be the bijections defined by

‘pout(i) =1
pin(1) =
@in/out(xa y) ( e )[13 +y

and let q(k,1) = H()P(k|l).

The monopolist’s profit I is given by

out ZP
I, = ZH )Y P(k[D)p()z(k,1)
l k
Winjour = Y H() Y P(kIDp(k, D (k, 1)
l k

and the (negative of) Hessian matrices are

Hout - T A 7/ NA_ 74\
Ip(s)0p(t) ) ) s 1eqo.... komasy

77777

2 _<<_ _ O >)
i Op(s)0p(t) 5,t€{0,..., kmax}

-----

y ) (( Wi, fout ))
infout 81’( ln/out( )) 8])( m/‘mt(t)> s,t€{0

----- Kin/out}

The corresponding first order condition of the monopoly’s profit maximization problem are:

_ 8rIout o v ~ lH(”S)
0= ap(s) P(s) [1=2p(s) + 1= v <(1 — Pout)s — %:P(k)p(k')kzl: k)]
_ aHZn o vy s - f A
0= Op(s) ~ H(s) |1 =2p(s) + 1= v; <(1 ~ Pin)k(s) = = ;H(l)p(l)k(l)ﬂ
8rIin/out

p(k‘, l)k”)/ asz'n/out

= Gy = HOPLe) [1 ey + ] S HO Y P
where
Pout = ZH Z (k|D)p(k)
Pin =% ZH(l)lp l
Pinfout = zl:H zkjp k|D)p

1—~vk Op(z,y)



and

out _ 5 L)
l

ap(s) k

815171 . s)s

o) i
aﬁin/out _ H(y)P($|y)y
Op(, y) k

Intermediate results

The proof of the Proposition makes use of the following three lemmas.

Lemma 1. Let (K,II,¢) € {(K; II;, i)}, where i € {out,in,in/out}. Then there exists I' € Ry and
(Pj,bj5¢j)jeqo.... Kk} € (R3)5H1 such that for every s, t € {0,...,K},
B O°I1
Ip (¢71(s)) Op (¢~ (1))

= pspel’ [btcs + bsct] + 2ps 1{s:t}'
Lemma 2. Let
g = ((psptF [btcs + bSCt] + 2p81{s:t}))s7t€{0’m?K} .

Then the determinant of G is given by

det(G) = <2K_1 Hm) 4441 Z (bicipi) = T2 (pipj [bjci — bicj]2>

i<j

Lemma 3. Assume that yk™** < 1/2. Then Hout, Hin, and Hy, o, are positive definite.

Proofs

Proof of Proposition. It suffices to show that the first and second order conditions are satisfied. The first order
conditions are verified in the Appendix to the paper. To see that the second order conditions hold, note that for each
price discrimination scheme, the second order partial derivatives are of the form given in Lemma 1. A necessary
and sufficient condition for maximizing profit is that the Hessian matrix is negative definite, or equivalently that
the negative of the Hessian matrix is positive definite. The determinant of this matrix is given by the formula in

Lemma 2. By Lemma 3, we conclude positive definiteness and hence that the second order condition holds. O

We now complete the proof by proving the three lemmas above.



Lemma 1

LH(l]s)

Proof. We compute the second partial derivatives. Recall that C(s) = ), = % and let C'(t) = % Then,

forany t,s,z,y,z,w € {0, ..., k™**},

2
My 0 (P(S)

ap(t)ap(s) — Op(t)

-k k 1—~k i
bt prapi [ ()
= —2P(s)1po—py — P( )P(t)1_7E< El: p +t§l: p )
= —2P(s) Lo — P(s)P(1) _77;5 (sC(t) + tC(s))
%11, 0 ~y  SVh(s) — s R
ap(t)op(s)  ap(t) (H () [1 () + 107, <(1 p)k(s) %;H(Z)p(lw(l))])

82Hin/0ut o 0 - '7(1 _ﬁ) . p(ka l)kﬁy 8]3
09z~ w)0p(w.5) ~ Op(z,w) <H<y)P‘”“"'y) 12t + ] 2102 PHDTZR ap@c,y))

Y ogp | 09 p(k,Dky  Op
»} 1—vkxap<z,w>] 5o0) 2= "D By

v q(z,w)w 2y q(z,y)y
(@y)} — = —q(z,w) R
1—9k k 1—~k &

v 1 v 1
= —2¢(7, Y)1{(zw)=(ay)} — (T, y)q(2, W) (1_,%];1’10 + 1_7]%]%2’?9>

1
= —2q(2, Y)1{(z0)=(z,y)} — 9(T,¥)q(2, W) T (aw + zy)

1—~kEk
To conclude: for the case of discrimination on out-degree, we take p; = P(i), b; = i, ¢; = C(i),and I' = ﬁ;
for discrimination on in-degree, we take p; = P(i), b; = i, ¢; = C (7),and T' = ﬁ ; and for discrimination on
in- and out-degrees, we take p; = q(i) = q(i1,12), b; = i2,¢; = i1, and ' = ﬁi O



Lemma 2

Proof. Fix k™ = K > (0.For ¢ € {1,...,K},and forany J C {0,..., K} with |J| = ¢, let L = {0,...,¢ — 1}

and

MZZ = ((gst)seL)teJ'

Denote S = J N L. We will write J = {jo, j1,...,Je—1} with jo < j1 < -+ < jy_1. Also denote @ = J\ L =

{mi}o<icigand R = L\ J = {n;}o<i<|g- Note that J = S1LUQand L = S U R." Also,

(M| = (e, (e, )

where
1 if R|=0
w(e, ) =250 T pi- § (—=1)motIS1if |R| =1
i€JUL (—1)m0tn if |R| = 2
and
(14T biemi + 4025, pin; (bibjcz‘cj - bzzc?)
o6, 7) = LT B + o) & 3735 (Bungr + brg ) brerpr = (bnabinoPrcy + b))

2
' (b1 bimg Cny Cmy — brgbmy Cny Cmg — bny bing Cng Cmy =+ by by Cng Cmg )

0

\

Q| = |R)| since

|J| = ¢ = |L|. Moreover, note that any element of the set () exceeds any element of the set .S. We claim that

(*)

if Q=0
if]Q| = 1
Q=2
if1Q| > 3

Denote & = Hf;é p;. We will prove the claim by induction on /. First we will show that the formula is valid for

¢ = 1. Next we will show that, if the formula is valid for ¢ < K, then it is also valid for ¢ + 1.

Base case (£ = 1):

det Gsr = pop:I [beco + boce] + 2polo—n
BT [2b0co] +2py it =0, ie. |Q| =0
popel [breo + bocy]  ift #0, ie |Q =1
2po (1 + I [bocopo]) ift =0, ie Q] =0
popil [brco + bocr] it #0, e Q=1

Now assume (*) holds for some ¢ < K. Let L' = LU {{} = {0,...,¢}, andlet J' = J U {j} for some j & J.
Accordingly, let S’ = J'N L', Q" = J' \ L',and R' = L’ \ J'. We need to show that (x) holds for £ + 1, i.e., that

MEL| = R+ 1,0+ 1,7,

!For two sets X and Y, let X LI'Y be the disjoint union of X and Y.



By cofactor expansion along the last row, we have

— Z (_1)i+€ ‘MZ’\{]Z}

0<i<e

ggjiv

so it suffices to show that

0<i<e

We consider the following cases.

Case 0. |[R'| =0
In this case Q' = R’ =(and J' = 5" ={0,...,¢}, so

[\ (I\NA) | = [N\ (I {8)]
= L'\ J|
=0

Similarly, for r € S”\ {¢},

1L\ (J'\{r})| = ’Lm (J’ N {r}C)C’
— ’Lﬂ ((J’)CU{T})’
=[(L\J)u(Ln{r})

=[0U{r}]
=1

and in particular R = {r}. Thus

1
(_1)r+(€—1) . 2£—1p£q>

A

1
Gy = (r (bree + beer) + §r2 > ((becr + bree) bicps — (bebrpscs + CZCijb?))>
J#lr

' (Peer [bécr + brcf])

1 J\{¢} 1o 2 2 2
B ‘Mz ‘ G = |14T ; bicipi + ;T ;pipj (bibjcic; — bici) | (piT [2bece] + 2pe) -
7 1]

. 1 J/
We will show that PErYS ‘/\/l P41

=1+T Zie{o,...,z} bicip; + %FZ Ei# DiD; (bibjcicj — b?c?) Since |S| = (41,

]. Jl
2‘S|pg(I> ‘M@rl

_ sl 1
=> (-1t “1 (F (brcg + becy) + §r2 > ((becr + bree) biejp; — (bebrpjc + C@C,pﬂ)?)))
r<t j#lr



: (péer [bﬁcr + brcé])

1
+ (—1)€+€ 1 + I Z bicipi + ZFQ Z pipj (bibjCiCj — b?c?) (ng [b[Cf] =+ 1)
i<l i#£]
1,j<l

=1+ AT + BI'? + CT3.

It suffices to show A = Zie{o,...,Z} bicipi, B = izi# DiDj (bibjcicj — b?c?) and C = 0. Clearly we have
A = ppbpcy + Zi<€ b;c;p;. Next note that

B = 4 Z —pepr [becy + breg] (bree + becy)

r<t

+pe [bece) Y bicipi
i<t
1
+ 1 ; DiDj (bibjcicj — b?c?)
i
1
=1 > (=pepi [beci + bicr] (bice + becs) + 4bicipibecepr)
i<l
1
+ Z ; DiD;j (bibjcicj' — b?c?)
(]
= Z —pepi [b7c} + 2bicibecy + bicj| + 4bicipibecepy)
1<£
1
+ Z Z Dibj (bibjcicj — b?c?)

i#£]
ij<t

1 1
=1 ; (peps [—b7c3 + 2bicibecy — b2cF]) + 1 ; pipj (bibjeic; — bic3)
e
1 1 1
=7 sz'pe (bibecice — bicf) + 1 Zmpj (bebjcec; — bjc3) + 1 Z pip; (bibjeic — bic?)

i<t j<t i#j
1,5<t

1
= Z Zpipj (bibjCiCj — b?c?) .
1#]

To see that C = 0, note that

20 =_= Z Z (becy + brcy) b, iCiDj — (bngpjc? + CKCijbg)) (pr [becr + brey))

7"<Z J#l,r

+ Z PiDj bz'bjcicj — b?c?) [bgcd

i#]

1,7<l

1
= Z 5 bgci + bng) bjijj — (bgbiij? + Cgcipjb?)) (pi [bgci + bng]) + piDj (bibjcicj' bl ]) [beC@]

i#]
1,5 <t



=3 pi; [ ( (becs + bice)? bic; — (bebic? + coeid?) [bees + by CZ]) + (bibjeic; — b2e2) [becd]

]
1,7<t

Note that for every 1, j, the coefficient of p;p; is zero:

1
_ [2 ((bﬁci + bz‘cé)2 bjCj (b@b c + CeCzb ) [bgcl + b; Cg]>:| + (bibjCiCj — b?c?) [bch}
1

— [2 ((becj + bjCe bici — (bﬁbjcz + ¢y z) [bec; + b; Cf])} + (bibjeic; — b?c?) [bece]
1 1
= —b% |:2 (C?bjcj — biCJZCi) + B (C?bici - bjCZZCj):|
1
2

— C% [; (b?bjCj - CleQb’) + (bgblcz o Cjblzbj):|

1 1
by [2 (2ebibye; — B3 — GH2) — B2 + L (2ejbybies — 8 — Bed) — B
+ bgCg [QbibjCiCj]
=0.
Case 1. |R| =1

Case la. / € S’

R'| =|L"\ J'| = 1. Note that

/ i J'\{gs
‘M‘gﬂ = > (-1 |M; Wil g,
ji€J’
_ Z (_1)1 27/\{]1} gfji
Ji€ESUQ
_ (_1)7, MZ/\{Z}‘QM_’_ Z ( ) J\{Jz g]Z + Z J\{jz gfji'
Ji€S\{¢} Ji€Q

First, note analogously to Case 0 that

LA (] = [T
— 1.

Next consider 7 € S”\ {¢}. Note that 7 € J’ and hence r & (J')“. Since £ ¢ R/, wehave L'\ J' = R' = R'\ {{} =
L\ J, so

L\ (7 \{r})| = ’ ﬂ(J’ﬂ{r}C)C
[en (7wt
= [(L\J)u(Ln{r})|

= [(L\J") u{r}]

8



= [(L'\ J) u{r}|
=1+1=2.

Now consider j € @Q'. Note that j & {0, ...,¢}. As before ' = R"\ {¢}, so
LAY = [en (70 )]
—|Ln ((J’)C U {j})‘

= (L’ n{°n (J’)C) U(Ln {j}))
= (£ n 0 n (1)) Ul

=[L\J|
= [(L\ )\ |
= |(L'\T) \{e}]
|z
=1.

Thus

1 \{r
(=1)motr20=2p,, pp® ‘MZ | Gn

= FQ (bnobmocrcf - bno bfcrcmo - brbmo CnoCe + brbﬁcnocmo) (pﬁprr [bfcr + brcf])

1 NG
(=1)ro+(=1)ol=1y & ‘Mz ‘gﬂ

1
:I%WM+%@Jﬁﬁ 3 @m%+%%Mw%WMMd+%MM@4@ﬁWMH%d
res\{¢}

1
)no+(€fl)2€71p£@

‘M{\{WO} gfmo

—~
\
—_

1
= | I (bngce + becn,) + 51“2 D ((beeng + bugce) brerpr — (bebngprcy + Cecnoprb?))] (PepmoT [beCmg + bmgcel)
reS"\{¢}

We will show that

1 y
o= | MY
215" Py pr® ’ o
1
=T (bngCmgy + bmgCngy) + 51“2 Z ((BrmoCno + brgCmo) brerpr — (bmobnoprcz + cmocnop,nbz)) .
res’
First note that
1 /
P M
215 p pe® ‘ e



MZI\{ji}

_ 1 o i+L __1\no+t /
_2|S'\{e}lpmope<1>< 2 (T G

Ji€S\{f}

_ o+ (f— J\{¢ o (0— J\{m
+ (_1)(4 1)+£(_1) 0+(£—1) ‘ME \{ }‘ gég + (_1)Z+Z(_1) 0+(€-1) ‘MZ \{mo}

o)

(f 1)no -+
G,

R MJ’\{ji}
S\{¢ Z ﬁ
2"\ p,y, pe® jies'\{f}’

= (—=1)"* (AT + BT? + CT?).

Goj, + ’MZ’\{E}‘ Gl — ’ MM

It suffices to show that A = (by,,¢mg + bmgCng)s B = % Y ey ((bmocno + by Cmyg ) brerpr — (bm0 o PrC2 + Cmyg cnoprb%)),
and C = 0.

First, it is easy to see that
(2 prmpe®) A = (257 1, @) 20t (BgCmo + by )

and hence A = (bnyCmy + by Cny )- Next, note that

’ " 1
(2|S ‘pmopf(b) B =+ <2|S ! 1pm0(1)) 2]?55 Z ((bmocno + bnocmo) brcrpr — (bmobnoprcg + Cmocnoprz))
resN\ {0}

4 (2511 ®) 7 (2b000] (g + brngns)

B (2|S/‘_1p€¢) PePmyg [bécmo + meCg] (bnOCg + bgcnO)

1
B= +§ Z ((bmocno + bnocmo) brcrpr - (bmobnoprC72~ + Cmocnoprb?«))

reS\{¢}
+ 2_1])[ [ngcd (bno Cmg + bmo Cno)

— 27y [becimg 4 bmgce] (bngce + becny)

1
- +§ Z ((bmocno + bnocmo) brcrpr - (bmobnoprC72~ + Cmocnoprb?«))

reS\{¢}

+ be (bnocmobfcf + mecnobfcﬂ)

1
— =Pt [beCmgbng e + beCmgbecng + bmg Cobng o + bimg cobecny]

2
1
= +§ Z ((bmocno + bnocmo) brcrpr — (bmobnoprcq% + Cmocnoprbg))
reS\{¢}

1
+ > ((bm0 Cno + brgCmyg) becepe — (bmo bnopgcf + cmocnopgb%))

1
= 5 Z ((bmocno + bnocmo) brcrpr - (bmobnoprca + Cmocnoprb%))
res’

To see that C = 0, note that
1

2C = Z 5 (bno me CrCp — bno bgCrCmO - brbmo CnoCe + brbfcno Cmo) (pgpr [bécr + b?"ce])
reS"\{¢}

10



_ (_1)\8'\{€}|pgbgq Z ((bmocn0 + by Cmg) brcrpr — (bmobnoprcz + cmocnoprbg))
res\{¢}

/ 1
+ (_1)\5 \{f}lpe [beCmg + bmg o] 5 Z ((bgcnO + bnyce) brerpr — (bgbnoprcf + qcnoprbz))
reS\{¢}
Note that each term in the sum is zero: for each r,

1
§ (bnobmocrcﬂ - bno bZCrCmo - brbmo CnoCe + brbécnocmo) [bECr + brcﬂ]

+ bycy ((bmocno + by Cmg) brer — (bmobnoc% + cmocnobg))

1
— [beCmg + bmgce] B ((bgcno + bpyce) brey — (bgbnocg + C{ZCnobz))

1 1
= bg <_2 (meCnOC[ - bgcnocmo) Cyp — bECZCmOCnO + 5 ( ¢Cmyg + meCg) C[Cn())

1 1

+c2 <2 (brgbimo €6 — brgbeCmg ) be — beCobpmgbny + 3 (beCmg + bimo o) bgbm)
1

+ brey (2 (€ebngbmgCo — brgbeCmg e — bmg CngCebe 4 beCrgCmy bg))

+ by (b Cngbece + bng Cmgbicy)

1
- brcr§ [bécmo bﬂcno + bﬂcmo bno cy+ bmo CEbECno + bmo Cébno CZ]

=0.

Case1lb. /€ R/

First consider j € S’. Since ¢ € R’ = L'\ J’, we have ¢ ¢ J'. In this case, 1 = |R'| = |Q’| = |J'\ L’|. Since
j €S’ wehave j € L, so

[((I\NUHDNL = [T\ ({5 UL\ {4))]
= [T\ (L' \ {4})]
= [(J\A{)\ (L' {1})]
Sy
=1

Note that R' = {¢}, and hence S’ = {0, ..., ¢ — 1}. This implies that for j € S, so

1
(12,

o 1
MV =T (bjemg + bmae) 5T D" (o + bicma) brrpr = (brabpec? + maciprb?)).
res\{i}

Now let j € @'. Recall that in this case, |L' \ J'| = 1. Using the facts that j ¢ L and ¢ ¢ .J', we have

LA NGY] =20 () v i)
- ‘(Lﬁ (J')C) u(Lm{j}))

11



‘(Lﬁ (7)) )U(Z)‘
= |2\
= |(L\ )\ |
= (LN T)\ {4
=|R|-1
=1-1=0.

Then for j € @), we have

1
T )ME \{]}‘ 1 —1—1“217 cipi + ZFQ Z DiDj (bz‘bjcicj - 5?0?) :

icL ijeL
i£]
Thus
1 ) J/
li M
Q‘S Ipmgpéq) ¢
_ 1 Vil i+(€—1)‘ I\i}| A _ é+é‘ J"\{mo}
= 5 pe® Z( 1) (-1) M, Gy, + (=17 M

Ji €S’

=5 Z (bjiCmo + bmocj) + FQ Z ((bmocji + bj;Cmq ) brerpr — (bmobjiprcz + CmOCjz’pT‘bg))
Y res\{i}

“(py; T [becj; + bj,ce])

+ | 1+T) bicipi + I‘ pip; (bibjeic; — bic3) | (T [brcmg + bmoce])
J
i#]

:(_D‘”(AF4aBF2+(Hﬁ)

It suffices to show that A = (byCmg + bmgce)s B = 23, cor ((BmoCe + beCimg) brerpr — (b beprc? + cmgceprb?)),
and C = 0.
First, it is easy to see that A = bycy, + b, ce. Next, note that

B= =5 (bjcmo + bmocis) v [becs, + bjied + Y bicipi [becing + b ci]

2 -
Ji€S’ 7

— Z < (biCmg + bmgCi) pi [beci + bicg] + bicipi [becm, + bmoc(g]>

i<l

— sz ( (bicmobeci + bicmobice + bmgcibeci + bmgcibice) + bicibeem, + by czbmoc@)

i<l
1
=5 sz‘ (biCmobeci 4 b cibice — bicm,bicy — by cibecy)
i<t
1
— 5 Zpi (Cmobgbici + meCgbiCi — CmOCgb% — bmo bgclz)
i<l

12



1
=3 Z ((bmoce + becmyg) bicipi — (bmobepic? + cmocepit?))
i<t

from which the claim follows since S’ = {0, ...,¢ — 1}. To see that C' = 0, note that

4C

= Z Z ((bmocji + bjicmo) brerpr — (bmobjiprcg + Cmocjiprb?")) (pji [bfcji + bjicé])
Ji€8 reS\{ji}

+ sz‘pj (bibjcics — b7c7) [becmg + bmgci]
i#£j

= Z [— ((bmoci + bicm,) bjcip; — (bmobipjc§ + cmocipjb?)) (pi [beci + bicy]) + pipj (bibjCiCj — b?c?) [beCmg + bmocd]
i#£]

= pipj [= ((bmo€i + bicmg) bic; — (bmobipi € + cmocipib})) [beci + bice) + (bibjcic — b7 ¢3) [bremg + bmo ]
i#j

We will show that, for each 4, j with ¢ # j, the coefficient of p;p; is zero:

— ((Bro i + bicme) bic; — (bmobic? + cmocib?)) [beci + bici]
+ (bibjcicj — b?c?) [beCmg + bmg el
— ((bmg€j + bjemy) bici — (bngbic? + cmgcjb?)) [bec + bjc]
+ (bibjcicj — b?c?) [beCmy 4 bingce]
=by [—c,' ((bmoci + bicm,) bjcj — (bmobic? + cmocibjz)) + Cmg (bibjcicj — bfc?)]
+ ¢g [=bi ((bmoCi + bicm) bjc; — (Bmgbics + cmoCib7)) + bimg (bibjic; — bic5)]
+ by [—cj ((bmocj + bjcm,) bici — (bmobjc? + cmocjb?)) + Cmg (bibjcicj — bZCZ)]

7%
+ ¢y [—bj ((meCj + bijO) b;ci — (bmobjcg + CmOCjb?)) + bmo (bibjCiCj — b?c?)]
=0.
Hence C = 0.
Case 2. |R/| =2
Case2a./c S
Recall that
4 i J'\{ds
‘MZ/]-H = Z(—l) M, Wi Gejy
ji€J’
— Z (_1>i MZ’\{ji} gﬁji
Ji€S'VQ’
_ (—l)i MZ'\{K}’ Gu + Z (_1)1’ MZ/\{ji} Guji + Z (_1)i MZ/\{ji} Guj.-
Ji€S\{¢} Ji€Q’

13



Consider r € 5"\ {¢}. Note as in Case 1la that

[\ (I \Arb) | = [(Z'\ J) u{r}]
—2+1=3.

This implies ‘MZI\{T}‘ =0forr e S\ {¢}, so

— (_1)i MZ’\{%} géji

MZ]/\{E}’ G+ D (=1)’

Ji€Q’

Consider j € Q" U {¢}. Note also as in Case 1la that

IANCARIDIEN AT

= 2.

Denote Q' = {mg, m1} and R'\ {¢} = R’ = {ng, n1}. By (x),

1 l 1 i M‘]/\{ml}
(=1)rotm 211 @ T,y g pr T2 17

gﬁml

= PePmyg (bno bécnl Cmg — bno bmo CnCe — bn1 bécno Cmyg + bnl bmocnocl) (p[pmlr [bécml + bml CKD

1 1 1
(_1)no+n12\5l|_1 o HTGJ’\S’ Dr

= P¢Pm, (bno bfcnl Cmy — bno bml Cn,Ce — bnl bécno Cm, + bnl bm1 Cnocﬁ) (pfpmor [bfcmo + bmo Cd)

1 A fm
&M G

1 l 1
(_1>no+n12\S’|—1 ¢ HT‘EJ’\S’ Dr

= pmopml (b’no bmocnlcml - bnobm1 Cn1 Cmo - bn1 bmo Cnocml + bn1 bm1 Cno cmo) (p%F [lecé] + 2p€)

% ’MZ,\{K}‘ G

The sum of these three terms reduces to

1 . JN\{j:}
no+n1915’[-1 P ) 2 Z (
( ]) 0 12‘ HTEJ’\S Ji€Q'U{L}

Goj,

= (=)D s (b beCny Cmy — brgbmg Cny €2 — by beCng Cmo + bry bno Cno o) (DePm, L [beCmy + b, ce])
+ (=)D pn s (Brgbecn, Cmy — brgbmy Cny €6 — bry beCrgCmy + by by Cnoe) (DePmo L [beCmo + bmoce])
+ (—1)Z+£pmopm1 (brgbimg Cny Cmy — brgbmy Cny Cmg — by bimg CnoCmy + bny bimy CrgCme ) (p%f‘ [2bgce] + 2pg)
= PePmo (0ngbeCny Cmg — bingbmg Cny €0 — by beCng Cmg + bny bimg o) (PePm, I [beCmy + by ce])
— PePmy (bngbecny €my — bngbmy Cny Co — by biCngCmy + by by Cng o) (DePmo L [0eCmg + bmgce])
+ PmoPmy (ngbmoCny Cmy — bngbmy Cny Cme — bny Omg CngCmy + bny by CngCmy) (pff [2bgcy] + 2pg)

= bele (bnobzcnlcmo - bnobmocnl Cy — bnl bZCnOCmo + bn1 bmocnocﬂ) (p?pmopmlr)
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— byCmg (bngbeCny Cmy — brgbm, Cny €0 — by becng Cmy =+ by by EngCe) (pfpmopmll‘)

+ bycy (brgbmo Cny €my — bngbmy Cny Cmg — bny bimg CnoCmy + bry bmy CngCme ) (p%pmopmlf)
+ b, €0 (bnbeCry Emg — bigbmg Cny €0 — by beCng Cmg + by bimg Cng Ce) (p%pmopmlf)

— by €t (bngbeCny Cmy — brgbm, €y €0 — by becny Cmy =+ bny by EnpCe) (p%pmopmlf)

+ bycy (brgbmo Cny Cmy — bngbmy Cny Cme — bny bimg CnoCmy + bny bmy CrgCme ) (p%pmopmlf)
+ (brgbmgCny Cmy — brgbmy Cny Cmo — by bimg CngCmy + by bimy Cno Cme ) (202)

= 2P1 (bngbmo Cny Cmy — bngbmy Cny Cmg — bny Omo CngCmy + by bmy CngCmyg ) -

Hence
‘M@l _ Z (—l)i MZ \{7:} g@ji
Ji€Q'U{L}
:2‘5’|*1(I> H prr2 Z (_1)1' MZ,\{ji} gﬁji
reJ\S Ji€Q'UL0}

= 2l5lp,® H PrT2 (b bing Cry Cmy. — Brigbimy €y Cmg — By Brmg g Cmy 4 Oy by Crg Cme) -
reJ\S!

Case2b. /€ R’

First consider j € S’. Note as in Case 1b that

[CARFHAVAEPAY A
= 2.

Now let j € ). As in case 1b, we have

(LA (NG = [ENT) N

=|R|-1
=2-1=1.
Thus
4 i J'\{j:
M7= 30 (- O gy
Ji€J’
251 H pr Z (_1)i+f(_1)n0+ir2 (bnobmocjicm1
reJ\S" ) jie\@

/
- bno bm1 Cj;Cmoy — bji bmocno Cmy T bji bml Cng cmo)gﬁji

+ 2|S’|(I) H Dr (_1)(Z—l)+€(_1)no+(€—1) [F (bnocml + bmlcno)
re(J'\S")\mo

15



1
+ 572> ((bmyng + brgCmy) brcrpr = (BmybrgPrcy + ey Cnoprb7) ) ] Gimg
res’

+ 215l H Dr (71)e+€(71)no+(€—1) [F (brg €mg + bmgCno)
re(J'\S")\mi

1
+ 572> ((bmoCng + brgCmy ) brcrpr = (BmgbroPrcy + emonoprb7) ) ] Girmy
res’

:(_1)Z+n0 21919 H Dr Z F2<b”0bmocjicm1_bnobmlcjicmo
reJ\s’ Ji€J\Q’

— b, bimg CngCmy + bjibmlcnocmo) (pepj, I [becj, + bjcel)

/ 1
+(=1)mo [ 25 H Dr [F (bngCmy + bmyCng) + 5{*2 Z ((bmlcno + bngCmy ) brcrpy
re(J’\S")\mo res’

- (bmlbnopTcz + Cmy Cnoprbg) )] (pfpmor [becmo + meCg])
/ 1
— (=t 2¥le T [r (BrgCrmo + DimgCny) + 5r2 > ((bmocno + b Cmg ) brCrDr
re(J\S)\m1 res’
- (bmobnoprcg + Cmocnoprbz) )] (pfpmlr [bécm1 + bm1 CZ])

= AP+ (—-1)ft02¥lpe T prBI?
reJ/\s’

First we will show that B = by, b, Cny Cmy — bngbm, Cny Cmo — bny Omo CngCmy + bny by CngCmy:
B = (bnocm1 + bmlcno) [bﬁcmo + meCg] - (bnocmo + bmocno) [bfcml + bm1cf]
= (bngCmy b0Cmg + bngCmy bmg Ce + bmy CngbeCmg + bmy Cngbmg o)

- (bnocmo bfcml + bno Cmo bm1 Cy + bmo cnobecml + bmoc’no bmlcf)

= bpobmgeCm; — brgbm, cecmg — bebmgCrgCm, + bebm, cngCmg

Now we will show that A = 0:

1

A= Z (brgbimg CrCmy — brgbmy CrCmg — brbimg CngCmy + brbimy Cng Cmg ) [becr + brey]
S| — 0 0 1 0 1 0 0 0 1 1 0 0
2| | 1pgq) HTGQ’ pr res’
_ Z ((bmy Cng + bgCmy ) brer — (b, bug €2 + Cmy Cngb? ) ) [beimg + bmg ]
res’
+ Z ((bmocm) + bngCimg ) brer — (bmobnocg + Cmocnob%)) [beCimy + by ]
res’

It suffices to show that each term is zero. Indeed for every r we have

(bno bmo CrCmy; — bng bm1 CrCmg — brbmocno Cm, + brbml Cng cmo) [bécr + bng]
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— ((bmlcn0 + by Cmy ) brey — (bmlbnO c + Cm1cn0b7~)) [beCmg + bmgCe)
+ ((bmocnO + by Cmg) brcr — (bmobnO c, + cmocnObT)) [beCmy + b, cil
= (bngbime Crem; — bngbmy CrCmg — brbmg CrgCmy + brbmy CngCmg ) [becr]
+ (brgbimg CrCmy — bngbm, Cremy — brbimg CngCmy + brbim, CngCmg ) [brce
— (b, Cng + bngCmy ) brcr [beCmg + bmgce]
+ (by brg €2 4 Cimy Cngb?) [beCmg + bmg e
+ (bingCng + bngCmg ) brcr [beCm, + b, ]
[ ]

—_~ N~

bmobnocT + CmgCny r) becm, + bm,ce

_cﬁ%wwmw %mwmw+%&mp%fmmqywmmdwﬁ+@Eﬂ)

+ b2 (_bmocnocm1 ¢ + bm, CngCmoCe + Cmy Cng [M + bmoc@} — CmoCngy [M + bmlch

+ bc, ( — b CngpCmy be + by Cng Cmobe + b bimg my €0 — brgbm, Cmece

— (bm10n0 + bnocml) [bgcﬂ%— meCg} + (bmocno + bnocmo) [bgcml + meCg:| )

=0.

Case 3. |R'| =3
Case3a./c S

For any j € J/, we have

L\ (NG} = L\ (70 45)9)
= LN <J’m{j}c)c
=z (70}
= (Ln () uEny
Since ¢ € S' C J',wehave L'\ J' = L'\ J' and hence
LA (NG 2 L0 ()]
=|L\J|
=|L'\J|
=3.

By (x), this implies ‘Mj/\{j}‘ = 0 for every j € J' and hence

ngrl‘ =0.
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Case3b. (€ R

First consider j € S’. Note that [ € R’ implies ¢ ¢ .J'. Since j € S’ C L, we have

(J'\NGH\NL=T\{j}uL)
=J'\L
=(J'\{{H\L
=J\({HpurL)
=J\L
=3.

This implies MZ,\{j i

gfji .

MZI\{j}‘ =0 for j € S’. Hence

MZZJIA‘ = ZjieQ’ (_1)i

Now let j € Q’'. As in case 1b, we have

[LN\ (NG| = [(L\ )\ {4}
=|R|-1
=3-1=2.

Denote R’ \ {¢} = {ng,n1} and Q' = {mg, m1, ma} with ng < ny and mg < m1 < ma. By (%), we have

11 1 1
251 @[], cq pr I?

= PmiPmsy (bno bml Cn1Cmsy — bno bmzcnl Cmy — bn1 bm1 Cno me + bn1 bmz Cnocm1) (pﬁpmor [bfcmo + bmo CK])

‘MZ’\{MO}

g@mg

11 1 1
2151 HTGS/ Dbr r2

- pmopmg (bno bmo Cn1 Cmg - bno bmzcnl C’mo - bn1 bmocno bmg + bn1 me Cnocmo) (pépm1F [bfcml + bm1 cf])

‘ME ) g€m1

11 1 1
2151 ® [T, g pr T2

= PmoPrmy (bno bmo Cni1Cmy — bno bm1 Cni1Cmg — bn1 bmocno bm1 + bn1 bm1 Cnocmo) (pfpmzr‘ [bfcmz + bmz CZ])

’Me /\{mQ} g@mg

Thus

1 1 1 1 1
PmoPmi1Pms 2151 HrgS/ Dr I

Z (—1)7+ ‘MZ'\{JE}
Ji€Q

Gej,

= (bnobmocmcml — bnobm, Cny Cmg — by g CrgCmy =+ by b,y cnocmo) (bemQ + meCg)
- (bno bmoCni Cma = bngbma Cny Cmg — by Omg CrgCmay =+ bny bm, cnocmo) (bﬁcml + b, Cé)
+ (bno bm1 Cni Cmy — bngbmsy Cny Cmy — by Oy CrgCmy =+ by bim, Cnocml) (bfcmo + meCg)
= bﬁcmz (bno bmo Cni1Cmy — bnobml Cn1Cmgo — bmbmo CnoCmy T bnlbmlcno Cmo)

- bfcml (bno bmo CniCmy — bno bm2 Cni1Cmy — bm bmo CnoCmy + bnl me CnoCmyo )
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+ bECmO (bno bm1 Cni1Cmg — bno bmg Cn1Cmyq — bm bm1 CnoCmy + bnl me Cng le)
+ me Cf(bno meCTH Cmy — bno bmlcm Cmg — bm bmocno Cm, + bnlbml Cnocmo)
- bmlcf(bno bmo Cni1Cmy — bno bmz Cni1Cmg — bm bmo CnoCmay + bnlme Cno Cmo)
+ bmo cf(bno bm1 Cn1Cmy — bno bmz Cni1Cmy — bm bml CnoCmay + bnlme cnocm1)
=0,

so ‘Mzﬁl =0.

Case 4. |R'| > 3

In this case,

R|=|L\J|=|L'n(J)° >4 Since

L\ (J'\{j}) =

= (L)) UL,
we have
[\ (I\ D] = [(Ln (7))
> |L'n ()¢ -1
>4-1=3.
By (), this implies ‘Mil\{j}’ = 0 for every j € J', and hence ‘M%FI‘ = 0. O
Lemma 3

Proof. First we will consider the case of discrimination on in-degree. The case of discrimination on

out-degree is identical. =~ Using the determinant formula given in Lemma 2, it suffices to show that

r2 Dici <pipj [bjci — bicj]g) < 444T'Y", (bipic;). Recall from the proof of Lemma 1 that p; = P(i), b; = i,

¢i=C(i),and T = ﬁ Since k™M < % by assumption, we have vk < % This implies 1 — vk > % and hence
1

m < 2, SO

1 1 1

F:71_7E<2kmax2:w

Recall that for any random variable X, we have E[X?] = " 22p(z) < 2™ Y zp(z) = 2™ E(X). Thus

Z (pipj [bjc; — bicj]2) = Z (pipj ‘Z'QCJZ — 2ijcic +j2c?‘)

1<j 1<j

=D > (pips ¢ —ijeics|)

1 jFi

<22 (pipy %] = ijeicy])
i
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< g E ’pipinC?’ + g g Ipipjijeic|
2
< <§ i2pi> > i} | + (Zm’q)

A 2 2
(M;:)) + (kmaX)2 (;I%Q)

G

(]

Since 0 < I' < km%’ we have

2
r? Z [pipj(bjci — biCj)Q] < <k,nllax> Z [pipj(bjcz' - biCj)Q]

1<j 1<j
<2
<444 Z (blplcl)
A

as claimed. Now we will consider the case of discrimination on in- and out-degrees. Again by Lemma 2 it suffices

to show that I'? > iqj (pz-pj [bjc; — bicj]2> < 444", (bipic;). As before, we have 1—1712 < 2. This implies

111,11
1—nkk = 2kmax 7 pmaxj’

r

v

Recall that k = Z(il,iQ) i1q(i1,12), [= Z(ihiz) i2q(i1,12), and =k (due to consistency). Note that
(i1jo — ioj1)? < 0242 40252 < irjo (™) + igjy (K™)?,

Using the parameters p; = q(i) = q(i1,12), bi = 2, ¢; = 41, and ' = ﬁi obtained in the proof of Lemma 1, we

have

>~ (00)a0) lirg = i2i1?) < D (a0)a() B2 (irgz + i)

i<y i<qg

< (B™)2 > "irjaq(i)a(s)
i,J
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= 2 (S g | [ S daa)
(i1,32) (d1.32)

= (k™) ki

— (kmaX)2 <l;‘>2 ]

1

Since0 < T' < mang> W€ have
023" (a(i)a() lngo — i) < 5 3 (a(0)ai) linjo — i2n]?)
i<y (kmaxk) i<1j

<4

<A+AD) (iriag(i) .

7

This shows that det > 0 (where the size of the matrix K is arbitrary). Note that the K x K upper-left sub-matrix
of H is defined exactly by the same formula as 7{. Then, since the result holds for the sub-matrix of any size K,

we conclude that # is positive definite. O
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