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This appendix includes the proof of Proposition 11 from the paper "The Value of Network Information." For com-
pleteness, we repeat the statement of the Proposition.

Proposition. Suppose that γkmax < 1/2. Then, for any of the price discrimination schemes considered, there exists

a unique �nite price schedule p that solves the monopoly’s pro�t maximization problem.

We now prove the Proposition.

Notation and de�nitions

Recall that γ > 0 is the network externality coe�cient, that out-degrees are indexed by k and in-degrees by l.
Recall further that P (k) and H (l) are the fractions of consumers with out-degree k and in-degree l respectively,
and that k̂(l) = E[k|l] and l̂(k) = E[l|k] capture the conditional expected out-degree of a consumer with in-degree
l and conditional expected in-degree of a consumer with out-degree k.

Let

Kout = kmax

Kin = kmax

Kin/out = (kmax)2 + 2kmax

where kmax is maximal degree (among all in- and out-degrees of all individuals).

Let

ϕout : {0, . . . , kmax} → {0, . . . ,Kout}

ϕin : {0, . . . , kmax} → {0, . . . ,Kin}

ϕin/out : {0, . . . , kmax}2 → {0, . . . ,Kin/out}

∗Fainmesser: Department of Economics, Brown University, Providence, RI 02912 (email: Itay_Fainmesser@Brown.edu); Galeotti: De-
partment of Economics, University of Essex, Wivenhoe Park, Colchester CO4 3S, United Kingdom (email: agaleo@essex.ac.uk).
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be the bijections de�ned by

ϕout(i) = i

ϕin(i) = i

ϕin/out(x, y) = (kmax + 1)x+ y

and let q(k, l) ≡ H(l)P (k|l).

The monopolist’s pro�t Π is given by

Πout =
∑
k

P (k)p(k)x(k)

Πin =
∑
l

H(l)
∑
k

P (k|l)p(l)x(k, l)

Πin/out =
∑
l

H(l)
∑
k

P (k|l)p(k, l)x(k, l)

and the (negative of) Hessian matrices are

Hout =

((
− ∂2Πout

∂p(s)∂p(t)

))
s,t∈{0,...,kmax}

Hin =

((
− ∂2Πin

∂p(s)∂p(t)

))
s,t∈{0,...,kmax}

Hin/out =

− ∂2Πin/out

∂p
(
ϕ−1
in/out(s)

)
∂p
(
ϕ−1
in/out(t)

)


s,t∈{0,...,Kin/out}

The corresponding �rst order condition of the monopoly’s pro�t maximization problem are:

0 =
∂Πout

∂p(s)
= P (s)

[
1− 2p(s) +

γ

1− γk̄

(
(1− p̄out)s−

∑
k

P (k)p(k)k
∑
l

lH(l|s)
k̂

)]

0 =
∂Πin

∂p(s)
= H(s)

[
1− 2p(s) +

γ

1− γk̄

(
(1− p̄in)k̂(s)− s

k̂

∑
l

H(l)p(l)k̂(l)

)]

0 =
∂Πin/out

∂p(x, y)
= H(y)P (x|y)

[
1− 2p(x, y) +

γ(1− p̄in/out)
1− γk̄

x

]
−
∑
l

H(l)
∑
k

P (k|l)p(k, l)kγ
1− γk̄

∂p̄in/out

∂p(x, y)

where

p̄out =
∑
l

H̄(l)
∑
k

P (k|l)p(k)

p̄in =
1

k̂

∑
l

H(l)lp(l)

p̄in/out =
∑
l

H̄(l)
∑
k

P (k|l)p(k, l)
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and

∂p̄out
∂p(s)

= P (s)
∑
l

lH(l|s)
k̂

∂p̄in
∂p(s)

=
1

k̂
H(s)s

∂p̄in/out

∂p(x, y)
=
H(y)P (x|y)y

k̂

Intermediate results

The proof of the Proposition makes use of the following three lemmas.

Lemma 1. Let (K,Π, ϕ) ∈ {(Ki,Πi, ϕi)}, where i ∈ {out, in, in/out}. Then there exists Γ ∈ R+ and

(pj , bj , cj)j∈{0,...,K} ∈ (R3
+)K+1 such that for every s, t ∈ {0, . . . ,K},

− ∂2Π

∂p (ϕ−1(s)) ∂p (ϕ−1(t))
= psptΓ [btcs + bsct] + 2ps1{s=t}.

Lemma 2. Let
G =

((
psptΓ [btcs + bsct] + 2ps1{s=t}

))
s,t∈{0,...,K} .

Then the determinant of G is given by

det(G) =

(
2K−1

∏
i

pi

)4 + 4Γ
∑
i

(bicipi)− Γ2
∑
i<j

(
pipj [bjci − bicj ]2

) .

Lemma 3. Assume that γkmax < 1/2. ThenHout,Hin, andHin/out are positive de�nite.

Proofs

Proof of Proposition. It su�ces to show that the �rst and second order conditions are satis�ed. The �rst order
conditions are veri�ed in the Appendix to the paper. To see that the second order conditions hold, note that for each
price discrimination scheme, the second order partial derivatives are of the form given in Lemma 1. A necessary
and su�cient condition for maximizing pro�t is that the Hessian matrix is negative de�nite, or equivalently that
the negative of the Hessian matrix is positive de�nite. The determinant of this matrix is given by the formula in
Lemma 2. By Lemma 3, we conclude positive de�niteness and hence that the second order condition holds.

We now complete the proof by proving the three lemmas above.
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Lemma 1

Proof. We compute the second partial derivatives. Recall that C(s) =
∑

l
lH(l|s)
k̂

= l̂(s)

k̂
and let C̃(t) = l̂(t)

k̂
. Then,

for any t, s, x, y, z, w ∈ {0, . . . , kmax},

∂2Πout

∂p(t)∂p(s)
=

∂

∂p(t)

(
P (s)

[
1− 2p(s) +

γ(1− p̄)
1− γk̄

s− γ

1− γk̄
∑
k

P (k)p(k)k
∑
l

lH(l|s)
k̂

])

= P (s)

(
−2 · 1{s=t} −

γs

1− γk̄
∂p̄

∂p(t)
− γ

1− γk̄
∂

∂p(t)

∑
k

P (k)p(k)k
∑
l

lH(l|s)
k̂

)

= P (s)

(
−2 · 1{s=t} −

γs

1− γk̄
P (t)

∑
l

lH(l|t)
k̂

− γ

1− γk̄
P (t)t

∑
l

lH(l|s)
k̂

)

= −2P (s)1{s=t} − P (s)P (t)
γ

1− γk̄

(
s
∑
l

lH(l|t)
k̂

+ t
∑
l

lH(l|s)
k̂

)
= −2P (s)1{s=t} − P (s)P (t)

γ

1− γk̄
(sC(t) + tC(s))

∂2Πin

∂p(t)∂p(s)
=

∂

∂p(t)

(
H(s)

[
1− 2p(s) +

γ

1− γk̄

(
(1− p̄)k̂(s)− s

k̂

∑
l

H(l)p(l)k̂(l)

)])

= H(s)

[
−2 · 1{s=t} +

γ

1− γk̄

(
−k̂(s)

∂p̄

∂p(t)
− s

k̂

∂

∂p(t)

∑
l

H(l)p(l)k̂(l)

)]

= H(s)

[
−2 · 1{s=t} +

γ

1− γk̄

(
−k̂(s)

1

k̂
H(t)t− s

k̂
H(t)k̂(t)

)]
= −H(s)

[
−2 · 1{s=t} +

γ

1− γk̄

(
k̂(s)

k̂
H(t)t+ sH(t)

k̂(t)

k̂

)]
= −2H(s)1{s=t} −H(s)H(t)

γ

1− γk̄

[
tC̃(s) + sC̃(t)

]
∂2Πin/out

∂p(z, w)∂p(x, y)
=

∂

∂p(z, w)

(
H(y)P (x|y)

[
1− 2p(x, y) +

γ(1− p̄)
1− γk̄

x

]
−
∑
l

H(l)
∑
k

P (k|l)p(k, l)kγ
1− γk̄

∂p̄

∂p(x, y)

)

= q(x, y)

[
−2 · 1{(z,w)=(x,y)} −

γ

1− γk̄
x

∂p̄

∂p(z, w)

]
− ∂

∂p(z, w)

∑
l,k

q(k, l)
p(k, l)kγ

1− γk̄
∂p̄

∂p(x, y)

= q(x, y)

[
−2 · 1{(z,w)=(x,y)} −

γ

1− γk̄
x
q(z, w)w

k̂

]
− q(z, w)

zγ

1− γk̄
q(x, y)y

k̂

= −2q(x, y)1{(z,w)=(x,y)} − q(x, y)q(z, w)

(
γ

1− γk̄
1

k̂
xw +

γ

1− γk̄
1

k̂
zy

)
= −2q(x, y)1{(z,w)=(x,y)} − q(x, y)q(z, w)

γ

1− γk̄
1

k̂
(xw + zy)

To conclude: for the case of discrimination on out-degree, we take pi = P (i), bi = i, ci = C(i), and Γ = 1
1−γk̄ ;

for discrimination on in-degree, we take pi = P (i), bi = i, ci = C̃(i), and Γ = 1
1−γk̄ ; and for discrimination on

in- and out-degrees, we take pi = q(i) = q(i1, i2), bi = i2, ci = i1, and Γ = γ
1−γk̄

1
k̂

.
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Lemma 2

Proof. Fix kmax = K > 0. For ` ∈ {1, . . . ,K}, and for any J ⊂ {0, . . . ,K} with |J | = `, let L = {0, . . . , `− 1}
and

MJ
` =

(
(Gst)s∈L

)
t∈J .

Denote S = J ∩ L. We will write J = {j0, j1, . . . , j`−1} with j0 < j1 < · · · < j`−1. Also denote Q = J \ L =

{mi}0≤i<|Q| and R = L \ J = {ni}0≤i<|R|. Note that J = S t Q and L = S t R.1 Also, |Q| = |R| since
|J | = ` = |L|. Moreover, note that any element of the set Q exceeds any element of the set S. We claim that

∣∣MJ
`

∣∣ = κ(`, J)ψ(`, J) (∗)

where

κ(`, J) = 2|S|
∏

i∈J∪L
pi ·


1 if |R| = 0

(−1)n0+|S| if |R| = 1

(−1)n0+n1 if |R| = 2

and

ψ(`, J) =



1 + Γ
∑

i bicipi + 1
4Γ2

∑
i 6=j pipj

(
bibjcicj − b2i c2

j

)
if |Q| = 0

Γ (bn0cm0 + bm0cn0) + 1
2Γ2

∑
r∈S

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
if |Q| = 1

Γ2 (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0) if |Q| = 2

0 if |Q| ≥ 3

.

Denote Φ =
∏`−1
i=0 pi. We will prove the claim by induction on `. First we will show that the formula is valid for

` = 1. Next we will show that, if the formula is valid for ` < K , then it is also valid for `+ 1.

Base case (` = 1):

detGst = p0ptΓ [btc0 + b0ct] + 2p01{0=t}

=

p2
0Γ [2b0c0] + 2p0 if t = 0, i.e. |Q| = 0

p0ptΓ [btc0 + b0ct] if t 6= 0, i.e. |Q| = 1

=

2p0 (1 + Γ [b0c0p0]) if t = 0, i.e. |Q| = 0

p0ptΓ [btc0 + b0ct] if t 6= 0, i.e. |Q| = 1
.

Now assume (∗) holds for some ` < K . Let L′ = L ∪ {`} = {0, . . . , `}, and let J ′ = J ∪ {j} for some j 6∈ J .
Accordingly, let S′ = J ′ ∩ L′, Q′ = J ′ \ L′, and R′ = L′ \ J ′. We need to show that (∗) holds for `+ 1, i.e., that∣∣∣MJ ′

`+1

∣∣∣ = κ(`+ 1, J ′)ψ(`+ 1, J ′).

1For two sets X and Y , let X t Y be the disjoint union of X and Y .
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By cofactor expansion along the last row, we have∣∣∣MJ ′
`+1

∣∣∣ =
∑

0≤i≤`
(−1)i+`

∣∣∣MJ ′\{ji}
`

∣∣∣G`ji ,
so it su�ces to show that ∑

0≤i≤`
(−1)i+`

∣∣∣MJ ′\{ji}
`

∣∣∣G`ji = κ(`+ 1, J ′)ψ(`+ 1, J ′).

We consider the following cases.

Case 0. |R′| = 0

In this case Q′ = R′ = ∅ and J ′ = S′ = {0, . . . , `}, so

∣∣L \ (J ′ \ {`})∣∣ =
∣∣(L′ \ {`}) \ (J ′ \ {`})∣∣

=
∣∣L′ \ J ′∣∣

= 0

Similarly, for r ∈ S′ \ {`},

∣∣L \ (J ′ \ {r})∣∣ =

∣∣∣∣L ∩ (J ′ ∩ {r}C)C∣∣∣∣
=
∣∣∣L ∩ ((J ′)C ∪ {r})∣∣∣

=
∣∣(L \ J ′) ∪ (L ∩ {r})

∣∣
= |∅ ∪ {r}|

= 1

and in particular R = {r}. Thus

1

(−1)r+(`−1) · 2`−1p`Φ

∣∣∣MJ ′\{r}
`

∣∣∣G`r =

Γ (brc` + b`cr) +
1

2
Γ2
∑
j 6=`,r

(
(b`cr + brc`) bjcjpj −

(
b`brpjc

2
j + c`crpjb

2
j

))
· (p`prΓ [b`cr + brc`])

1

2`Φ

∣∣∣MJ ′\{`}
`

∣∣∣G`` =

1 + Γ
∑
i<`

bicipi +
1

4
Γ2
∑
i 6=j

pipj
(
bibjcicj − b2i c2

j

)(p2
`Γ [2b`c`] + 2p`

)
.

We will show that 1
2|S|p`Φ

∣∣∣MJ ′
`+1

∣∣∣ = 1+Γ
∑

i∈{0,...,`} bicipi+
1
4Γ2

∑
i 6=j pipj

(
bibjcicj − b2i c2

j

)
. Since |S| = `+1,

1

2|S|p`Φ

∣∣∣MJ ′
`+1

∣∣∣ =
∑
r<`

(−1)r+(`−1)(−1)r+`
1

4

Γ (brc` + b`cr) +
1

2
Γ2
∑
j 6=`,r

(
(b`cr + brc`) bjcjpj −

(
b`brpjc

2
j + c`crpjb

2
j

))
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· (p`prΓ [b`cr + brc`])

+ (−1)`+`

1 + Γ
∑
i<`

bicipi +
1

4
Γ2
∑
i 6=j
i,j<`

pipj
(
bibjcicj − b2i c2

j

) (p`Γ [b`c`] + 1)

= 1 +AΓ +BΓ2 + CΓ3.

It su�ces to show A =
∑

i∈{0,...,`} bicipi, B = 1
4

∑
i 6=j pipj

(
bibjcicj − b2i c2

j

)
, and C = 0. Clearly we have

A = p`b`c` +
∑

i<` bicipi. Next note that

B =
1

4

∑
r<`

−p`pr [b`cr + brc`] (brc` + b`cr)

+ p` [b`c`]
∑
i<`

bicipi

+
1

4

∑
i 6=j
i,j<`

pipj
(
bibjcicj − b2i c2

j

)

=
1

4

∑
i<`

(−p`pi [b`ci + bic`] (bic` + b`ci) + 4bicipib`c`p`)

+
1

4

∑
i 6=j
i,j<`

pipj
(
bibjcicj − b2i c2

j

)

=
1

4

∑
i<`

(
−p`pi

[
b2`c

2
i + 2bicib`c` + b2i c

2
`

]
+ 4bicipib`c`p`

)
+

1

4

∑
i 6=j
i,j<`

pipj
(
bibjcicj − b2i c2

j

)

=
1

4

∑
i<`

(
p`pi

[
−b2`c2

i + 2bicib`c` − b2i c2
`

])
+

1

4

∑
i 6=j
i,j<`

pipj
(
bibjcicj − b2i c2

j

)

=
1

4

∑
i<`

pip`
(
bib`cic` − b2i c2

`

)
+

1

4

∑
j<`

p`pj
(
b`bjc`cj − b2`c2

j

)
+

1

4

∑
i 6=j
i,j<`

pipj
(
bibjcicj − b2i c2

j

)

=
1

4

∑
i 6=j

pipj
(
bibjcicj − b2i c2

j

)
.

To see that C = 0, note that

4

p`
C = −1

2

∑
r<`

∑
j 6=`,r

(
(b`cr + brc`) bjcjpj −

(
b`brpjc

2
j + c`crpjb

2
j

))
(pr [b`cr + brc`])

+
∑
i 6=j
i,j<`

pipj
(
bibjcicj − b2i c2

j

)
[b`c`]

=
∑
i 6=j
i,j<`

−1

2

(
(b`ci + bic`) bjcjpj −

(
b`bipjc

2
j + c`cipjb

2
j

))
(pi [b`ci + bic`]) + pipj

(
bibjcicj − b2i c2

j

)
[b`c`]
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=
∑
i 6=j
i,j<`

pipj

[
−1

2

(
(b`ci + bic`)

2 bjcj −
(
b`bic

2
j + c`cib

2
j

)
[b`ci + bic`]

)
+
(
bibjcicj − b2i c2

j

)
[b`c`]

]

Note that for every i, j, the coe�cient of pipj is zero:

−
[

1

2

(
(b`ci + bic`)

2 bjcj −
(
b`bic

2
j + c`cib

2
j

)
[b`ci + bic`]

)]
+
(
bibjcicj − b2i c2

j

)
[b`c`]

−
[

1

2

(
(b`cj + bjc`)

2 bici −
(
b`bjc

2
i + c`cjb

2
i

)
[b`cj + bjc`]

)]
+
(
bibjcicj − b2jc2

i

)
[b`c`]

= −b2`
[

1

2

(
c2
i bjcj − bic2

jci
)

+
1

2

(
c2
jbici − bjc2

i cj
)]

− c2
`

[
1

2

(
b2i bjcj − cib2jbi

)
+

1

2

(
b2jbici − cjb2i bj

)]
− b`c`

[
1

2

(
2cibibjcj − b2i c2

j − c2
i b

2
j

)
− b2i c2

j +
1

2

(
2cjbjbici − c2

i b
2
j − b2i c2

j

)
− b2jc2

i

]
+ b`c` [2bibjcicj ]

= 0.

Case 1. |R′| = 1

Case 1a. ` ∈ S′

In this case, |R′| = |L′ \ J ′| = 1. Note that∣∣∣MJ ′
`+1

∣∣∣ =
∑
ji∈J ′

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
=

∑
ji∈S∪Q

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
= (−1)i

∣∣∣MJ ′\{`}
`

∣∣∣G`` +
∑

ji∈S\{`}

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji +
∑
ji∈Q

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji .
First, note analogously to Case 0 that

∣∣L \ (J ′ \ {`})∣∣ =
∣∣L′ \ J ′∣∣

= 1.

Next consider r ∈ S′ \{`}. Note that r ∈ J ′ and hence r 6∈ (J ′)C . Since ` 6∈ R′, we have L′ \J ′ = R′ = R′ \{`} =

L \ J ′, so

∣∣L \ (J ′ \ {r})∣∣ =

∣∣∣∣L ∩ (J ′ ∩ {r}C)C∣∣∣∣
=
∣∣∣L ∩ ((J ′)C t {r})∣∣∣

=
∣∣(L \ J ′) t (L ∩ {r})

∣∣
=
∣∣(L \ J ′) t {r}∣∣
8



=
∣∣(L′ \ J ′) t {r}∣∣

= 1 + 1 = 2.

Now consider j ∈ Q′. Note that j 6∈ {0, . . . , `}. As before R′ = R′ \ {`}, so

∣∣L \ (J ′ \ {j})∣∣ =

∣∣∣∣L ∩ (J ′ ∩ {j}C)C∣∣∣∣
=
∣∣∣L ∩ ((J ′)C ∪ {j})∣∣∣

=
∣∣∣(L′ ∩ {`}C ∩ (J ′)C) ∪ (L ∩ {j})

∣∣∣
=
∣∣∣(L′ ∩ {`}C ∩ (J ′)C) ∪ ∅∣∣∣

=
∣∣L \ J ′∣∣

=
∣∣(L′ \ {`}) \ J ′∣∣

=
∣∣(L′ \ J ′) \ {`}∣∣

=
∣∣L′ \ J ′∣∣

= 1.

Thus

1

(−1)n0+r2`−2pm0p`Φ

∣∣∣MJ ′\{r}
`

∣∣∣G`r
= Γ2 (bn0bm0crc` − bn0b`crcm0 − brbm0cn0c` + brb`cn0cm0) (p`prΓ [b`cr + brc`])

1

(−1)n0+(`−1)2`−1pm0Φ

∣∣∣MJ ′\{`}
`

∣∣∣G``
=

Γ (bn0cm0 + bm0cn0) +
1

2
Γ2

∑
r∈S′\{`}

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

)) (p2
`Γ [2b`c`] + 2p`

)
1

(−1)n0+(`−1)2`−1p`Φ

∣∣∣MJ ′\{m0}
`

∣∣∣G`m0

=

Γ (bn0c` + b`cn0) +
1

2
Γ2

∑
r∈S′\{`}

(
(b`cn0 + bn0c`) brcrpr −

(
b`bn0prc

2
r + c`cn0prb

2
r

)) (p`pm0Γ [b`cm0 + bm0c`])

We will show that

1

2|S′|pm0p`Φ

∣∣∣MJ ′
`+1

∣∣∣
= Γ (bn0cm0 + bm0cn0) +

1

2
Γ2
∑
r∈S′

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
.

First note that

1

2|S′|pm0p`Φ

∣∣∣MJ ′
`+1

∣∣∣
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=
1

2|S′\{`}|pm0p`Φ

( ∑
ji∈S′\{`}

(−1)i+`(−1)n0+i
∣∣∣MJ ′\{ji}

`

∣∣∣G′`ji
+ (−1)(`−1)+`(−1)n0+(`−1)

∣∣∣MJ ′\{`}
`

∣∣∣G′`` + (−1)`+`(−1)n0+(`−1)
∣∣∣MJ ′\{m0}

`

∣∣∣G′`m0

)

=
(−1)n0+`

2|S′\{`}|pm0p`Φ

 ∑
ji∈S′\{`}

∣∣∣MJ ′\{ji}
`

∣∣∣G′`ji +
∣∣∣MJ ′\{`}

`

∣∣∣G′`` − ∣∣∣MJ ′\{m0}
`

∣∣∣G′`m0


= (−1)n0+`

(
AΓ +BΓ2 + CΓ3

)
.

It su�ces to show thatA = (bn0cm0 + bm0cn0),B = 1
2

∑
r∈S′

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
,

and C = 0.
First, it is easy to see that (

2|S
′|pm0p`Φ

)
A =

(
2|S
′|−1pm0Φ

)
2p` (bn0cm0 + bm0cn0) ,

and hence A = (bn0cm0 + bm0cn0). Next, note that(
2|S
′|pm0p`Φ

)
B = +

(
2|S
′|−1pm0Φ

)
2p`

1

2

∑
r∈S′\{`}

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
+
(

2|S
′|−1pm0Φ

)
p2
` [2b`c`] (bn0cm0 + bm0cn0)

−
(

2|S
′|−1p`Φ

)
p`pm0 [b`cm0 + bm0c`] (bn0c` + b`cn0)

B = +
1

2

∑
r∈S′\{`}

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
+ 2−1p` [2b`c`] (bn0cm0 + bm0cn0)

− 2−1p` [b`cm0 + bm0c`] (bn0c` + b`cn0)

= +
1

2

∑
r∈S′\{`}

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
+ p` (bn0cm0b`c` + bm0cn0b`c`)

− 1

2
p` [b`cm0bn0c` + b`cm0b`cn0 + bm0c`bn0c` + bm0c`b`cn0 ]

= +
1

2

∑
r∈S′\{`}

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
+

1

2

(
(bm0cn0 + bn0cm0) b`c`p` −

(
bm0bn0p`c

2
` + cm0cn0p`b

2
`

))
=

1

2

∑
r∈S′

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
To see that C = 0, note that

2C =
∑

r∈S′\{`}

1

2
(bn0bm0crc` − bn0b`crcm0 − brbm0cn0c` + brb`cn0cm0) (p`pr [b`cr + brc`])
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− (−1)|S
′\{`}|p`b`c`

∑
r∈S′\{`}

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

))
+ (−1)|S

′\{`}|p` [b`cm0 + bm0c`]
1

2

∑
r∈S′\{`}

(
(b`cn0 + bn0c`) brcrpr −

(
b`bn0prc

2
r + c`cn0prb

2
r

))
Note that each term in the sum is zero: for each r,

1

2
(bn0bm0crc` − bn0b`crcm0 − brbm0cn0c` + brb`cn0cm0) [b`cr + brc`]

+ b`c`
(
(bm0cn0 + bn0cm0) brcr −

(
bm0bn0c

2
r + cm0cn0b

2
r

))
− [b`cm0 + bm0c`]

1

2

(
(b`cn0 + bn0c`) brcr −

(
b`bn0c

2
r + c`cn0b

2
r

))
= b2r

(
−1

2
(bm0cn0c` − b`cn0cm0) c` − b`c`cm0cn0 +

1

2
(b`cm0 + bm0c`) c`cn0

)
+ c2

r

(
1

2
(bn0bm0c` − bn0b`cm0) b` − b`c`bm0bn0 +

1

2
(b`cm0 + bm0c`) b`bn0

)
+ brcr

(
1

2
(c`bn0bm0c` − bn0b`cm0c` − bm0cn0c`b` + b`cn0cm0b`)

)
+ brcr (bm0cn0b`c` + bn0cm0b`c`)

− brcr
1

2
[b`cm0b`cn0 + b`cm0bn0c` + bm0c`b`cn0 + bm0c`bn0c`]

= 0.

Case 1b. ` ∈ R′

First consider j ∈ S′. Since ` ∈ R′ = L′ \ J ′, we have ` 6∈ J ′. In this case, 1 = |R′| = |Q′| = |J ′ \ L′|. Since
j ∈ S′, we have j ∈ L, so

∣∣(J ′ \ {j}) \ L∣∣ =
∣∣J ′ \ ({j} ∪ (L′ \ {`}))∣∣

=
∣∣J ′ \ (L′ \ {`})∣∣

=
∣∣(J ′ \ {`}) \ (L′ \ {`})∣∣

=
∣∣J ′ \ L′∣∣

= 1

Note that R′ = {`}, and hence S′ = {0, . . . , `− 1}. This implies that for j ∈ S′, so

1

(−1)j+(`−1)2`−1pm0Φ

∣∣∣MJ ′\{j}
`

∣∣∣ = Γ (bjcm0 + bm0cj)+
1

2
Γ2

∑
r∈S′\{j}

(
(bm0cj + bjcm0) brcrpr −

(
bm0bjprc

2
r + cm0cjprb

2
r

))
.

Now let j ∈ Q′. Recall that in this case, |L′ \ J ′| = 1. Using the facts that j 6∈ L and ` 6∈ J ′, we have

∣∣L \ (J ′ \ {j})∣∣ =
∣∣∣L ∩ ((J ′)C ∪ {j})∣∣∣

=
∣∣∣(L ∩ (J ′)C) ∪ (L ∩ {j})

∣∣∣
11



=
∣∣∣(L ∩ (J ′)C) ∪ ∅∣∣∣

=
∣∣L \ J ′∣∣

=
∣∣(L′ \ {`}) \ J ′∣∣

=
∣∣(L′ \ J ′) \ {`}∣∣

=
∣∣R′∣∣− 1

= 1− 1 = 0.

Then for j ∈ Q, we have

1

2`Φ

∣∣∣MJ ′\{j}
`

∣∣∣ = 1 + Γ
∑
i∈L

bicipi +
1

4
Γ2
∑
i,j∈L
i 6=j

pipj
(
bibjcicj − b2i c2

j

)
.

Thus

1

2|S′|pm0p`Φ

∣∣∣MJ ′
`

∣∣∣
=

1

2|S′|pm0p`Φ

∑
ji∈S′

(−1)i+`(−1)i+(`−1)
∣∣∣MJ ′\{ji}

`

∣∣∣G′`ji + (−1)`+`
∣∣∣MJ ′\{m0}

`

∣∣∣


= −1

2

∑
ji∈S′

Γ (bjicm0 + bm0cji) +
1

2
Γ2

∑
r∈S′\{ji}

(
(bm0cji + bjicm0) brcrpr −

(
bm0bjiprc

2
r + cm0cjiprb

2
r

))
· (pjiΓ [b`cji + bjic`])

+

1 + Γ
∑
i

bicipi +
1

4
Γ2
∑
i 6=j

pipj
(
bibjcicj − b2i c2

j

) (Γ [b`cm0 + bm0c`])

= (−1)`+`
(
AΓ +BΓ2 + CΓ3

)
It su�ces to show thatA = (b`cm0 + bm0c`),B = 1

2

∑
r∈S′

(
(bm0c` + b`cm0) brcrpr −

(
bm0b`prc

2
r + cm0c`prb

2
r

))
,

and C = 0.
First, it is easy to see that A = b`cm0 + bm0c`. Next, note that

B = −1

2

∑
ji∈S′

(bjicm0 + bm0cji) pji [b`cji + bjic`] +
∑
i

bicipi [b`cm0 + bm0c`]

=
∑
i<`

(
−1

2
(bicm0 + bm0ci) pi [b`ci + bic`] + bicipi [b`cm0 + bm0c`]

)
=
∑
i<`

pi

(
−1

2
(bicm0b`ci + bicm0bic` + bm0cib`ci + bm0cibic`) + bicib`cm0 + bicibm0c`

)
=

1

2

∑
i<`

pi (bicm0b`ci + bm0cibic` − bicm0bic` − bm0cib`ci)

=
1

2

∑
i<`

pi
(
cm0b`bici + bm0c`bici − cm0c`b

2
i − bm0b`c

2
i

)
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=
1

2

∑
i<`

(
(bm0c` + b`cm0) bicipi −

(
bm0b`pic

2
i + cm0c`pib

2
i

))
,

from which the claim follows since S′ = {0, . . . , `− 1}. To see that C = 0, note that

4C

= −
∑
ji∈S′

∑
r∈S′\{ji}

(
(bm0cji + bjicm0) brcrpr −

(
bm0bjiprc

2
r + cm0cjiprb

2
r

))
(pji [b`cji + bjic`])

+
∑
i 6=j

pipj
(
bibjcicj − b2i c2

j

)
[b`cm0 + bm0c`]

=
∑
i 6=j

[
−
(
(bm0ci + bicm0) bjcjpj −

(
bm0bipjc

2
j + cm0cipjb

2
j

))
(pi [b`ci + bic`]) + pipj

(
bibjcicj − b2i c2

j

)
[b`cm0 + bm0c`]

]
=
∑
i 6=j

pipj
[
−
(
(bm0ci + bicm0) bjcj −

(
bm0bipjc

2
j + cm0cipjb

2
j

))
[b`ci + bic`] +

(
bibjcicj − b2i c2

j

)
[b`cm0 + bm0c`]

]
We will show that, for each i, j with i 6= j, the coe�cient of pipj is zero:

−
(
(bm0ci + bicm0) bjcj −

(
bm0bic

2
j + cm0cib

2
j

))
[b`ci + bic`]

+
(
bibjcicj − b2i c2

j

)
[b`cm0 + bm0c`]

−
(
(bm0cj + bjcm0) bici −

(
bm0bjc

2
i + cm0cjb

2
i

))
[b`cj + bjc`]

+
(
bibjcicj − b2jc2

i

)
[b`cm0 + bm0c`]

= b`
[
−ci

(
(bm0ci + bicm0) bjcj −

(
bm0bic

2
j + cm0cib

2
j

))
+ cm0

(
bibjcicj − b2i c2

j

)]
+ c`

[
−bi

(
(bm0ci + bicm0) bjcj −

(
bm0bic

2
j + cm0cib

2
j

))
+ bm0

(
bibjcicj − b2i c2

j

)]
+ b`

[
−cj

(
(bm0cj + bjcm0) bici −

(
bm0bjc

2
i + cm0cjb

2
i

))
+ cm0

(
bibjcicj − b2jc2

i

)]
+ c`

[
−bj

(
(bm0cj + bjcm0) bici −

(
bm0bjc

2
i + cm0cjb

2
i

))
+ bm0

(
bibjcicj − b2jc2

i

)]
= 0.

Hence C = 0.

Case 2. |R′| = 2

Case 2a. ` ∈ S′

Recall that∣∣∣MJ ′
`+1

∣∣∣ =
∑
ji∈J ′

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
=

∑
ji∈S′∪Q′

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
= (−1)i

∣∣∣MJ ′\{`}
`

∣∣∣G`` +
∑

ji∈S′\{`}

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji +
∑
ji∈Q′

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji .
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Consider r ∈ S′ \ {`}. Note as in Case 1a that

∣∣L \ (J ′ \ {r})∣∣ =
∣∣(L′ \ J ′) t {r}∣∣

= 2 + 1 = 3.

This implies
∣∣∣MJ ′\{r}

`

∣∣∣ = 0 for r ∈ S′ \ {`}, so

∣∣∣MJ ′
`+1

∣∣∣ = (−1)i
∣∣∣MJ ′\{`}

`

∣∣∣G`` +
∑
ji∈Q′

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji

Consider j ∈ Q′ ∪ {`}. Note also as in Case 1a that

∣∣L \ (J ′ \ {j})∣∣ =
∣∣L′ \ J ′∣∣

= 2.

Denote Q′ = {m0,m1} and R′ \ {`} = R′ = {n0, n1}. By (∗),

1

(−1)n0+n12|S′|−1

1

Φ

1∏
r∈J ′\S′ pr

1

Γ2

∣∣∣MJ ′\{m1}
`

∣∣∣G`m1

= p`pm0 (bn0b`cn1cm0 − bn0bm0cn1c` − bn1b`cn0cm0 + bn1bm0cn0c`) (p`pm1Γ [b`cm1 + bm1c`])

1

(−1)n0+n12|S′|−1

1

Φ

1∏
r∈J ′\S′ pr

1

Γ2

∣∣∣MJ ′\{m0}
`

∣∣∣G`m0

= p`pm1 (bn0b`cn1cm1 − bn0bm1cn1c` − bn1b`cn0cm1 + bn1bm1cn0c`) (p`pm0Γ [b`cm0 + bm0c`])

1

(−1)n0+n12|S′|−1

1

Φ

1∏
r∈J ′\S′ pr

1

Γ2

∣∣∣MJ ′\{`}
`

∣∣∣G``
= pm0pm1 (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0)

(
p2
`Γ [2b`c`] + 2p`

)
The sum of these three terms reduces to

1

(−1)n0+n12|S′|−1

1

Φ

1∏
r∈J ′\S′ pr

1

Γ2

∑
ji∈Q′∪{`}

(−1)i+`
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
= (−1)(`−2)+`p`pm0 (bn0b`cn1cm0 − bn0bm0cn1c` − bn1b`cn0cm0 + bn1bm0cn0c`) (p`pm1Γ [b`cm1 + bm1c`])

+ (−1)(`−1)+`p`pm1 (bn0b`cn1cm1 − bn0bm1cn1c` − bn1b`cn0cm1 + bn1bm1cn0c`) (p`pm0Γ [b`cm0 + bm0c`])

+ (−1)`+`pm0pm1 (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0)
(
p2
`Γ [2b`c`] + 2p`

)
= p`pm0 (bn0b`cn1cm0 − bn0bm0cn1c` − bn1b`cn0cm0 + bn1bm0cn0c`) (p`pm1Γ [b`cm1 + bm1c`])

− p`pm1 (bn0b`cn1cm1 − bn0bm1cn1c` − bn1b`cn0cm1 + bn1bm1cn0c`) (p`pm0Γ [b`cm0 + bm0c`])

+ pm0pm1 (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0)
(
p2
`Γ [2b`c`] + 2p`

)
= b`cm1 (bn0b`cn1cm0 − bn0bm0cn1c` − bn1b`cn0cm0 + bn1bm0cn0c`)

(
p2
`pm0pm1Γ

)
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− b`cm0 (bn0b`cn1cm1 − bn0bm1cn1c` − bn1b`cn0cm1 + bn1bm1cn0c`)
(
p2
`pm0pm1Γ

)
+ b`c` (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0)

(
p2
`pm0pm1Γ

)
+ bm1c` (bn0b`cn1cm0 − bn0bm0cn1c` − bn1b`cn0cm0 + bn1bm0cn0c`)

(
p2
`pm0pm1Γ

)
− bm0c` (bn0b`cn1cm1 − bn0bm1cn1c` − bn1b`cn0cm1 + bn1bm1cn0c`)

(
p2
`pm0pm1Γ

)
+ b`c` (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0)

(
p2
`pm0pm1Γ

)
+ (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0) (2p`)

= 2p` (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0) .

Hence ∣∣∣MJ ′
`

∣∣∣ =
∑

ji∈Q′∪{`}

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
= 2|S

′|−1Φ
∏

r∈J ′\S′
prΓ

2
∑

ji∈Q′∪{`}

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
= 2|S

′|p`Φ
∏

r∈J ′\S′
prΓ

2 (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0) .

Case 2b. ` ∈ R′

First consider j ∈ S′. Note as in Case 1b that

∣∣(J ′ \ {j}) \ L∣∣ =
∣∣J ′ \ L′∣∣

= 2.

Now let j ∈ Q. As in case 1b, we have

∣∣L \ (J ′ \ {j})∣∣ =
∣∣(L′ \ J ′) \ {`}∣∣

=
∣∣R′∣∣− 1

= 2− 1 = 1.

Thus∣∣∣MJ ′
`

∣∣∣ =
∑
ji∈J ′

(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
=

2|S
′|−1Φ

∏
r∈J ′\S′

pr

 ∑
ji∈J ′\Q′

(−1)i+`(−1)n0+iΓ2
(
bn0bm0cjicm1

− bn0bm1cjicm0 − bjibm0cn0cm1 + bjibm1cn0cm0

)
G′`ji

+

2|S
′|Φ

∏
r∈(J ′\S′)\m0

pr

 (−1)(`−1)+`(−1)n0+(`−1)

[
Γ (bn0cm1 + bm1cn0)
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+
1

2
Γ2
∑
r∈S′

(
(bm1cn0 + bn0cm1) brcrpr −

(
bm1bn0prc

2
r + cm1cn0prb

2
r

)) ]
G′`m0

+

2|S
′|Φ

∏
r∈(J ′\S′)\m1

pr

 (−1)`+`(−1)n0+(`−1)

[
Γ (bn0cm0 + bm0cn0)

+
1

2
Γ2
∑
r∈S′

(
(bm0cn0 + bn0cm0) brcrpr −

(
bm0bn0prc

2
r + cm0cn0prb

2
r

)) ]
G′`m1

= (−1)`+n0

2|S
′|−1Φ

∏
r∈J ′\S′

pr

 ∑
ji∈J ′\Q′

Γ2
(
bn0bm0cjicm1 − bn0bm1cjicm0

− bjibm0cn0cm1 + bjibm1cn0cm0

)
(p`pjiΓ [b`cji + bjic`])

+ (−1)`+n0

2|S
′|Φ

∏
r∈(J ′\S′)\m0

pr

[Γ (bn0cm1 + bm1cn0) +
1

2
Γ2
∑
r∈S′

(
(bm1cn0 + bn0cm1) brcrpr

−
(
bm1bn0prc

2
r + cm1cn0prb

2
r

) )]
(p`pm0Γ [b`cm0 + bm0c`])

− (−1)`+n0

2|S
′|Φ

∏
r∈(J ′\S′)\m1

pr

[Γ (bn0cm0 + bm0cn0) +
1

2
Γ2
∑
r∈S′

(
(bm0cn0 + bn0cm0) brcrpr

−
(
bm0bn0prc

2
r + cm0cn0prb

2
r

) )]
(p`pm1Γ [b`cm1 + bm1c`])

= AΓ3 + (−1)`+n02|S
′|p`Φ

∏
r∈J ′\S′

prBΓ2

First we will show that B = bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0 :

B = (bn0cm1 + bm1cn0) [b`cm0 + bm0c`]− (bn0cm0 + bm0cn0) [b`cm1 + bm1c`]

= (bn0cm1b`cm0 + bn0cm1bm0c` + bm1cn0b`cm0 + bm1cn0bm0c`)

− (bn0cm0b`cm1 + bn0cm0bm1c` + bm0cn0b`cm1 + bm0cn0bm1c`)

= bn0bm0c`cm1 − bn0bm1c`cm0 − b`bm0cn0cm1 + b`bm1cn0cm0

Now we will show that A = 0:

1

2|S′|−1p`Φ
∏
r∈Q′ pr

A =
∑
r∈S′

(bn0bm0crcm1 − bn0bm1crcm0 − brbm0cn0cm1 + brbm1cn0cm0) [b`cr + brc`]

−
∑
r∈S′

(
(bm1cn0 + bn0cm1) brcr −

(
bm1bn0c

2
r + cm1cn0b

2
r

))
[b`cm0 + bm0c`]

+
∑
r∈S′

(
(bm0cn0 + bn0cm0) brcr −

(
bm0bn0c

2
r + cm0cn0b

2
r

))
[b`cm1 + bm1c`]

It su�ces to show that each term is zero. Indeed for every r we have

(bn0bm0crcm1 − bn0bm1crcm0 − brbm0cn0cm1 + brbm1cn0cm0) [b`cr + brc`]
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−
(
(bm1cn0 + bn0cm1) brcr −

(
bm1bn0c

2
r + cm1cn0b

2
r

))
[b`cm0 + bm0c`]

+
(
(bm0cn0 + bn0cm0) brcr −

(
bm0bn0c

2
r + cm0cn0b

2
r

))
[b`cm1 + bm1c`]

= (bn0bm0crcm1 − bn0bm1crcm0 − brbm0cn0cm1 + brbm1cn0cm0) [b`cr]

+ (bn0bm0crcm1 − bn0bm1crcm0 − brbm0cn0cm1 + brbm1cn0cm0) [brc`]

− (bm1cn0 + bn0cm1) brcr [b`cm0 + bm0c`]

+
(
bm1bn0c

2
r + cm1cn0b

2
r

)
[b`cm0 + bm0c`]

+ (bm0cn0 + bn0cm0) brcr [b`cm1 + bm1c`]

−
(
bm0bn0c

2
r + cm0cn0b

2
r

)
[b`cm1 + bm1c`]

= c2
r

(
bn0bm0cm1b` − bn0bm1cm0b` + bm1bn0

[
b`cm0 + bm0c`

]
− bm0bn0

[
b`cm1 + bm1c`

])
+ b2r

(
−bm0cn0cm1c` + bm1cn0cm0c` + cm1cn0

[
b`cm0 + bm0c`

]
− cm0cn0

[
b`cm1 + bm1c`

])
+ brcr

(
− bm0cn0cm1b` + bm1cn0cm0b` + bn0bm0cm1c` − bn0bm1cm0c`

−
(
bm1cn0 + bn0cm1

) [
b`cm0 + bm0c`

]
+
(
bm0cn0 + bn0cm0

) [
b`cm1 + bm1c`

])
= 0.

Case 3. |R′| = 3

Case 3a. ` ∈ S′

For any j ∈ J ′, we have

L \
(
J ′ \ {j}

)
= L \

(
J ′ ∩ {j}C

)
= L ∩

(
J ′ ∩ {j}C

)C
= L ∩

((
J ′
)C t {j})

=
(
L ∩

(
J ′
)C) t (L ∩ {j})

Since ` ∈ S′ ⊆ J ′, we have L \ J ′ = L′ \ J ′ and hence

∣∣L \ (J ′ \ {j})∣∣ ≥ ∣∣∣L ∩ (J ′)C∣∣∣
=
∣∣L \ J ′∣∣

=
∣∣L′ \ J ′∣∣

= 3.

By (∗), this implies
∣∣∣MJ ′\{j}

`

∣∣∣ = 0 for every j ∈ J ′ and hence
∣∣∣MJ ′

`+1

∣∣∣ = 0.
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Case 3b. ` ∈ R′

First consider j ∈ S′. Note that l ∈ R′ implies ` 6∈ J ′. Since j ∈ S′ ⊆ L, we have

(
J ′ \ {j}

)
\ L = J ′ \ ({j} ∪ L)

= J ′ \ L

= (J ′ \ {`}) \ L

= J ′ \ ({`} ∪ L)

= J ′ \ L′

= 3.

This implies
∣∣∣MJ ′\{j}

`

∣∣∣ = 0 for j ∈ S′. Hence
∣∣∣MJ ′

`+1

∣∣∣ =
∑

ji∈Q′(−1)i
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji .
Now let j ∈ Q′. As in case 1b, we have

∣∣L \ (J ′ \ {j})∣∣ =
∣∣(L′ \ J ′) \ {`}∣∣

=
∣∣R′∣∣− 1

= 3− 1 = 2.

Denote R′ \ {`} = {n0, n1} and Q′ = {m0,m1,m2} with n0 < n1 and m0 < m1 < m2. By (∗), we have

1

2|S|
1

Φ

1∏
r∈S′ pr

1

Γ2

∣∣∣MJ ′\{m0}
`

∣∣∣G`m0

= pm1pm2 (bn0bm1cn1cm2 − bn0bm2cn1cm1 − bn1bm1cn0bm2 + bn1bm2cn0cm1) (p`pm0Γ [b`cm0 + bm0c`])

1

2|S|
1

Φ

1∏
r∈S′ pr

1

Γ2

∣∣∣MJ ′\{m1}
`

∣∣∣G`m1

= pm0pm2 (bn0bm0cn1cm2 − bn0bm2cn1cm0 − bn1bm0cn0bm2 + bn1bm2cn0cm0) (p`pm1Γ [b`cm1 + bm1c`])

1

2|S|
1

Φ

1∏
r∈S′ pr

1

Γ2

∣∣∣MJ ′\{m2}
`

∣∣∣G`m2

= pm0pm1 (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0bm1 + bn1bm1cn0cm0) (p`pm2Γ [b`cm2 + bm2c`])

Thus

1

pm0pm1pm2

1

2|S′|
1

Φ

1∏
r∈S′ pr

1

Γ2

∑
ji∈Q

(−1)i+`
∣∣∣MJ ′\{ji}

`

∣∣∣G`ji
= (bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0) (b`cm2 + bm2c`)

− (bn0bm0cn1cm2 − bn0bm2cn1cm0 − bn1bm0cn0cm2 + bn1bm2cn0cm0) (b`cm1 + bm1c`)

+ (bn0bm1cn1cm2 − bn0bm2cn1cm1 − bn1bm1cn0cm2 + bn1bm2cn0cm1) (b`cm0 + bm0c`)

= b`cm2(bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0)

− b`cm1(bn0bm0cn1cm2 − bn0bm2cn1cm0 − bn1bm0cn0cm2 + bn1bm2cn0cm0)
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+ b`cm0(bn0bm1cn1cm2 − bn0bm2cn1cm1 − bn1bm1cn0cm2 + bn1bm2cn0cm1)

+ bm2c`(bn0bm0cn1cm1 − bn0bm1cn1cm0 − bn1bm0cn0cm1 + bn1bm1cn0cm0)

− bm1c`(bn0bm0cn1cm2 − bn0bm2cn1cm0 − bn1bm0cn0cm2 + bn1bm2cn0cm0)

+ bm0c`(bn0bm1cn1cm2 − bn0bm2cn1cm1 − bn1bm1cn0cm2 + bn1bm2cn0cm1)

= 0,

so
∣∣∣MJ ′

`+1

∣∣∣ = 0.

Case 4. |R′| > 3

In this case, |R′| = |L′ \ J ′| =
∣∣L′ ∩ (J ′)C

∣∣ ≥ 4. Since

L \ (J ′ \ {j}) = L \ (J ′ ∩ {j}C)

= L ∩ (J ′ ∩ {j}C)C

= L ∩ ((J ′)C ∪ {j})

=
(
L ∩ (J ′)C

)
∪ (L ∩ {j}) ,

we have

∣∣L \ (J ′ \ {j})
∣∣ ≥ ∣∣(L ∩ (J ′)C

)∣∣
≥
∣∣L′ ∩ (J ′)C

∣∣− 1

≥ 4− 1 = 3.

By (∗), this implies
∣∣∣MJ ′\{j}

`

∣∣∣ = 0 for every j ∈ J ′, and hence
∣∣∣MJ ′

`+1

∣∣∣ = 0.

Lemma 3

Proof. First we will consider the case of discrimination on in-degree. The case of discrimination on
out-degree is identical. Using the determinant formula given in Lemma 2, it su�ces to show that
Γ2
∑

i<j

(
pipj [bjci − bicj ]2

)
< 4 + 4Γ

∑
i (bipici). Recall from the proof of Lemma 1 that pi = P (i), bi = i,

ci = C(i), and Γ = 1
1−γk̄ . Since γkmax < 1

2 by assumption, we have γk̄ < 1
2 . This implies 1− γk̄ > 1

2 and hence
1

1−γk̄ < 2, so

Γ = γ · 1

1− γk̄
<

1

2kmax
· 2 =

1

kmax
.

Recall that for any random variable X , we have E[X2] =
∑
x2p(x) ≤ xmax

∑
xp(x) = xmaxE(X). Thus∑

i<j

(
pipj [bjci − bicj ]2

)
=
∑
i<j

(
pipj

∣∣i2c2
j − 2ijcicj + j2c2

i

∣∣)
=
∑
i

∑
j 6=i

(
pipj

∣∣i2c2
j − ijcicj

∣∣)
≤
∑
i

∑
j

(
pipj

∣∣i2c2
j − ijcicj

∣∣)
19



≤
∑
i

∑
j

∣∣pipji2c2
j

∣∣+
∑
i

∑
j

|pipjijcicj |

≤

(∑
i

i2pi

)∑
j

pjc
2
j

+

(∑
i

piici

)2

= E
[
k2
]
E

( l̂(k)

k̂

)2
+ (kmax)2

(∑
i

pici

)2

=
E
[
k2
](

k̂
)2 E

[(
l̂(k)

)2
]

+ (kmax)2 (E[c])2

=
E
[
k2
]

k̂

E

[(
l̂(k)

)2
]

k̂
+ (kmax)2

=
E
[
k2
]

k̂

E

[(
l̂(k)

)2
]

E
[
l̂(k)

] + (kmax)2

≤ 2 (kmax)2 .

Since 0 < Γ < 1
kmax , we have

Γ2
∑
i<j

[
pipj(bjci − bicj)2

]
<

(
1

kmax

)2∑
i<j

[
pipj(bjci − bicj)2

]
< 2

< 4 + 4Γ
∑
i

(bipici)

as claimed. Now we will consider the case of discrimination on in- and out-degrees. Again by Lemma 2 it su�ces
to show that Γ2

∑
iCj

(
pipj [bjci − bicj ]2

)
< 4 + 4Γ

∑
i (bipici). As before, we have 1

1−γk̄ < 2. This implies

Γ = γ · 1

1− γk̄
1

k̂
<

1

2kmax
· 2 · 1

k̂
=

1

kmaxk̂
.

Recall that k̂ =
∑

(i1,i2) i1q(i1, i2), l̂ =
∑

(i1,i2) i2q(i1, i2), and l̂ = k̂ (due to consistency). Note that

(i1j2 − i2j1)2 ≤ i21j2
2 + i22j

2
1 < i1j2 (kmax)2 + i2j1 (kmax)2 ,

Using the parameters pi = q(i) = q(i1, i2), bi = i2, ci = i1, and Γ = γ
1−γk̄

1
k̂

obtained in the proof of Lemma 1, we
have ∑

iCj

(
q(i)q(j) [i1j2 − i2j1]2

)
<
∑
iCj

(
q(i)q(j) (kmax)2 (i1j2 + j1i2)

)
< (kmax)2

∑
i,j

i1j2q(i)q(j)
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= (kmax)2

∑
(i1,i2)

i1q(i)

 ∑
(j1,j2)

j2q(j)


= (kmax)2 k̂l̂

= (kmax)2
(
k̂
)2
.

Since 0 < Γ < 1
kmaxk̂

, we have

Γ2
∑
iCj

(
q(i)q(j) [i1j2 − i2j1]2

)
<

4(
kmaxk̂

)2

∑
iCj

(
q(i)q(j) [i1j2 − i2j1]2

)
< 4

< 4 + 4Γ
∑
i

(i1i2q(i)) .

This shows that detH > 0 (where the size of the matrixK is arbitrary). Note that the K̃×K̃ upper-left sub-matrix
of H is de�ned exactly by the same formula as H. Then, since the result holds for the sub-matrix of any size K̃ ,
we conclude thatH is positive de�nite.

21


