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Out-of-plane dispersion and homogenization in photonic crystal slabs
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We report a measurement of out-of-plane dispersion in two-dimensional photonic crystal slabs.
Using terahertz time-domain spectroscopy, we obtain the complex transmission coefficient over a
broad spectrum, ranging from the long wavelength �homogeneous� limit up to beyond the first few
guided resonances. Despite the absence of a band gap, the out-of-plane dispersion is significant and
in addition exhibits a complicated spectral dependence. Calculations of the effective refractive index
which assume translational invariance in the direction perpendicular to the slab are in only
approximate agreement with the measured homogeneous effective index and dispersion. In contrast,
numerical simulations which accurately account for the finite slab thickness give much more
accurate predictions. © 2005 American Institute of Physics. �DOI: 10.1063/1.2131195�
The propagation of electromagnetic waves in periodic
dielectric structures has become an important area of re-
search. In particular, photonic crystal slabs, with periodicity
in two dimensions and finite thickness in the third dimen-
sion, are of special interest.1 In the plane of the periodicity,
such structures can exhibit a complete photonic band gap,
which can be exploited for a variety of applications.2 Re-
cently the propagation of light along the direction perpen-
dicular to the plane of periodicity has also attracted much
attention. Consideration of out-of-plane propagation is rel-
evant in the coupling between guided and lossy or defect
modes.3–7 In addition, guided resonances, which couple to
freely propagating out-of-plane modes, have recently been
the subject of intense study.8,9 Such resonances may be used
as the basis for novel mirrors or filters10–12 or as sensitive
displacement sensors.13 Despite the significance of the out-
of-plane propagation, only a few studies have reported ex-
perimental measurements of transmission or reflection
spectra,3,4,7,12,14,15 and we are aware of no reports of spectral
phase measurements. Theories based on plane wave expan-
sion methods have been used to predict the effective refrac-
tive index perpendicular to the plane,16,17 but experimental
confirmation of these predictions is lacking.

Here, we describe measurements of the complex trans-
mission coefficient perpendicular to a photonic crystal slab.
Our data span the spectral range from the homogeneous
�long wavelength� limit to beyond the first few guided reso-
nances. We find that predictions of the phase of the transmit-
ted radiation, computed using plane wave expansion
methods,16,17 provide only a qualitative description of the
homogeneous limit and the low-frequency dispersion. In
contrast, numerical simulations which accurately account for
the finite thickness of the slab18 give better agreement with
the measurements. These experimental results emphasize the
difficulties in using plane wave methods to describe propa-
gation perpendicular to the slab.

For broadband characterization of photonic crystals, we
employ terahertz �THz� time-domain spectroscopy to deter-
mine both the transmission amplitude and phase over a wide
spectral range.19–24 Because of the low frequency of the ra-
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diation �100–1000 GHz�, photonic crystals can be fabricated
which are nearly perfect on the scale of the wavelength, with
essentially zero positional or size disorder and negligible in-
terface roughness. We have used deep reactive ion etching to
form an array of circular air holes, penetrating all the way
through a 305-�m-thick high-resistivity ��10 k� cm� sili-
con wafer.23–25 This material exhibits extremely low absorp-
tion and a frequency-independent refractive index of nSi
=3.418 throughout the THz range.26 The holes, with diam-
eters of 360 �m, are arranged on a hexagonal lattice with
spacing a=400 �m. The in-plane band structure of this
sample, computed using a plane wave expansion method,16

may be found in Ref. 24. To obtain the transmission coeffi-
cient for propagation perpendicular to the plane of the slab,
we compare the transmitted THz pulse with the sample in the
collimated THz beam to that measured with no sample in the
beam path.

A typical set of results is shown in Fig. 1. Figure 1�a�
shows the transmission amplitude, which exhibits Fabry-
Pérot oscillations at low frequency and shows evidence of
three guided resonances at higher frequency.8 The solid
curve is the result of a simulation using the finite element
method �FEM�, which reproduces all of these features. Fig-
ure 1�b� shows the transmitted phase measured relative to
that of no sample in the beam path, ��=�slab−�air. The
phase exhibits a marked nonlinearity, and also shows abrupt
jumps due to the guided resonances. Here, the solid curve is
the result of a finite-difference time-domain �FDTD�
simulation.

As a comparison, we also show the transmission ampli-
tude and relative phase for in-plane propagation, along the
�� direction �two insets in Fig. 1�. Because the thickness of
the slab is less than the longest free-space wavelength of our
THz pulse, we perform these measurements in a waveguide
geometry, with the photonic crystal slab placed inside a par-
allel plate copper waveguide. Since the lowest-order
E-polarized �TM� mode of this waveguide exhibits no cutoff
wavelength, all of the measured dispersion can be attributed
to the effects of the photonic crystal.27 This geometry has
proven to be a powerful tool for broadband waveguide THz
spectroscopy.23,24,28 We observe that �� is nearly linear up to
a frequency close to that of the lower edge of the first �par-

tial� photonic band gap, a result which is consistent with
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previous in-plane dispersion measurements on similar
samples.29–31

The out-of-plane data of Fig. 1 were obtained with the
input polarization oriented along the �� axis of the hexago-
nal lattice. However, as expected,17 we observe no polariza-
tion dependence. Crystals with threefold rotational symmetry
�such as ours� are uniaxial in the homogeneous limit, pos-
sessing only two distinct effective dielectric constants, one
for in-plane and one for out-of-plane propagation.

We can obtain these two frequency-dependent effective
parameters from the data of Fig. 1�b� �and inset�. However,
the oscillatory structure at low frequencies in Fig. 1�a� high-
lights the need for care in processing the out-of-plane data.
These Fabry-Pérot fringes cannot be removed by a simple
windowing procedure in the time domain, because the
sample is too thin. Instead, we obtain the effective refractive
index using a numerical error minimization procedure de-
scribed previously.32 In our case, because the attenuation
�due to guided resonances� is relatively small below
�0.5 THz, this procedure leads to only a small modification,
but still effectively eliminates Fabry-Pérot effects from the
extracted index. We note that this procedure is not required
to obtain neff��� for in-plane propagation, since in that case
the sample is thick enough �20 periods� that the Fabry-Pérot
effects can be removed by time-domain filtering.

Figure 2 shows the effective refractive index for out-of-
plane propagation, obtained from �����; the inset shows the
result for in-plane propagation. We find that the effective
in-plane index is equal to the square root of the volume-
weighted average dielectric constant, precisely the result pre-
dicted by homogenization theory.17 Deviations from this
value occur only for �a /2	c�0.23, as the frequency ap-
proaches the lower edge of the band gap. Despite the absence
of a band gap for propagation perpendicular to the slab, the
effective out-of-plane index nevertheless also exhibits large
dispersion in the frequency range below the first guided reso-
nance. Moreover, the frequency dependence is not simply a
smooth increase �as in the case of the in-plane effective in-

dex�. Finally, the measured low-frequency limiting value,
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nmeas=1.73±0.07, is notably larger than the calculated homo-
geneous limit of nhom=1.6448.

In Fig. 2, we also show computations of both the homo-
geneous limit �dashed line� and the dispersion �dotted curve�,
obtained using analytic theories based on plane wave expan-
sion of the spatially varying dielectric.1,16,17,33 Such theories
rely on the assumption of translational invariance along the
direction perpendicular to the slab; in other words, the finite
thickness of the slab is not considered. As a result, the agree-
ment with experiment is only qualitative.18 In contrast, a
FDTD simulation �solid curve�, which includes a realistic
representation of the sample, accurately reproduces both the

FIG. 1. �a� Power transmission coefficient and �b� rela-
tive phase �� for transmission perpendicular to the
photonic crystal slab. The phase is measured relative to
the case of no sample in the THz beam path. In �a�, the
solid line is the result of a FEM simulation, while in
�b�, the solid line is a FDTD simulation. Both simula-
tions account for the finite thickness of the sample
along the propagation direction, and both reproduce the
frequency-dependent features of the data. The two in-
sets show the transmission and relative phase for in-
plane propagation �TM polarization�, along the �� di-
rection. The vertical dashed lines indicate the edges of
the first �partial� photonic band gap. The slanted dashed
line in �b� is a guide to the eye to indicate the linearity
�and the zero intercept� of the in-plane phase at low
frequencies.

FIG. 2. Effective refractive index vs frequency, for propagation normal to
the plane of the photonic crystal slab, for the frequency range below the first
guided resonance. The horizontal dashed line indicates the predicted homo-
geneous limit of nhom=1.6448, which is smaller than the measured low-
frequency value of nmeas=1.73±0.07. The dotted curve shows the dispersion
predicted by a band structure calculation for out-of-plane propagation, based
on a plane wave method �see Ref. 16�. The solid curve is the FDTD simu-
lation from Fig. 1. In the inset, the equivalent result is displayed for propa-
gation in the plane of the slab. In contrast to the out-of-plane result, the
predicted homogeneous value of nhom=1.9585 �horizontal dashed line� is
precisely consistent with the measurement at low frequencies, nmeas

=1.958±0.011. Deviations are observed only as the frequency approaches

that of the band gap �vertical dashed lines�.
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frequency-dependent dispersion and the low-frequency limit
of the out-of-plane effective index.

In conclusion, we have described an experimental mea-
surement of the out-of-plane dispersion and homogenization
of photonic crystal slabs and found notable discrepancies
with existing theoretical treatments. Because numerical
simulations �which account for the finite thickness of the
slab� give better agreement with measurements, the discrep-
ancies would seem to be a consequence of the lack of trans-
lational symmetry along the propagation direction, which is
not considered in many theoretical treatments. This high-
lights the unique challenge of describing propagation perpen-
dicular to the slab, even in the long wavelength limit. This
configuration is not particularly amenable to homogeniza-
tion, because the wave does not sample a large number of
unit cells.17 For the case of a slab of finite thickness, this
difficulty is not limited strictly to normal incidence
propagation—indeed, for all incident angles 
�
0, the
propagating wave samples less than one unit cell before ex-
iting the medium. Here, 
0 is a critical angle determined by
the effective index and the ratio of the slab thickness to the
lattice period. For the sample described here �nhom

�1.73,d /a=0.763�, we find sin 
0�1, which implies that
no out-of-plane incident wave, arriving from any external
angle, samples the homogeneous infinite-slab limit. For slabs
of finite thickness, a more sophisticated theoretical treatment
is required to accurately describe the out-of-plane dispersion
and homogenization.

This work has been supported in part by the National
Science Foundation.
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