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Defining the Fresnel zone for broadband radiation
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The concept of the Fresnel zone is central to many areas of imaging. In tomographic imaging, the transverse
spatial resolution can be limited by the size of the first Fresnel zone, usually defined only for monochromatic
radiation. With the increasing prevalence of broadband tomographic imaging systems, a generalization of this
concept is required. Here, a proposed generalization is described in the context of femtosecond optics, and
experimentally verified using terahertz time-domain spectroscopy. Based on this definition, a simple zone plate
design is demonstrated.
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The concept of the Fresnel zone is a central one in w
propagation. The zone construction was first proposed
Fresnel in 1818, in an attempt to explain diffraction pheno
ena using Huygen’s principle@1#. Although many authors
have subsequently formulated equivalent descriptions,
ongoing importance of the notion of a Fresnel zone is b
illustrated by the following scenario. Consider a spheri
wave incident on a reflecting circular target. Each elemen
the target’s surface generates a reflected spherical wave
net disturbance at the location of a detector consists of
coherent sum of all these reflected waves. As a specific
ample, assume that the locations of the emitter and dete
are the same@Fig. 1~a!#. If the two-way path differenceDL
52(r2z) is less thanl/2, then all the reflected waves con
structively interfere. On the other hand, waves originat
from the annular region for whichl/2,DL,l contribute to
the detected signal with opposite sign, resulting in par
destructive interference. Successively larger annular reg
contribute with alternating signs, resulting in a well-defin
progression of reflecting zones@1#. The first Fresnel zone is
traditionally defined as the largest reflecting disk for whi
all reflected waves reach the detector with phase shiftsDf
<p. From the geometry of Fig. 1, this implies that the r
dius of this first zone is given by

r F5
l

4
A11~8z/l!'Azl/2. ~1!

where the approximate form assumes thatz@l.
This analysis has one of its most important implications

the context of imaging. In a tomographic imaging system
which an incident~e.g., spherical! wave is reflected from a
target and then detected at numerous locations, the ta
must be at least as large as the first Fresnel zone of
incident wave in order to be resolved. This concept has b
discussed extensively in the context of acoustic imaging,
ticularly for the case of geophysical seismic imaging@2–6#,
and also in other situations such as ultrasonic imaging@7#
and helioseismology@8#. These considerations also apply
other types of wave propagation phenomena, including s
diverse areas as millimeter-wave and submillimeter-w
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optical imaging @9–11#, microwave communications@12#,
holography@13#, and atom optics@14#.

In many of these examples, the relevant propagating fie
are broadband in nature. This immediately leads to a d
culty, since the traditional description of the Fresnel zo
@e.g., Eq.~1!# applies to monochromatic fields, and is n
readily generalized to the case of broadband radiation. S
eral generalizations of the definition of the Fresnel zone h
been proposed by researchers in the seismic imaging c
munity @15,16#. The optical analog, in which plane or sphe
cal waves are incident on either a circular reflector or a
cular hole in a reflecting screen, has been studied in g
detail by numerous authors, but only for the case of mo
chromatic radiation@17#. To our knowledge, the extension t
the broadband case has not been discussed at all for ele
magnetic waves. Even in the case of acoustic waves, no
trolled experimental studies have been reported. Here,
provide a simple generalization for the case of broadb
optical pulses, which is analogous to the proposal for seis
waves advanced by Bru¨hl, Vermeer, and Kiehn@16#. We em-
ploy terahertz time-domain spectroscopy to obtain exp
mental results for comparisons with this theory. Althou
formulated in the context of femtosecond optics, these res
are quite general, and are applicable to any tomographic
aging problem that relies on broadband fields.

For an arbitrary spherical waveE(t) emitted towards a
circular reflector~see Fig. 1!, the reflected field at the posi
tion of the emitter can be determined using the Kirchh
diffraction integral. This field consists of two replicas of th
input wavelet, one from the center of the reflector and
other, scaled and inverted, from its edge:

FIG. 1. Schematics of~a! the reflection and~b! the transmission
geometries relevant to the discussions in the text.
©2002 The American Physical Society02-1
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Edet~ t !}E~ t2T0!2
z2

r2 E~ t2T!, ~2!

where T0 is the two-way travel time to the center of th
reflector andT is the two-way travel time to the edge@18#. If
the emitted field is a Gaussian pulse, so thatE(t)
}exp(2t2/tw

2)exp(ivt), then the total energy reaching the r
ceiver,S5* uEdet(t)u2dt, is given by

S}11
z4

r42
2z2

r2 e2t2/2tw
2

cosvt. ~3!

Here, t5T2T052(r2z)/c is the temporal separation be
tween the two reflected wavelets. For small reflector ra
this function increases in proportion to the reflector area
expected. For larger radii, the total energy reaches a m
mum and then oscillates as the reflector size increases
oscillations decrease in amplitude and then disappear a
two pulses in Eq.~2! become temporally separated. The
alternating maxima and minima correspond to construc
and destructive interference, reflecting the addition of c
secutive Fresnel zones to the reflector. It is fairly straightf
ward to demonstrate that the same result is obtained if
pulses are chirped, or indeed even if incoherent radiatio
employed. The energy reaching the detector does not de
on the temporal phase of the input wavelet, but only on
spectral bandwidth.

As noted by several authors, it is clear that, for su
ciently short pulses~relative to 1/v!, the oscillatory structure
vanishes, and only a single maximum remains@3,16#. In this
situation, only the first Fresnel zone can be defined, and
higher zones become meaningless. In essence, the
length differenceDL is less than the coherence length of t
light for only the first Fresnel zone, so only the radiati
diffracted from the first zone boundary gives rise to constr
tive interference. The size of the first Fresnel zone m
therefore be defined as the radius of the reflector for wh
the maximum energy reaches the detector. This quantit
well defined even for single- or half-cycle pulses. Further
is a more reasonable choice than others proposed@4,15#,
since it reduces to the correct limit@Eq. ~1!# for narrowband
radiation. Indeed, although no closed-form solution can
obtained from Eq.~3! for the size of the first Fresnel zone
numerical analysis demonstrates that it depends only we
on the spectral bandwidth, and furthermore that it varies
proximately as the square root of the mean wavelength
expected.

Although the problem of optical diffraction through a ci
cular aperture has been considered by many authors, sta
with Rayleigh in 1897@17#, we are not aware of any explic
experimental observation that illustrates the two distinct te
poral wavelets described by Eq.~2!. This is, in part, a con-
sequence of the fact that the vast majority of the researc
diffraction theory has considered only monochromatic fiel
In light of the above discussion, which clarifies the distin
tions between the monochromatic and broadband situati
an experimental demonstration of this phenomenon prov
a useful illustration. In order to directly verify Eq.~2!, we
employ terahertz time-domain spectroscopy, which perm
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direct measurement of the diffracted electric field with hi
temporal resolution. This system produces single-cycle e
tromagnetic pulses, with spectral content spanning the ra
of wavelengths from 300mm to 3 mm. We use the diffraction
geometry shown in Fig. 1~b!; using Babinet’s principle, it is
clear that the measured fields are identical to those
would be measured in the reflection geometry@Fig. 1~a!#.
The terahertz spectrometer is similar to the one descri
previously @10,19#. The emitter and receiver both emplo
aplanatic hyperhemispherical substrate lenses, which
duce a beam that approximates a spherical wave, at l
within a ;15° cone~half-angle! around the optic axis@19#.
The emitter and receiver are positioned 456 mm apart, an
thin metal diaphragm positioned half way between is used
a variable aperture.

Figure 2 shows the measured terahertz wave forms
function of the aperture radius. The edge-diffracted pu
moving to larger delay with increasing aperture size,
clearly visible. Figure 3 shows the total received energy a
function of aperture radius. The solid line represents a co
putation of * uEdet(t)u2dt using an experimental referenc
pulse~measured with no aperture! as the wavelet in Eq.~2!.
The radius of the Fresnel zone, as indicated by the loca
of the peak signal, agrees well with the predicted value. T
vertical arrow indicates the location of the maximum pr
dicted by Eq.~1! with l replaced by^l&50.95 mm, the
mean wavelength. Simply using the mean pulse wavelen
overestimates the size of the Fresnel zone by;8% in this
case. For large aperture radii, the integrated signal is so
what smaller than that predicted by Eq.~2!, probably because
of the loss of higher frequency components of the wave
due to slight misalignment of the detector antenna or of
aperture.

We can use this understanding of the nature of the Fre
zone to design new optical components suitable for bro
band radiation. For example, since a propagating wave f
consisting of a single-cycle pulse contains only one Fres
zone, a zone plate is easily fabricated since one need
consider the first zone. The advantages of zone plates

FIG. 2. A series of terahertz wave forms transmitted throug
planar circular aperture. These are plotted in arbitrary units;
vertical axis indexes the radius of the aperture for each wave fo
The offset wave form at the bottom of the figure is a referen
measured with no aperture in the beam path.
2-2
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DEFINING THE FRESNEL ZONE FOR BROADBAND RADIATION PHYSICAL REVIEW E66, 056602 ~2002!
conventional lenses are numerous and well documented,
the fabrication of such optical components for far infrar
and millimeter-wave applications is an active area of
search@11,20#. We create a Fresnel lens by milling a circul
depression at the center of a thin polyethylene plate.
radius of this depression, the Fresnel zone radius, is ch
to be 9.525 mm~3/8 in.! for convenience of machining. Thi
choice, along with the value of^l&, fixes the transmitter-to-
lens distance according to Eq.~1!, z5191 mm. The depth of
the depression, 0.904 mm, is chosen to provide ap phase
shift for the wave front traveling through this milled regio

The focusing action of this simple lens is illustrated
Fig. 4. This shows two wave forms, one measured with
single-zone Fresnel lens in the beam and the other wi
polyethylene flat in the beam. In both cases, the transmitte
located, as in Fig. 1~b!, 191 mm from the lens. In this con
figuration, the lens images the transmitter onto the recei
which is situated at the primary focal point. The energy
the focused terahertz field~solid curve! is more than twice
that of the unfocused expanding spherical wave~dashed
curve!.

We also characterize the beam focus by translating
receiver through the focus, along a line perpendicular to
propagation direction. In a one-to-one imaging configurat
of this sort, the focal spot size is expected to be equal to
effective size of the transmitter. The measured focal s
profile should therefore be approximately Gaussian, wit
width given by the convolution of the transmitter and r
ceiver apertures. Figure 4~lower inset! shows the total en-
ergy in the measured wavelets, as a function of posit
across the focal spot. The solid line is a Gaussian, with w
determined by the appropriate convolution. The excell
agreement between the measured and predicted focal
sizes demonstrates that the focus is diffraction limited. T
open circles show the equivalent result when the lens
been replaced with the featureless polyethylene flat, indi

FIG. 3. The total energy reaching the detector as a function
aperture radius. The open squares represent the data from F
The solid curve shows the result computed from the reference w
form ~bottom of Fig. 2! using Eq.~2!. The arrow shows the location
of the first Fresnel zone predicted by Eq.~1! using the spectrum-
weighted mean wavelength.
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ing the relatively weak dependence on position for the un
cused beam.

Finally, we scan the receiver along the optic axis throu
the focal spot, both with the lens and with the flat, to obse
the longitudinal focusing. The upper inset in Fig. 4 shows
difference in total energy between the two cases as a func
of the transmitter-to-receiver distance. These data extend
distance of 433 mm limited by the length of our optical del
line. The solid curve is a Gaussian fit to these data, show
a clear maximum at the location of the focus. The width
this Gaussian is a measure of the Rayleigh range of the
cusing beam, which can also be computed independe
from the measured beam waist. From the transverse s
~lower inset!, we extract a waist ofw57.8 mm. Then, the
Rayleigh range can be computed according topw2/2^l&.
This gives a value of 9.5 mm, quite similar to the value
9.3 mm extracted from the longitudinal scan~upper inset!.

In conclusion, we describe an extension of the Fres
zone concept for broadband radiation. This has import
implications for tomographic imaging applications, whe
the longitudinal~depth! resolution is determined by the co
herence length of the radiated field. A short coherence len
valuable for improved depth resolution, necessarily leads
some difficulty in defining the transverse resolution. In ad

f
. 2.
ve

FIG. 4. The solid curve shows the wave form measured at
focus of a single-zone Fresnel lens as described in the text.
smaller dashed curve shows the wave form measured at the
location, when the lens is replaced by a polyethylene flat of equ
lent thickness. The lower inset shows the energy in the beam
function of transverse position, both with~solid squares! and with-
out ~open circles! the lens. The solid curve through the squares i
Gaussian with a width determined by convolving two Gauss
functions representing the transmitter and receiver apertures.
correspondence between this curve and the data indicates tha
focus is diffraction limited, with a beam waist of 7.8 mm. The upp
inset shows the results of a longitudinal scan, along the beam pr
gation direction. Plotted is the difference in the total energy
tween the beam propagating through the lens and through an op
flat. The peak demonstrates the longitudinal focus. The width of
focus is extracted using a Gaussian fit~solid curve!, resulting in a
Rayleigh range of 9.3 mm.
2-3
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tion to addressing this issue, we also propose and dem
strate a design for a Fresnel lens optimized for broadb
fields. This exceedingly simple design could prove valua
in infrared and microwave imaging applications. Based
E

r

D.

05660
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d
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the above discussion, adding additional zones to the
should not provide substantial improvement in the spatiote
poral focusing of these broadband pulses, unless a m
complicated lens design is employed@11#.
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