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Optical properties of planar colloidal crystals: Dynamical diffraction
and the scalar wave approximation
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We present a quantitative comparison between two analytic theories for the propagation of
electromagnetic waves in periodic dielectric structures. These theories have both been used
extensively in the modeling of optical spectra of colloidal crystals exhibiting photonic band gap
behavior. We demonstrate that dynamical diffraction theory is equivalent to the scalar wave
approximation, in the limit of small dielectric contrast. This equivalence allows us to place
quantitative limits on the validity of dynamical diffraction, relative to the predictions of the more
accurate scalar wave theory. We also note that dynamical diffraction is often applied with boundary
conditions which neglect the strong interference between the incident and diffracted waves within
the periodic medium. These boundary conditions lead to expressions for the transmission spectrum
which cannot be generalized to the case of normal-incidence propagation. We provide a corrected
form for these expressions, and use them in comparisons with experimental spectra. Excellent
agreement between theory and experiment is obtained for the widths of optical stop bands, for both
positive and negative values of the dielectric contrast. These are among the first quantitative
comparisons between theoretical and experimental optical spectra of colloidal photonic crystals.
© 1999 American Institute of Physics.@S0021-9606~99!70725-7#
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I. INTRODUCTION

There has been a great deal of recent interest in sys
which exhibit periodic dielectric properties. In such mate
als, strong diffraction effects can inhibit the propagation
electromagnetic waves of certain frequencies. With appro
ate three-dimensional symmetry and sufficiently large spa
modulation of the dielectric, such systems can manifest a
photonic band gap; that is, a spectral range over wh
propagation is inhibited regardless of the propagation dir
tion within the periodic medium. Since the early work
Yablonovitch1 and John,2 numerous examples of such sy
tems have been proposed, some with rather complic
three-dimensional structures.3 The early experimental work
in this area focused primarily on fabrication of systems us
micromachining or other mesoscopic assembly te
niques.4–7 The periodicity of these structures is on a leng
scale of hundreds of microns, so they naturally exhibit s
bands in the microwave or sub-millimeter range. More
cently, attention has been turned to photonic band system
the optical regime. Such structures require dielectric peri
icity with submicron length scales, and are conseque
much more difficult to fabricate. The construction of op
cally active periodic dielectric materials has been purs
along two distinct paths: a ‘‘top-down’’ approach, in whic
lithographic techniques are used to generate a diele
modulation within a substrate,8–11 and a ‘‘bottom-up’’ ap-

a!Electronic mail: daniel@rice.edu
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proach, in which one exploits the tendency of micron-siz
particles to spontaneously self-assemble into orde
arrays.12–14 In the former case, fabrication of samples co
sisting of more than a few repeating layers is very difficu
In the latter, a quantitative comparison between theory
experiment is often problematic, either because of the lac
systematic thickness control or because of the high cry
defect density in many of these examples.

Recently, significant advances have been made in
fabrication of close-packed colloidal crystal arrays.15,16 Us-
ing this ‘‘bottom-up’’ approach, it is now possible to grow
such crystals in planar geometries, with precise thickn
control. These samples exhibit high crystalline quality, a
can be designed to contain anywhere from a few to sev
hundred crystalline layers. Unlike gravity-sedimented coll
dal crystals, which are quite thick and polycrystalline, the
materials contain no grain boundaries. Consequently,
can now measure the thickness dependence of the op
properties of such samples, in particular the evolution of
optical stop band width with increasing thickness. There
an evident need for a simple theoretical description wh
can explain these results. Our recent work in the fabricat
of such samples has led us to explore the various meth
used for understanding their optical properties.

In this paper, we compare two widely used theoreti
models for the optical properties of periodic dielectric stru
tures. The first, the scalar wave approximation, is a rece
developed approach, whereas the second, dynamical dif
tion theory, derives from the work of Laue in the early pa
© 1999 American Institute of Physics
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of this century. In Sec. II, we describe the class of expe
ments under consideration, and discuss how these two t
ries have been applied. Sections III and IV review the de
vations of the two theories. This review is important, as
facilitates comparison by putting these results into a comm
notation, as well as highlighting the similarities and diffe
ences in the underlying assumptions. Section V directly co
pares the fundamental results of the two theories, dem
strating that dynamical diffraction is simply a limit of th
scalar wave approach. Given this, it is possible to pl
quantitative constraints on the validity of dynamical diffra
tion. These constraints limit the applicability of this old
approach. In Sec. VI, we calculate transmission spectra
use these to extract observable parameters from the two t
ries, such as optical stop band widths and peak optical d
sities. Because the sample quality has now improved to
point where quantitative comparisons with theory are ju
fied, it is important to calculate such spectra using reali
experimental conditions. Section VII provides a direct co
parison between experimental spectra and those calcu
using the two theories under consideration. Here, it is p
sible to evaluate the relative merits of the two, in light of t
results of Sec. V. We show that, for the class of samp
under consideration here, dynamical diffraction is not va
for quantitative predictions of either the stop band widths
peak heights. The question of the validity of the scalar wa
approximation naturally arises here, and this can also be
dressed. It is quite accurate at modeling the widths of
photonic band gaps, but it predicts the peak optical dens
less well. Several possible explanations for these results
discussed.

II. BACKGROUND

There have been many theoretical treatments of the
tical properties of materials with spatially periodic dielect
functions. Many of these are computationally quite intensi
and several authors17,18 have pointed out the need for a sim
pler approach which can at least provide a qualitative und
standing. One candidate for this is the scalar wave appr
mation ~hereafter referred to as SWA!, first applied to the
photonic band problem by Satpathy and co-workers.19 SWA
has more frequently been applied to the study of ‘‘to
down’’ photonic band gap systems, which usually exhi
optical stop bands in the microwave regime. Although
shortcomings of the SWA have been discuss
extensively,4,20 these difficulties are primarily related to it
use in describing propagation along an arbitrary direction
the three-dimensional crystal. In the present work, we will
concerned solely with electromagnetic propagation alo
high symmetry directions of the crystal~e.g., the@111# axis!.
In this case, the one-dimensional approximation inheren
the simple SWA is appropriate, and it is in reasonable ag
ment with experimental observations.15,21,22

A second analytic theory of the diffraction from period
structures is dynamical diffraction theory~referred to as
DDT!. This treatment is widely used to describe the opti
properties of colloidal crystal arrays and similar ‘‘bottom
up’’ systems12,14,23–27. Here, the DDT has been adapted fro
its original use in the modeling of X-ray diffraction from
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crystals.28–31 Both the SWA and DDT have the advantag
that they are relatively simple analytic theories, which can
used to obtain a basic understanding of the on-axis prop
tion of electromagnetic waves in photonic crystals. They c
both be used to model transmission spectra, and thus pro
information not only on the spectral position of optical st
bands, but also on the widths and peak extinction coe
cients, all as a function of the thickness of the photonic cr
tal. It is even relatively straightforward in both cases to
corporate weak dissipation~i.e., optical absorption!, a topic
of some recent interest.32

Here, we will consider a particular photonic band g
system, consisting of a planar face-centered-cubic clo
packed array of spheres of indexA«s5ns , surrounded by an
interstitial or background medium of indexA«b5nb . It is
assumed that both the spheres and the background me
exhibit no absorption. The crystal is oriented such that
@111# axis is normal to the planar surfaces. This example
quite similar to samples described in a number of rec
publications.12–16,24,26As mentioned above, we will conside
propagation only along high symmetry directions of the cr
talline lattice, in particular at normal incidence along t
@111# crystal axis. The normal-incidence transmission sp
tra of planar photonic band gap samples is an important
perimental diagnostic tool. It is a very useful method f
obtaining a rapid characterization of sample thickness, c
tal quality, and uniformity over a mm2 or larger area. We
note that both the SWA and the DDT have been used
describe experimental results of this nature.

In this paper, we will compare the SWA and the DD
demonstrating that they are equivalent in certain appropr
limits. One of these limits involves the dielectric contra
between the two materials which comprise the compo
structure, given by

h5
ns

2

nb
221. ~1!

The DDT is derived with the explicit assumption thath
!1; this is, of course, perfectly appropriate for x-ray sc
tering, whereuhu;1024 or smaller.28 However, much of the
recent work in this field has been directed toward the fab
cation of samples with much larger values ofh, in part be-
cause larger values ofh are favored for achieving a complet
three-dimensional photonic gap.3,4 In view of this fact, it is
necessary to explore the validity of the assumption of sm
index contrast, particularly in the case of the colloidal cry
tals under consideration here.

We show below that the results of the DDT are equiv
lent to those of the SWA when these latter are expande
lowest nonvanishing order in the dielectric contrast. Beca
of this equivalence, it is possible to evaluate the validity
the DDT as a function of the size of the contrast. We fi
that, even for quite small dielectric contrast, such as theh
;0.1 appropriate for the samples of Ref. 26~silica spheres in
a water background!, the DDT deviates measurably from th
SWA. Using the results from the SWA as a guide, we c
provide a simple prescription for determining the limits
validity of the DDT.
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III. SCALAR WAVE APPROXIMATION

In order to simplify the description of electromagne
propagation in periodic dielectrics, two basic assumptio
are made within the scalar wave approximation. The first
the name implies, is that the electric field in the medium
treated as a scalar rather than a vector quantity. It is t
expanded in a Bloch sum over all reciprocal lattice vect
G,

E~r !5(
G

(
k

Ck2Gei ~k2G!•r, ~2!

where the second sum~overk! is taken over wave vectors i
the first Brillouin zone. The dielectric function of the cryst
is written as a constant plus a periodically varying term,

«~r !5«01(
G

UG exp$ iG•r %, ~3!

where the average dielectric«0 depends on the volume frac
tion f occupied by the spheres,

«05f«s1~12f!«b . ~4!

In the case under consideration here~close-packed spheres!,
f5p&/6'0.74. Equations~1! and~4! may be rewritten as

h5
1

f
3S «0

«b
21D . ~5!

The Fourier coefficientUG is given by the well-known
Rayleigh–Gans expression,

UG5
3f

~GR!3 ~«s2«b!@sin~GR!2GRcos~GR!#, ~6!

whereR is the radius of the spheres andG is the magnitude
of the reciprocal lattice vectorG associated withUG . Equa-
tions ~2! and ~3! may be inserted into the electromagne
wave equation forE(r ), derived from the free-space Max
well’s equations. The result is a system of coupled lin
equations which form an eigenvalue problem for the wa
vector k(v) inside the photonic crystal. Determiningk(v)
uniquely specifies all aspects of the propagation of the ra
tion inside the crystal, including both the variations in t
amplitude~via the imaginary part ofk! and the phase~via the
real part! with distance.

The second assumption of the scalar wave appro
aims to simplify this many-dimensional eigenvalue proble
It is assumed that the conditions of the experiment stron
favor scattering off of one particular set of lattice planes, a
that the effects of all other lattice planes may be neglec
This is justified by noting that the scattering probability
determined by the Fourier coefficientUG , which decreases
with increasingG. Thus, only the shortest reciprocal lattic
vectors contribute significantly. For example, in the case
der consideration, the incoming radiation propagates nor
to the @111# lattice planes. Thus, one need only consid
diffraction off of these planes. In the system of equatio
one need only keep terms withG50 or G5GL, whereGL is
the shortest reciprocal lattice vector along theL direction
~i.e., corresponding to scattering off of@111# planes!. This
s
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simplification reduces the problem to a one-dimensional a
lytic form, in which the infinite set of equations reduces
only two. These may be written as

S k22«0

v2

c2 DCk2
v2

c2 UGCk2G50, ~7a!

2
v2

c2 UGCk1S ~k2G!22«0

v2

c2 DCk2G50, ~7b!

where we have dropped the subscriptL on the reciprocal
lattice vector.G is now a scalar, rather than a vector, and
given by G52p/d111, whered111 is the spacing between
adjacent@111# lattice planes. In order for these two equatio
to be simultaneously satisfied, their determinant must van
Thus, one may determine the wave vector of the radiat
inside the photonic crystal,k(v),19

kSWA~v!5
1

2
G6AG2

4
1«0

v2

c2 2AG2«0

v2

c2 1UG
2

v4

c4 .

~8!

This is the basic result of the scalar wave approximation. I
worth noting that the difficulties with the SWA, which hav
been ascribed solely to the first assumption~the scalar
field!,4,20 are more likely due to the combination of the tw
In other words, it is possible to keep the full vector nature
the field and still neglect all but one of the reciprocal latti
points in Eqs.~2! and ~3!. In doing so, one derives a resu
which is flawed in much the same way as the SWA, in t
sense that it too is valid only for wave propagation alo
high symmetry directions of the crystal. In fact, this is t
basis for the theory of dynamical diffraction.

IV. DYNAMICAL DIFFRACTION

The derivation of the results of DDT can be found
many texts on x-ray diffraction.28,29,31It is often described as
the next step beyond the simple kinematic theory, wh
result is embodied in Bragg’s Law. In the dynamical theo
one determines the wave vector of the propagating field
placing a self-consistency condition on the superposed i
dent and diffracted waves. To simplify the problem, it
assumed that the Laue condition,kscat5k in1G, is satisfied
for one and only one particular reciprocal lattice vector,
that there is only one diffracted wave. This is entire
equivalent to the second assumption of the SWA. One p
ceeds along essentially the same lines as above, with
exceptions. First, the vector nature of the field is preserv
This adds some additional factors to the result, involving,
example, the ratio of the direction cosines of the incident a
diffracted waves. In the case of normal incidence propa
tion under consideration here, these factors are of little
portance. Indeed, in light of the fact that the SWA has be
demonstrated to be incorrect when one attempts to apply
off-axis propagation,4,20 one must conclude that the sam
limitation applies to DDT as well.

The second exception is far more significant. It is a
sumed that the refractive index of the crystal is only ve
slightly different from unity. As in the SWA, the dielectric i
decomposed into an average part and a spatially varying p
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In Ref. 28, for example, the average part of« is denoted by
11c0 , wherec0 is assumed to be small compared to one
the subsequent derivation, all terms of higher than linear
der in c0 are neglected. We shall see that this places se
constraints on the validity of DDT, as compared to SW
We also note that, in most treatments of DDT,28,29 the inter-
stitial regions are always assumed to have«b51. Here, we
treat the more general case, with the modified definition
c0 ,

c05
«0

«b
21. ~9!

Thus, c0 is related to the dielectric contrasth by hf5c0

@see Eq.~5!#. c0 is therefore a volume-fraction-weighted d
electric contrast parameter, and is a more useful variable
h. In the rest of this work, we usec0 rather thanh as the
dielectric contrast.

With this approximation, one can derive a pair
coupled linear equations within DDT which are exac
analogous to Eqs.~7a! and~7b! above for the SWA. In fact,
by making the following replacements:

k2→ k0
23«b3~112d0!, ~10a!

~k2G!2→ k0
23«b3~112dG!, ~10b!

and using Eq.~9!, one immediately derives

~2d02c0!Ck2
UG

«b
Ck2G50, ~11a!

~2dG2c0!Ck2G2
UG

«b
Ck50. ~11b!

These are the constituent equations of DDT.33 In Eqs.~10a!
and ~10b!, k0 is the free-space wave vector of the radiatio
k0

25v2/c2. d0 and dG are related to the magnitudes of th
incident and diffracted wave vectors, respectively. Tak
Eqs. ~10a! and ~10b! as equivalences, we may use them
related0 to dG , with the result that,

dG5d01S G2

2«bk0
22

GA112d0

A«bk0
D . ~12!

Now, we introduce a dimensionless wavelength variableL,
defined by

L5
l

lB
21. ~13!

Here,lB is the wavelength corresponding to the Bragg co
dition, and is given at normal incidence by

lB52d111A«05
4pA«0

G
. ~14!

Using Eqs.~9!, ~13!, and ~14!, it is possible to rewrite the
relationship betweend0 and dG @Eq. ~12!# in terms of the
dimensionless parametersL and c0 . Then, in the spirit of
the DDT approximation, this can be expanded to lowest
der in c0 ,d0 , and also the wavelength parameterL. The
result of this expansion is

dG52d012L1c0 . ~15!
n
r-
re
.

f

an

,

g

-

r-

Inserting this expression into Eq.~11b! allows one to deter-
mine two eigenvaluesd6 from the coupled equations, an
thus the wave vector of the radiation propagating in the p
tonic crystal. The result is

kDDT~v!5k0A«0~11d62c0/2!

5k0A«0 S 11L6
1

2
A4L22

UG
2

«b
2 D . ~16!

It is important to note that this wave vector is somewh
different from the one customarily seen in treatments
DDT. In particular, as shown below, the form of this wav
vector implies that the wavelength at which the diffracti
effects are most prominent is given byL50, identical to the
Bragg condition. That is, the wavelength at which the opti
transmission spectrum peaks,lpeak, is equal tolB , indepen-
dent of the size of the dielectric contrast. This is in mark
contrast with the well-known DDT result thatlpeak5lB(1
2c0/2).34 This consequence of DDT follows from th
boundary condition that the external and internal incid
electric fields must match at the crystal input facet. With t
boundary condition, one can derive a result, analogous to
~15!, which is thatdG52d012L. Using this expression in
place of Eq.~15! gives a wave vector which does manife
the familiar shift of the transmission peak.

In the derivation provided here, this boundary conditi
is not used, because it neglects the interference between
incident and diffracted waves, an effect which is critica
important for normal-incidence transmission. Instead,
make use of the condition, implicit in Eqs.~11a! and ~11b!,
that the wave vectors of the internal incident and diffrac
waves differ by the reciprocal lattice vectorG. This leads to
Eq. ~15! as described above. It is worth emphasizing that
results derived using inappropriate boundary conditions c
not be used to model normal-incidence optical spectra,
spite numerous attempts in the recent literature to do so

This fact can be demonstrated experimentally, by m
suring the wavelength of the transmission peak for a num
of different values of the dielectric contrastc0 . The method
used to controlc0 involves filling the interstitial pores of a
colloidal crystal sample with various dielectric fluids, and
described in more detail in Sec. VII below. Figure 1 sho
the results of such an experiment~circles!, along with the
predicted spectral positions from Eq.~16! ~solid line! and
from the familiar DDT result based on the inappropria
boundary conditions~dotted line!.34 It is clear that the optical
stop band does not even qualitatively follow the results
the traditional DDT, whereas the modified DDT result pr
sented here provides an adequate explanation.

We note that the SWA wave vector, Eq.~8!, also pre-
dicts that the transmission peak occurs atL50, so this pa-
rameter is not a particularly useful point of comparison b
tween the two theories. Also, these predictions forlpeak are
valid only for thick samples; evaluation of the full transmi
sion spectrum@see Eq.~23! below# demonstrates a weak de
pendence on the thickness of the sample. This depende
illustrated in the inset to Fig. 1 forc050.75, is most signifi-
cant for samples with fewer than;20 repeating layers.
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FIG. 1. Wavelength of the transmission peaklpeak, as
a function of the dielectric contrastc0 . Open circles
are experimental data, obtained using a sample of clo
packed silica spheres of;345 nm diameter. The dielec
tric contrast is controlled by filling the interstitial pore
with fluids of known index. The data point at the far le
is the result for air in the interstitial region, correspon
ing to c0;0.75. The remaining ten data points are f
various different liquids, with indices ranging from
1.326 to 1.628. The horizontal solid line is the predict
positionlpeak/lBragg from both the SWA and the modi-
fied DDT presented here. The sloped dotted line is
prediction of the traditional DDT, as in Refs. 28 or 29
Inset: The variation in peak position as a function of th
number of @111# layers in the sample. The solid line
shows the result for SWA, while the dashed line sho
the result for DDT. These results assume a silica/
sample, withc0;0.75, and a substrate withn51.5,
and are calculated using Eq.~23! from the text.
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V. COMPARING THE TWO APPROACHES

Using Eq. ~13!, it is possible to write the SWA wave
vector@Eq. ~8!# in terms of the dimensionless wavelengthL.
This result is

kSWA~v!5k0A«0S 11L

6A~11L!2112A4•~11L!21
UG

2

«0
2 D .

~17!

We may now directly compare Eqs.~16! and ~17!, to
investigate the behavior of the two wave vectors. Figur
shows comparisons of the real parts of the two wave vect
over a portion of the Brillouin zone near the band gap ak
5G/2. Except near the band gap, the wave vector is ne
equal to its unperturbed value, determined by the aver
index of the crystal,k(v)5A«0v/c. Figure 2~a! shows the
case of a relatively small dielectric contrast. This models
situation in which the spheres are composed of silican
;1.42), and the interstitial regions are filled with watern
51.33), corresponding to a dielectric contrast ofc050.1.
From the point of view of x-ray scattering, this is an eno
mous index contrast, three orders of magnitude larger t
the limits to which DDT was originally intended to conform
Yet, the real part of the DDT wave vector is indistinguis
able from the SWA wave vector in this case. Figures 2~b!
and 2~c! show the results for increasing values of the diel
tric contrast. Asc0 increases, the differences between t
two curves become more evident. The width of the gap
gion increases faster in DDT~dashed curves! than in the
SWA ~solid!. As shown below, this is accompanied by
more rapid increase in the peak optical density of the sam
In Fig. 2~c!, the valuec050.75 corresponds to the case
silica spheres with air in the interstitial regions.
2
s,

ly
ge

e

-
n

-
e
-

le.

It is instructive to compare the imaginary parts of t
two wave vectors as well, since here the differences betw
the two theories are more evident at small values ofc0 .
Figure 3 shows such a comparison, for the same index c
trasts used in Fig. 2. As in Fig. 2, these have been plo
against the dimensionless wavelengthL. As expected, the
imaginary part ofk is nonzero only in a small region nea
L50. In Fig. 3a, the;10% difference in peak width is
difficult to discern on this scale, but the difference in pe
height is more evident. Clearly, larger dielectric contra
lead to dramatically larger extinction, as shown by the d
ferent scaling of the ordinal axes in the three cases. Howe
as c0 increases, so do the differences between the two
sults. For larger dielectric contrast, DDT overestimates
magnitude of the imaginary part ofk, and therefore the
strength of the photonic band, relative to the prediction of
SWA. As anticipated above, it also overestimates the wi
of the band gap. As noted above, the spectral positions of
peaks are the same in the two theories.

In Eq. ~17! for kSWA, there is no assumption as to th
magnitude of either the wavelengthL or the dielectric con-
trast. To explore the comparison further, we may expand
inner square root in Eq.~17!, keeping only the lowest orde
term in UG , and also dropping terms of orderLUG

2 . This
gives an approximate form forkSWA which is quite similar to
the exact DDT result,

kSWA~v!'k0A«0S 11L6
1

2
A4L22

UG
2

«0
2 D . ~18!

This expansion clarifies the results of Figs. 2 and 3. T
photonic band gap occurs where the wave vector develo
nonvanishing imaginary component,21 since the imaginary
part of the wave vector is proportional to the extinction c
efficient. The imaginary part of the wave vector eviden
originates from the square root, so the widths of the g
may be estimated by the widths of the regions where
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imaginary part is nonzero. By inspection of Eqs.~16! and
~18!, the fractional widths of the gaps may be writte
(Dl/lpeak)SWA'UG /«0 and (Dl/lpeak)DDT5UG /«b . The
ratio of the fractional widths is thus approximately given
«0 /«b , or 11c0 . Thus, the percent error in the bandwid
predicted by DDT is approximately equal toc0 , at least in
the regime where Eq.~18! is a good approximation. This
result is explored further below.

Tarhan and Watson21 have given a more precise formu
for the width of the region over which the SWA wave vect
has an imaginary component, based on the exact SWA w
vector of Eq.~17!. However, this procedure does not provi
a measure of an experimentally observable bandwidth, s
the full width at half maximum of a measured transmiss
spectrum depends not only on the imaginary componen
the wave vector, but also on the thickness of the sample
the nature of the index matching at both crystal facets

FIG. 2. Real part of the wave vector of radiation propagating in the collo
crystal, for three different values of the dielectric contrastc0 . The vertical
axes are frequency normalized by the Bragg frequencyVB . Note that
v/VB5lB /l. The horizontal axis is the real part of the wave vector, n
malized to the reciprocal lattice vectorG. In all three cases, the solid line i
kSWA(v) and the dashed line iskDDT(v). Note that, in all three cases, bot
curves converge to the unperturbed wave vectorA«0v/c for values ofk far
from the edge of the Brillouin zone atG/2.
ve

ce

of
nd
n

order to compare directly to experimentally measure
widths, one must calculate the transmission spectrum of t
photonic crystal using realistic experimental conditions, an
numerically extract the width from this simulation.

VI. TRANSMISSION SPECTRA

In order to determine quantitative limits on the validity
of DDT relative to SWA, we calculate transmission spectr
using the wave vectors derived above, and compare to e
perimental results. We note that the commonly used DD
transmission spectra, as in Refs. 28 and 31, are not ap
cable in the case under consideration here, for the followin
reason. These results are derived for an arbitrary angle
incidence, as appropriate for, e.g., rotating crystal diffractio
studies. Thus, the incident and diffracted waves inside of t
crystal are not counter-propagating, but propagate at a re
tive angle determined by the Laue condition,k i5kd1G.

l

-

FIG. 3. Imaginary part of the wave vector inside the photonic crystal, fo
three different values of the dielectric contrastc0 . The vertical axes are
frequency normalized by the Bragg frequencyVB . Note that v/VB

5lB /l. The horizontal axis is the imaginary part of the wave vector, no
malized to the reciprocal lattice vectorG. In all three cases, the solid line is
kSWA(v) and the dashed line iskDDT(v). Note the different horizontal scale
for the three cases.
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The boundary conditions at the entrance or exit surface
the crystal used to derive these expressions do not take
account the interference of these two waves, since they
not, in general, have the same wave vector. So, for exam
the external incident wave is required to be continuous w
the internal incident wave only, not with the sum of th
internal incident and internal diffracted waves.35 A similar
condition is imposed at the exit facet. Because the inter
ence of the two internal waves is neglected, these boun
conditions lead to expressions which cannot be general
to the case of normal incidence.

For the case under consideration here, a more appro
ate set of boundary conditions are that the electric field
its first derivative be continuous at both boundaries. With
loss of generality, we may treat the electric field as a sc
in the case of normal incidence. Then, the field can
written17

E~x!55
eik0x1r •e2 ik0x ~ incident!

C1~eikx1S•ei ~k2G!x!1C2~e2 ikx1S•ei ~k2G!x!

~ internal!

t•eik0x ~ transmitted!

.

~19!

The parameterS, the ratio of the amplitudes of the inciden
and diffracted waves inside the crystal, is given by

S5
k22«0k0

2

UGk0
2 . ~20a!

for SWA, and by

S5«b

2~k2A«0k0!

UGA«0k0

~20b!

for DDT. As above,k05v/c is the free-space wave vecto
Applying the conditions thatE(x) anddE/dx must both be
continuous at both boundaries, one can solve for the ele
field transmission coefficient,

t~l!5
2b0e2 ik0Nd111

2b0cos~kNd111!2 i ~11b0
2!sin~kNd111!

. ~21!

Here,N is the number of@111# lattice planes~or layers! in
the crystal,k is the wave vector from Eq.~16! or ~17!, and

b05
k0~12S!

k~12S!1GS
. ~22!

It should be noted that the samples under considera
are not free standing, but are grown on a glass substra16

The presence of the substrate modifies the transmission
efficient. An expression which is slightly more complex th
Eq. ~21! is required to take this effect into account. To deri
it, one simply takes the transmitted wave to bet(l)
3exp(ik1 x) in Eq. ~19!, wherek1 is the wave vector of the
radiation in the substrate,k15nsubv/c. The result is
of
to
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t~l!5
2b0e2 ik1Nd111eiF

~b01b1!cos~kNd111!2 i ~11b0b1!sin~kNd111!
,

~23!
whereF5(k12k0)d111/2. b1 is the same asb0 , except that
the k0 in its numerator is replaced byk1 . The presence of a
superstrate other than air can be accounted for as well,
ply by replacingk0 with nsuperv/c, wherensuper is the index
of the superstrate. All of the results simulated below a
obtained for the optical density~OD! spectrum, rather than
the transmission spectrum, calculated according to
52 log10@ ut(l)u2#. The use of Eq.~23! in place of Eq.~21!
for t(l) can be quite important when making compariso
between experiment and theory. This point is illustrated
low.

VII. DISCUSSION

We use the transmission function derived above@Eq.
~23!# to calculate spectra using both the SWA and DD
wave vectors, for comparison with experimental results. F
ures 4 and 5 show observed transmission~optical density!
spectra for two different samples, along with the calcula
spectra from both DDT and SWA, using Eq.~23!. In Fig. 4,
the sample consists of 18 layers of close-packed si
spheres, of diameter 280 nm, with air in the interstit
regions.16 This configuration has a dielectric contrast ofc0

50.753. The sample is supported by a glass substrate,
has no superstrate. In Fig. 5, the sample is an inverted st
ture, in which the spheres are air, and the interstitial regi
are filled with a dielectric. This is accomplished by first fa
ricating a silica/air sample, as in Fig. 4. The interstitial r
gions are subsequently filled with a polymer solution. Aft
the polymer is cured, the silica is etched away, leaving

FIG. 4. Comparison between experimental and calculated transmis
spectra. The experimental data~open circles! are the normal-incidence trans
mission spectra of a sample consisting of 18 layers of close-packed s
spheres of 280 nm diameter, with a dielectric contrast ofc050.753. These
data have been corrected by subtraction of a smoothly varying backgro
but are otherwise unaltered. The solid curve represents the simulated t
mission spectrum using the SWA wave vector, whereas the dashed cur
from the DDT model. These simulations contain no adjustable parame
The inset compares the full widths at half maxima and peak optical dens
~OD! extracted from the three curves.
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polymer scaffold behind.36 The resulting ‘‘inside-out’’
sample has a dielectric contrast ofc0520.398. In Fig. 5,
the sample consists of 11 layers of air spheres, each of;360
nm diameter. These polymer samples have sufficient
chanical stability to be removed from the glass substrate,
are free standing for these measurements. The ro
temperature, normal-incidence optical spectra of b
samples are obtained using a commercial ultraviolet~UV!-
visible spectrometer. A smooth background compone
monotonically increasing to shorter wavelengths, has b
subtracted from the spectra. The origins of this backgro
are somewhat unclear, but may result from surface rough
scattering, point or stacking defects in the crystal structu
Fresnel losses, or some combination of these. The resu
background-subtracted data are plotted as open circle
Figs. 4 and 5, along with simulated spectra calculated us
the formalism outlined above. We emphasize that there
no adjustable parameters in the simulated curves in ei
Fig. 4 or Fig. 5, since the sphere diameter and the numbe
layers are determined using scanning electron microsc
and the indices of the silica nanospheres (n51.42) and the
polymer (n51.49) are known. In both figures, the full widt
at half maxima and peak optical densities of the experime
curve as well as both simulations are shown.

From simulated transmission spectra such as th
shown in Figs. 4 and 5, we may numerically extract expe
mentally observable quantities such as peak full width at h
maxima and peak optical densities. Figure 6 shows the
culated fractional bandwidths and optical densities as a fu
tion of dielectric contrast. In both Figs. 6~a! and 6~b!, the
solid lines show the result obtained using the SWA wa
vector @Eq. ~17!#, and the dashed lines show the result fro

FIG. 5. Comparison between experimental and calculated transmis
spectra. The experimental data~open circles! are the normal-incidence trans
mission spectra of a sample consisting of 11 layers of close-packed
spheres of 360 nm diameter, with a polymer (n51.49) in the interstitial
regions. This sample has a dielectric contrast ofc0520.398. These data
have been corrected by subtraction of a smoothly varying background
are otherwise unaltered. The solid curve represents the simulated tran
sion spectrum using the SWA wave vector, whereas the dashed cur
from the DDT model. These simulations contain no adjustable parame
The inset compares the full widths at half maxima and peak optical dens
~OD! extracted from the three curves.
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the DDT wave vector@Eq. ~16!#. Results are shown for two
different thicknesses~10 and 50 layers!. As anticipated
above, the DDT predicts larger bandwidths and higher o
cal densities than the SWA, forc0.0. The reverse is the
case for negative index contrast. The gaps in the curves
c050 arise because, when the sample is nearly perfe
index-matched, the peak amplitude drops below the am
tude of the adjacent Fabry-Perot fringes, and the definition
the bandwidth and the peak height become ambiguous.
effect is obviously more severe in thinner samples, where
fringes have larger amplitude.

An experiment of the type suggested by Fig. 6, in whi
the dielectric contrast is varied in a controlled fashion wi
out changing other characteristics of the sample, can be
formed by filling the interstitial pores of the sample wi
various nonabsorbing fluids of known refractive ind
nfluid .37 In order to accurately simulate such an experime
one must use Eq.~23! rather than Eq.~21!, since it would not
be possible to fill the pores without also creating a liqu
‘‘superstrate’’ on top of the sample. So, the simulatio
shown in Fig. 6 include a superstrate of indexnfluid as well as
a glass substrate of index 1.5. To illustrate the importanc
these effects, one of the four cases~the SWA calculation for
N510 layers! is repeated for a free standing sample,nsuper

on

air

ut
is-
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rs.
es

FIG. 6. ~a! Fractional bandwidthsDl/lpeak and ~b! peak optical densities
predicted by the two models discussed in the text, as a function of
dielectric contrastc0 . In both cases, the dashed lines represent the D
whereas the solid lines represent the SWA. In~a! and~b!, the calculation has
been performed for samples consisting ofN510 and 50 layers of close-
packed silica spheres of refractive index 1.42 and diameter 280 nm.
these samples, a contrast of 0.75 corresponds to air in the interstitial reg
A substrate of index 1.5 and a superstrate of index equal to the index o
material filling the interstitial layers have been included. The dotted line
~a! shows the same result as the SWA calculation~solid line! for N510
layers if the substrate and superstrate are both removed. The gaps i
curves nearc050 occur because, for small contrast, the peak in the sp
trum becomes comparable in size to the adjacent Fabry-Perot fringes
the full width at half maximum is thus not well defined.
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5nsub51. This result is shown as a dotted line in Fig. 6~a!,
and clearly demonstrates the large difference in the predi
widths which results from the presence of the substrate
superstrate. These differences are less dramatic in the ca
the peak optical density, and also become less signific
with increasing film thickness.

Figure 7 shows the ratios of the fractional widths~a! and
peak heights~b! from the two theories, to highlight the re
gimes where the SWA and DDT begin to diverge subst
tially from one another. These results are calculated us
the same superstrate and substrate conditions as in Fi
Here, the solid lines show the results for theN510 layer
sample, while the dashed lines show theN550 layer result.
In Fig. 7~a!, the dotted line shows the function 11c0 ,
which, as noted above, is the limiting behavior of the ba
width ratio. In Fig. 7~b!, the calculation has been repeated
a 500 layer sample; this result, shown as a dotted line, m
be taken as the infinite thickness limit of the optical dens
ratio. From these data, it is possible to place a limit on
value ofc0 , above which DDT is no longer equivalent to th
more precise SWA result. Evidently, this limit depends
the thickness of the sample. For example, for a sample c
sisting of ten layers, the fractional bandwidth predicted
DDT is within 5% of the value obtained from the SWA on
if uc0u&0.27. For 50 layers, this becomesuc0u&0.13, and
for a very thick sample, a 5% deviation occurs whenuc0u
50.05. Similar analyses can be applied to the optical de
ties predicted by the two theories. However, as seen in F
4 and 5, the accuracy with which the SWA predicts expe

FIG. 7. Ratios of the predicted fractional widths~a! and the predicted peak
optical densities~b! as a function of the dielectric contrastc0 , for the same
situation as in Fig. 3. The solid lines represent a sample withN510 layers,
while the dashed line represents a sample withN550 layers. The dotted line
in ~a! shows the function 11c0 , which is the approximate analytical resu
for the width ratio, as discussed in the text. In~b!, the dotted line shows the
result for N5500 layers, which may be taken as the limiting behavior
very thick samples.
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mentally measured optical densities is not nearly as goo
its predictions of bandwidths.

In both Figs. 4 and 5, the widths extracted from t
experimental spectra are quite accurately described with
SWA, and not with the DDT. As noted above, this is a dire
result of the small dielectric contrast approximation whi
constitutes the most important difference between these
theories. Controlling and understanding the spectral width
the optical stop band is an extremely important elemen
the design of practical photonic systems. We will addre
this issue more fully in a separate publication.22

It is also clear from these figures that neither simulat
accurately matches the heights of the peaks. One pos
explanation for these discrepancies is that they reflect
fundamental approximation which underlies both SWA a
DDT, in which scattering from all but one reciprocal lattic
point is neglected. However, it is interesting to note that
more accurate SWA consistently overestimates the peak
tical density, for bothc0.0 andc0,0. If one performed a
more complete treatment, in which other scattering chann
were included, one might expect that the predicted opt
density would increase as a result, or at least not decre
This suggests that the disagreement is primarily the resu
other factors.

It is also possible that certain types of crystalline defe
are present in these samples, which act to reduce the e
tive diffraction strength, and thus lower the peak optical de
sity relative to the predicted value. It is not clear what sort
defect would have the effect of reducing the optical dens
while not increasing the linewidth significantly. One like
candidate is a planar stacking disorder, in which the sub
quent @111# planes are stacked with neither theABCAB-
CABCpattern of the face-centered-cubic lattice nor theABA-
BAB pattern of the hexagonal close-packed lattice,
instead with a random stacking of adjacent planes. The e
tence of this type of disorder seems plausible in view of
weak interactions between next-nearest neighbors in th
lattices, and of the kinematics of the sample grow
process.16 If such a fault were present, it would be difficult t
identify using scanning electron microscopy~SEM!. Stack-
ing faults of this type have been observed in similar samp
using confocal microscopy.38 The presence of a stackin
fault of this type is known to influence both the widths a
amplitudes of diffraction peaks in x-ray scattering,39 al-
though it is not clear how the relative magnitudes of the
effects manifest themselves in the optical regime. Efforts
model the optical spectrum of a sample containing stack
disorder are currently under way.

VIII. CONCLUSION

We have shown that dynamical diffraction theory, eva
ated using appropriate electromagnetic boundary conditio
is equivalent to the scalar wave approximation in the limit
small dielectric contrast. We note that numerous attem
have been made to explain the optical properties of collo
crystals using DDT, primarily by applying analytic formula
directly from x-ray diffraction texts. These attempts have n
been successful for two important reasons. First, the sam
often have dielectric contrasts larger than 0.1, which pla
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them well outside of the regime of validity of the approx
mate DDT. Second, these analytic results for the transm
sion spectra rely on the application of boundary conditio
which are entirely inappropriate for the optical experime
under consideration. A compelling illustration of this latt
difficulty is the well-known shift of the transmission pea
from the Bragg wavelength with increasing dielectric co
trast, a result which is in direct contradiction with expe
ments.

Because of the equivalence of DDT and the SWA, it
possible to evaluate the validity of DDT as a function
various parameters includingc0 andN, the number of crys-
talline layers. Perhaps more importantly, this equivale
casts doubt on the use of DDT for descriptions of ang
dependence studies, since it is well established that the S
cannot predict, even qualitatively, the optical properties
samples unless the radiation propagates along high symm
axes. If we restrict ourselves to the case of propagation a
high symmetry axes, then it is shown that DDT only giv
accurate predictions for small values ofuc0u.

Comparisons with experimental results indicate that
SWA accurately predicts the bandwidths of the optical s
bands, but not the amplitudes of the transmission peaks.
have proposed one possible explanation for this latter
crepancy; however, since the SWA is a rather severe
proximation of the full vector-wave solution, one should n
expect perfect agreement. It may be necessary to perfo
much more detailed~and cumbersome! calculation in order
to fully explain these results. Such a calculation, which
still lacking in the literature, must necessarily account for
realistic experimental situation, including in particular t
presence of superstrate and substrate effects. In view o
extraordinary progress in the fabrication of many differe
kinds of periodic dielectric structures, the results presen
here should help to avoid a great deal of confusion in co
parisons between experimental results and analytic theo
cal models.
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