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We describe measurements of the angular radiation patterns from lens-coupled terahertz antennas fabricated
on photoconductive substrates. These measurements were performed with a novel terahertz (THz) time-
domain spectrometer in which the femtosecond optical pulses used to gate the emitter and receiver antennas
were delivered by optical fiber. We used this system to perform a comparison between the two substrate-lens
designs commonly used in THz time-domain spectrometers. We measured both E-plane and H-plane emission
patterns for a 90° bow-tie antenna. By comparing these experimental results with simulations based on
Fresnel–Kirchoff diffraction, we find that the choice of substrate-lens design is important in determining not
only the directivity of the emitted beam but also the spectral bandwidth. These results emphasize the sig-
nificance of this crucial component in the design of broadband THz spectrometers. © 2002 Optical Society of
America

OCIS codes: 320.0320, 320.7080, 300.0300.
1. INTRODUCTION
Terahertz time-domain spectroscopy (THz-TDS) is a ver-
satile technique for the generation and detection of radia-
tion in the submillimeter range. It is by now well estab-
lished that femtosecond optical pulses can be used to
generate a spatially coherent beam of terahertz radiation,
in the form of single-cycle electromagnetic pulses. This
unique tool has been exploited in spectroscopic studies of
a wide range of material systems1 since its development
in the late 1980s.2,3 Recently, a variety of imaging and
sensing capabilities have been explored and that have il-
lustrated the potential value of the technique in manufac-
turing and quality-control applications.4 These demon-
strations have spurred the development of a commercial
THz imaging system, the first of its kind5 to our knowl-
edge. As a result of the growing importance of this tech-
nique, much research has been devoted to characterizing
the terahertz beam. Early characterization efforts con-
centrated on issues such as the achievable bandwidth and
the sources of noise in photoconductive sampling
measurements.3,6 A more complete system characteriza-
tion accounted for factors such as the collection optics and
the spectral response of the dipole antennas used for both
generation and detection.7 More recently, there has been
substantial interest in the use of THz-TDS as a tool for
the study of ultrabroadband pulse propagation.8–11

Despite this considerable interest in the characteriza-
tion of THz-TDS, there have been few reports in which
the spatial variation of the THz beam has been
studied.12–15 As a result, there are several aspects of the
optical systems commonly used for THz time-domain
spectroscopy and imaging systems in which the optimiza-
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tion has not been thoroughly performed. One important
example is the design of the substrate lens. In the most
common implementation of THz time-domain spectros-
copy, the emitter and receiver antennas are lithographi-
cally defined on photoconductive substrates. These sub-
strates are then glued to high-resistivity silicon substrate
lenses, which efficiently couple the THz radiation into
(and out of) free space. The use of a substrate lens
coupled to a planar antenna was pioneered by Rutledge
and co-workers,16,17 and has subsequently become very
popular.18–20 Grischkowsky and co-workers first de-
scribed the use of a substrate lens to improve the perfor-
mance of THz-TDS systems,2,21 and these improvements
have been discussed by a number of authors.4,6,7,22 In
most THz-TDS systems, two distinct lens designs have
been widely used, both borrowed from earlier microwave
and millimeter-wave techniques. In one, the collimating
lens, the emitter is located at the focus of the substrate
lens.23 In the other, the hyperhemisphere, the emitter is
located so that a minimum of the emitted rays are lost to
internal reflection inside the lens.17 This latter design
produces a beam with no spherical abberation or coma
and is therefore aplanatic.

Although both lens designs have been used extensively
for many years, it is only relatively recently that direct
comparisons have been performed. Several groups have
described simulated and experimental results for the pa-
rameters of the beam emerging from the lens, as a func-
tion of the (cylindrical) extension of the lens beyond
hemispherical.24–26 These results cover cases similar,
though not identical, to the two lens designs mentioned
above. However, most of this work has been concerned
2002 Optical Society of America
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with the generation or detection of narrow-band emission.
The situation in which the emitted radiation is broad-
band, of particular relevance to THz time-domain spec-
troscopy, has not been addressed to our knowledge. As a
result, the dramatic influence of the substrate-lens design
on the achievable bandwidth in THz-TDS system has not
been generally appreciated.

Here, we describe an experimental comparison of the
spatial and spectral radiation patterns generated by the
two most common substrate-lens designs. We employ a
substrate lens with a radius chosen to permit easy and
rapid switching between the two configurations. This fa-
cilitates a direct comparison of both the E-plane and
H-plane emission from the two lens designs. These mea-
surements have been performed with a fiber-coupled THz
antenna module, which offers a number of unique advan-
tages. First, it permits easy repositioning of the detector
without loss of either optical alignment or absolute tem-
poral delay. Because it is not necessary to realign the op-
tical beam onto the antenna each time it is moved, many
measurements can be made in a relatively short time,
minimizing the effects of system drift. An even more im-
portant advantage afforded by the fiber coupling is that
one may mount the detector on the end of a rail that piv-
ots around the position of the emitter, as shown in Fig. 4
below. This guarantees that the receiver antenna is al-
ways oriented normally to the propagation direction of
the emitted wave. As a result, the angular sensitivity of
the receiver antenna is not a factor in these measure-
ments. This is in contrast to the early measurement of
Jepsen and Keiding, in which the antenna was translated
along a line transverse to the optical axis of the radiated
wave.13 In the results presented here, the data reflect
the angular distribution of the emitted radiation rather
than a convolution of the emitter and receiver antenna
patterns. We compare our results with simulations
based on scalar wave Fresnel–Kirchoff diffraction theory.
This theoretical approach is described in Section 2, the
aplanatic and the collimating lens designs are reviewed in
Section 3, and the experimental results are presented in
Section 4 and discussed in Section 5.

2. SIMULATIONS
We simulate the emission process in the manner de-
scribed by Jepsen and Keiding.13,27 First, the radiation
pattern of the free-space antenna is modified by the pres-
ence of a high-dielectric substrate. The modification of a
dipole pattern due to a nearby dielectric interface is a well
known result that can be expressed analytically28 and
that has been verified by experiment.29 In the measure-
ments reported here, we employ a bow-tie emitter an-
tenna. There is no equivalent closed-form expression for
either a free-space bow tie or a bow tie on a dielectric sub-
strate, although the emission from bow-tie antennas has
been studied both theoretically and experimentally for
many years.17,30–32 We note that the radiation patterns
for a bow tie and a dipole antenna are not too different
from one another.17 Also, as demonstrated below, the
measured radiation patterns are determined much more
by diffraction effects at the exit aperture of the substrate
lens than by the antenna pattern inside the substrate.
We therefore expect that the results presented here, al-
though specific to the bow-tie geometry, reflect trends that
are generally applicable to most commonly used lens-
coupled THz emitters. As with dipole antennas, most of
the radiated energy from a bow-tie antenna on a high di-
electric substrate is directed into the substrate.17,31 This
distorted, angle-dependent emission pattern then propa-
gates to the inner surface of the substrate lens. In the
model, we ignore the small index discontinuity at the in-
terface between the GaAs substrate (nGaAs 5 3.61) and
the silicon lens (nSi 5 3.418) by assuming that the entire
structure has an index equal to that of silicon.33

Once the field on the inner surface of the substrate lens
is known, then the external field can be calculated by ac-
counting for refraction through the interface and diffrac-
tion through the finite aperture presented by the lens.
This diffraction produces a complicated, frequency-
dependent pattern in the far field of the emitter, which
can be described with a Fresnel—Kirchoff diffraction
calculation.13 The amplitude at a position r in the far
field can be calculated by summing the contributions from
every point r0 on the external surface of the hemispheri-
cal substrate lens, according to

E~r! } E E dAE~r0!
exp~ikr !

r

3 @cos~n, r! 2 nSi cos~n, r0!#. (1)

The factor E(r0)exp (ikr)/r is a secondary wavelet origi-
nating from the surface element dA 5 R2 sin ududf of the
lens. The integral is performed over the entire surface of
the substrate lens, generally not precisely half of a sphere
because of the finite thickness of the substrate and the
displacement of the antenna from the lens center. The
factor in the square brackets, known as the inclination
factor, depends on the inward-pointing surface normal
n.23

This formalism makes a number of simplifying as-
sumptions. First, the vector nature of the field is ne-
glected, so no information about the polarization of the
diffracted wave can be obtained. Gürtler et al. have re-
cently noted that a full vector field diffraction theory is
necessary in certain situations, such as in the case of
near-field propagation when the wave front’s curvature
approaches the wavelength of the radiation.34 In the
present case, this is not likely to be an important consid-
eration. Second, it is assumed that all relevant dimen-
sions are much larger than the wavelength. This as-
sumption is not violated despite the broadband nature of
the THz pulses investigated here. In our data, the lowest
measured frequency component (;100 GHz) has a wave-
length of approximately 0.88 mm in the silicon lens, a fac-
tor of ;5 less than the lens radius. A more significant
approximation is necessitated by the fact that our emit-
ting antennas are bow ties. The bow-tie pattern has
been measured by a number of researchers and can be
calculated with finite-element analysis,17,31 but there is
no analytic expression for the result. Instead, we com-
pute the radiated field using a dipole emission pattern as
the starting point. As noted above, the result for the bow
tie is not dramatically dissimilar from that of a conven-
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tional dipole pattern,17 so the calculations provide a use-
ful starting point for understanding the data.

Figure 1 illustrates the geometry of a bow-tie emitter
antenna and the coordinate system used throughout this
paper. The x-axis points along the axis of the dipole and
defines the predominant polarization axis of the emitted
radiation. The z axis is the optical axis, pointing through
the center and tip of the substrate lens (not shown). The
angle f, the opening angle of the emitting bow-tie an-
tenna, is 90° in all of these experiments. By use of the
experimental arrangement shown in Fig. 4 below, it is
possible to measure any of the four possible polarization
combinations: the s- and p-polarized E plane (in the
plane of the dipole), as well as the s- and p-polarized H
plane (perpendicular to the plane of the dipole).

It is important to note that these calculations do not
provide an accurate description of the relative amplitudes
of different frequency components within the measured
THz wave. These relative amplitudes are determined
not only by the interference of the diffracting beam but
also by such factors as the duration of the optical pulses
used to gate the antennas, the carrier lifetime in the de-
tector antenna, and the size of the emitter and receiver
dipoles.7 None of these factors are included in these
simulations. Nonetheless, it is instructive to see how
much of the frequency response is determined solely by
the diffraction effects modeled here.

3. SUBSTRATE-LENS DESIGN
Figure 2 shows ray-tracing diagrams for the two common
substrate-lens designs studied here. These diagrams are
shown to scale for the experimental geometry explored
here, with R 5 4 mm for the substrate lenses. In the
case of the collimating hemisphere, the emitter is at the
focus of the substrate lens, so the rays emerge from the
lens as a nearly collimated beam. At large angles the
internal-incidence angle approaches the critical angle for
total internal reflection, leading to a strongly refracted
ray and an abberated wave front. At still larger angles,
radiation is trapped inside the lens, as shown by the
dashed rays in Fig. 2(a). For this design the distance
from the emitter to the tip of the lens is given by

Fig. 1. Schematic of the bow-tie emitter used in these measure-
ments, along with definitions of the coordinate system employed
throughout this paper. The opening angle of the bow tie is
f 5 90° in these measurements.
dcollimating 5 RS n

n 2 1 D , (2)

where n is the refractive index of the lens. In the case of
silicon, dcollimating is approximately 1.41R. The other de-
sign, the aplanatic hyperhemisphere, places the emitter
at a position so that no rays are trapped by internal re-
flections. The emitter-to-lens-tip distance is

dhyper 5 RS n 1 1

n D . (3)

For silicon, dhyper 5 1.29R. The aplanatic lens decreases
the effective f-number of the antenna system by a factor
of n, relative to the system without a substrate lens.17 In
this case, the radiation emerges as a diverging beam, with
a ;30° cone angle, and with no wave-front aberation.
However, the finite size of the antenna substrate (2 mm
square in the present case, as shown in Fig. 2), prevents
rays at large angles from escaping the emitter. Because
of the very different beam-divergence angles in the two
cases, it is not clear a priori which design is more efficient
for THz generation. Of course, these ray diagrams ne-
glect the effects of diffraction, which, as shown below, are
extremely important in these systems.

The implications of the substrate-lens design are most
important when considering the optical system used to

Fig. 2. Ray-tracing diagrams of the two lens designs studied in
this work. The upper diagram shows the collimating-lens de-
sign. The abberation of the wave front, arising from rays propa-
gating close to the critical angle inside the lens, is evident. Rays
represented by dashed lines are those that are trapped inside the
lens by total internal reflection. The lower diagram shows the
hyperhemispherical lens design, in which no rays are internally
reflected, and the emitted radiation emerges with a divergence
half-angle of ;15° and no wave-front abberation. These dia-
grams are shown to scale for a substrate lens of 4 mm radius,
with a refractive index equal to that of silicon, nSi 5 3.418. In
both cases, the antenna is fabricated on a 2-mm-square GaAs
substrate, also shown. In the hyperhemispherical design, a sub-
strate of this size can interfere with the propagation of radiation
at large angles and may decrease the emission efficiency as a re-
sult. The diagrams neglect the small index difference between
GaAs and Si.
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collect and manipulate the THz beam.2,4,7 For example,
a common design would be to place a free-space collection
lens or off-axis parabola in front of the emitter, to produce
a collimated beam. In the case of the collimating sub-
strate lens, the need for this collection lens can only be
understood if diffraction is included, since in the ray-
optics description this beam is already collimated. Since
the wave front that reaches the collection lens is strongly
perturbed by diffractive effects, the beam after the collec-
tion lens has a frequency-dependent transverse spatial
profile. Radiation with higher frequencies propagates
closer to the optical axis. If this beam is reimaged by a
second free-space lens, the resulting focal spot is fre-
quency independent, which can be advantageous for ap-
plications such as coupling into waveguides, for
example.35 On the other hand, for the case of the
aplanatic substrate lens, one might imagine that the
beam is less affected by diffraction, since it emerges as a
diverging source (see Fig. 2). In this case, the beam after
the collection lens has a transverse profile that is inde-
pendent of frequency.4 Reimaging the beam produces a
focal spot with a strongly frequency-dependent diameter.
This can be exploited to improve resolution in imaging
applications.36 Also, in the ray-optics picture the beam

Fig. 3. Sample simulations showing the angular emission pat-
terns in (a) the E plane and (b) the H plane, for the two lens de-
signs. The dotted curve, denoted as ‘hemispherical’ in these
plots, shows the result for the radiation pattern inside the lens.
This is equivalent to what one would measure if the emitter were
located at the center of an ideal hemispherical substrate lens.
The discontinuities in these patterns at 17° result from internal
reflection at the air–substrate interface.
after the collection lens is collimated in one case but
comes to a beam waist quite rapidly in the other. This
could have important implications for the design of a THz
system, since it would dictate the required separation be-
tween the emitter and receiver antennas.6 However,
when diffraction effects are included, it is no longer clear
that this distinction is important.

Figure 3 shows examples of calculations performed as
described above. These show the p-polarized E-plane
and s-polarized H-plane angular-emission patterns at a
frequency of 0.5 THz, assuming a transmitter-to-receiver
separation of 50 cm and a silicon aplanatic hyperhemi-
spherical substrate lens with a radius of 4 mm. This fig-
ure shows the results for the two different substrate-lens
designs, demonstrating a dramatic difference between
them. It also shows the angular distribution for a dipole
on a silicon substrate, undistorted by diffraction and in-
terference effects. This is the pattern one would measure
if the emitter were located at the exact center of the hemi-
spherical substrate lens, so that no refraction occurs at
the lens surface. Hints of this pattern remain only in the
case of the hyperhemispherical lens.

4. EXPERIMENTAL RESULTS
Figure 4 shows a schematic of the experimental arrange-
ment used in these measurements. With the exception of
the fiber coupling this is a fairly conventional THz-TDS
system,4,7 using laser pulses of approximately 100-fs du-
ration at a repetition rate of 80 MHz. These pulses are
precompensated for group-velocity dispersion before be-
ing injected into the single-mode optical fiber. The fiber
is split into two arms, one for the transmitter and one for
the receiver. The pulses in the receiver arm exit the fi-
ber, pass through a computer-controlled optical delay, and
are coupled back into fiber. The delay consists of a long
rail that provides up to 1 ns of delay, as well as a rapid
scanning delay line,4,37 that permits measurement of THz

Fig. 4. Schematic of the setup used in these measurements.
The system is a conventional THz time-domain spectrometer, ex-
cept that both photoconductive antennas are fiber coupled, as
shown. This permits easy repositioning of the receiver without
loss of alignment or temporal synchronization.
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wave forms within a 40-ps window at a rate of 20 Hz.
The optical power in the fiber is kept ,10 mW to avoid
nonlinear pulse broadening. Even so, a signal-to-noise
ratio of 1000 per sweep of the scanning delay line is not
unusual. As noted above, the receiver antenna is
mounted on the end of a rail that pivots around the posi-
tion of the emitter antenna. The photographs in Fig. 5
show the mounting chuck for the (stationary) emitter an-
tenna [Fig. 5(a)] and the fiber-coupled receiver antenna
module [Fig. 5(b)]. For the emitter the more cumber-
some mounting is used to permit easy exchange of the
substrate lens.

For the measurements reported here the receiver an-
tenna is a 90° bow tie, fabricated on low-temperature-
grown GaAs. It is positioned a fixed distance from the

Fig. 5. Photographs of the fiber-coupled (a) emitter and (b) re-
ceiver module. The more cumbersome emitter chuck is used to
facilitate replacement of the substrate lens. The receiver mod-
ule is hermetically sealed, with a substrate lens protruding from
the left side in this image and electrical connections for measur-
ing the induced photocurrent. The E plane and H plane can be
measured simply by rotating both antennas.
emitter. A wire-grid polarizer is positioned directly in
front of the receiver, oriented to pass radiation polarized
parallel to the receiver orientation. Although the re-
ceiver has a small sensitivity to cross-polarized radiation,
the polarizer effectively filters out any such components,
so the measured radiation is purely linearly
polarized.14,15 At each angle u relative to the optical axis
(the z axis in Fig. 4), 1000 waveforms are averaged by use
of the scanning delay line. The detector is then manually
repositioned at a different angle. In this manner, the
emitted electric field ETHz(t; u) is measured directly.
Fourier transform of these waveforms produces the com-
plex spectrum ETHz(v; u). Both the amplitude and the
phase of the radiated field are extracted from these mea-
surements.

In order to rapidly switch between the two different
lens designs, a substrate-lens radius of 4 mm is chosen.
From Eqs. (2) and (3) above we find that the optimum dis-
tance from the emitter to the lens tip is approximately 5.7
mm for the collimating lens and 5.2 mm for the hyper-
hemispherical case. One can therefore switch rapidly be-
tween these two cases with a lens cut for the hyperhemi-
spherical design and a circular silicon plate of
approximately 0.5-mm thickness. Inserting this flat disk
between the lens and the substrate increases the
antenna-to-lens-tip distance by almost precisely the ap-
propriate amount. If this disk is at least 4 mm in radius,
then it does not interfere with the waves propagating
within the silicon, assuming that all surfaces are in opti-
cal contact. In order to ensure that the substrate lens is
aligned correctly, a real-time alignment procedure is em-

Fig. 6. Typical E-plane waveforms, for the (a) hyperhemispheri-
cal and (b) collimating-lens designs. The emission angles are
shown in the plots. Waveforms from the H plane show very
similar behavior, in both cases.
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ployed. The THz waveform is optimized by manual posi-
tioning of the lens and then affixed in place before subse-
quent measurements.

Figure 6 shows measured E-plane waveforms ( p polar-
ized), at several different angles, for the (a) hyperhemi-
spherical and (b) collimating substrate lens. Here, the
emitter-to-detector distance is 26 cm. This distance was
chosen as a trade-off between diminishing signal and im-
proving angular resolution with increasing distance. We
estimate an angular resolution of ;2° in these measure-
ments. In both (a) and (b) the waveform broadens and
shifts to increasing delay as the angle increases. How-
ever, in the hyperhemispherical case the waveforms are
initially more symmetric, and they lose their high-
frequency components more rapidly. The details of the
pulse broadening are also quite distinct. Figure 7 sum-
marizes these data in the frequency domain, and Fig. 9
shows a similar summary for the s-polarized H-plane re-
sults. In Figs. 7(b) and 9(b) the persistence of higher-

Fig. 7. Amplitude spectra of the measured waveforms as a func-
tion of both frequency and emission angle. (a) E-plane emission
from an antenna coupled to a hyperhemispherical lens. (b)
E-plane emission from an antenna coupled to a collimating lens.
These data and the data of Fig. 9 are all shown on a common ver-
tical axis, to facilitate comparisons of relative amplitudes.
frequency components at low angles is more noticeable.
Figure 8 shows cuts through the data of Fig. 7, which
clearly demonstrate this persistence. Along the optical
axis, the collimating geometry provides substantially
more bandwidth. Because of the different divergence
properties of the two lens designs, this effect is reversed
even at angles of only 10°, as shown in Fig. 8. These re-
sults can be understood directly from the ray diagram
(Fig. 2), which is increasingly valid at higher frequencies.
Also, Figs. 7–9 illustrate the pronounced interference
fringes at large angles in both cases.

We note that the data of Figs. 7 and 9 are plotted on a
common vertical axis, to facilitate comparisons of relative
amplitudes. The peak field radiated by the hyperhemi-
spherical lens is ;20% larger than the peak field in the
collimating case. The total radiated energy in the hyper-
hemispherical case, integrated over angle and frequency,
is almost 80% larger in the E plane and ;50% larger in
the H plane. Figure 10 shows the radiated energy in the
E plane as a function of angle, integrated over all the fre-
quency components shown in Fig. 7. The narrower an-
gular emission in the case of the collimating lens is
clearly shown. The integrated H-plane emission shows
behavior similar to the E-plane results shown in Fig. 10.
Bray and Roy have pointed out that the aplanatic hyper-
hemisphere exhibits a lower reflection loss than other ex-
tended hemispherical lens designs, consistent with the re-
sults shown in Fig. 10.26 The solid and dashed curves in
Fig. 10 show the results of simulations of these integrated
angular-emission plots, calculated as described above.
Here, the simulation of the hyperhemispherical lens is
scaled to coincide with the experimental data point at
zero degrees, and the result for the collimating lens is
scaled by the same factor. The agreement between the
simulations and the data is reasonably good for angles
larger than ;5°. The disagreement at small angles in
the case of the collimating lens can be understood by ex-
amining a calculation of the full spectral dependence of
the angular emission.

Fig. 8. Spectral cuts through the data of Fig. 7, at two different
angles, shown on a log scale. The upper two curves show the
data collected along the optic axis, and the lower two curves show
the data collected at an angle of 10°. These latter two curves
have been vertically displaced downward by a factor of 10, for
clarity. In the forward direction the collimating-lens design pro-
vides more signal at high frequency; in the off-axis direction the
collimating nature of this lens design reduces the measured
bandwidth more rapidly than in the aplanatic case.
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One of the unique aspects of THz time-domain spec-
troscopy is its ability to measure the THz electric field co-
herently and thus preserve the phase information. As a
result, it is possible to determine not only the amplitude
of E(v; u) but also its phase. In doing so, one finds that
the spectral phase is dominated by a term that varies lin-
early with frequency, of the form 2vt. This arises from
the arbitrary assignment of t 5 0 in the waveform mea-
surements. In order to display the phase variation with
frequency, we remove this uninteresting component by fit-
ting a linear function to the spectral phase at u 5 0.
This linear function is then subtracted from the phase at
all angles, and the residual is shown in Fig. 11 for the
E-plane emission. The results for the hyperhemispheri-
cal lens are shown in (a), and the results for the collimat-
ing lens are shown in (b). Just as seen above, the char-
acteristic radiation patterns inside the lens are no longer
discernible. In particular, the expected p/2 phase jump
at the critical angle of ;17°, associated with the disconti-

Fig. 9. Amplitude spectra of the measured waveforms as a func-
tion of both frequency and emission angle. (a) H-plane emission
from an antenna coupled to a hyperhemispherical lens. (b)
H-plane emission from an antenna coupled to a collimating lens.
These data and the data of Fig. 7 are all shown on a common ver-
tical axis, to facilitate comparisons of relative amplitudes.
nuities visible in Fig. 3, are obscured by the effects of
diffraction.17 However, the differences between the two
phase patterns are more pronounced than in the ampli-
tude spectra. In the former, weak interference fringes
are visible, and these appear to be dependent on both fre-
quency and angle in a manner similar to those in Fig.
7(a). In the latter, the overall phase change at large
angle is much larger. (Note the difference in the vertical
axes in these two plots.) This may be the result of the
strong refraction of rays near the critical angle, as de-
picted in Fig. 2. Because this phase distortion occurs
only at fairly large divergence angles, it will not have a
marked influence on the collected THz beam unless very
low f-number optics are used. Even in this case, the rela-
tive amplitude of this contribution to the overall THz sig-
nal is quite small.

5. DISCUSSION
Figure 12 shows the results of diffraction calculations
performed as outlined above, simulating the E-plane data
of Fig. 7. Here, it is clear that, even in the absence of any
other mechanism that could limit the measured THz
bandwidth, the geometry of the substrate lens can have a
dramatic effect. In the case of the hyperhemispherical
lens, the spectral content is limited to ;0.6 THz even in
the forward direction (u 5 0°), in approximate agree-
ment with the experiment [Fig. 7(a)]. With a
collimating-lens design, the geometry does not place any
limits on the bandwidth along the optic axis, at least up to
1 THz. Of course, the experimentally measured spectral
bandwidth is limited by factors other than the diffraction
geometry, which as mentioned above are not included in
this simulation.

The achievable bandwidth in a THz system can be lim-
ited not only by the choice of lens design but also by the

Fig. 10. Power emitted in the E-plane integrated over all fre-
quency components shown in Fig. 7, as a function of emission
angle. Solid squares show the results for the hyperhemispheri-
cal lens design, and open squares show the results for the colli-
mating design. The solid and dashed curves are the results of
simulations of the integrated power, for the hyperhemispherical
and collimating cases, respectively. These simulated results
have been scaled by a common factor, chosen so that the curve for
the hyperhemispherical case coincides with the data point at an
angle of zero degrees.
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size of the substrate lens. To study this phenomenon, we
perform simulations to determine the spectral amplitude
of the radiation emitted in the forward direction, at u
50°. Figure 13 shows the results of these simulations,
for several different lens radii and both lens designs. In
both cases, the spectral width decreases as the lens radius
increases, as the spectrum becomes richer in low-
frequency components. A larger lens presents a larger
aperture to the emitted THz beam and therefore leads to
less diffraction for a given wavelength. As a result, the
amplitude of the low-frequency components along the op-
tic axis grows as the lens radius increases. As one might
expect from the divergence properties of the two lens de-
signs, this process is much more dramatic in the case of
the hyperhemispherical lens. Also, the total radiated
power in the forward direction increases more rapidly for
the collimating design. It should be noted that, for
lenses as small as 2 mm radius, the wavelength of 100-
GHz radiation inside the lens approaches the size of the
lens, so the accuracy of these simulations is questionable
in this limit.

Fig. 11. Experimentally determined spectral phase of the THz
waveforms measured in the E plane. The data are shown as a
function of frequency and angle, for (a) the hyperhemispherical-
lens design and (b) the collimating-lens design. Note the differ-
ent vertical axes in the two plots. The collimating lens intro-
duces a much larger phase distortion at large angles, which is
probably related to the wave-front abberation shown in the ray-
tracing diagram (Fig. 2).
The simulations shown in Fig. 12 also provide useful
insight into the divergence of the emitted THz beam. For
the hyperhemispherical lens the spectral content of the
beam is spread over a cone with a half-angle of ;15° at
the higher frequencies, as expected from the ray tracing.
For the collimating lens, a majority of the energy propa-
gates within a cone of only a few degrees, except for the
lowest frequencies. The degree of collimation of the
emitted beam can be expressed in terms of the directivity.
We calculate the directivity from the measured radiation
patterns according to

D~n! 5
2 max@ uETHz~u!u2#

E uETHz~u!u2 sin udu

, (4)

Fig. 12. Simulation of the full E-plane emission pattern as a
function of both angle and frequency, for (a) the
hyperhemispherical-lens design and (b) the collimating-lens de-
sign. The hyperhemispherical lens introduces strong interfer-
ence fringes even at zero degrees, limiting the measurable emis-
sion bandwidth of the lens-coupled antenna. In contrast, the
collimating design places no such limits on the spectrum, at least
within the approximations of the calculation described in the
text.
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where uETHz(u)u represents the measured spectral ampli-
tude at a given frequency n, and the factor of 2 is a nor-
malization for the angular integral.38 Figure 14 shows
the directivity calculated from the data of Figs. 7 and 9.
For higher frequencies the directivity is substantially
larger for the collimating lens and increases with increas-
ing frequency, as expected for a diffraction-limited beam.
In contrast, the hyperhemispherical lens shows an almost
frequency-independent result, also as expected from the
considerations mentioned above. The data from the hy-
perhemispherical lens also manifest a small but measur-
able peak near 200 GHz, in both the E plane and the H
plane. This peak results from a strong interference
fringe that occurs near this frequency at small angles.
The solid curves in Fig. 14 show the directivity computed

Fig. 13. Simulated spectral amplitude in the forward direction
(u 5 0), for both lens designs and for several different substrate-
lens radii. The legend in (a) applies to both (a) and (b). For
both lens designs, the spectral bandwidth decreases as the lens
radius increases, as a result of the enhancement of the low-
frequency components. In the hyperhemispherical case, even
the smallest lens gives rise to a substantial decrease in ampli-
tude at high frequencies. In the collimating lens, this effect is
only evident for the largest lenses.

Fig. 14. Directivity of the emitted beam, calculated as described
in the text. The open squares and circles show the results for
the E plane, and the crosses and plus signs show the results for
the H plane. The beam from the collimating lens shows a direc-
tivity that increases rapidly with increasing frequency, whereas
the hyperhemispherical lens shows little frequency dependence.
The solid curves are the directivities for the two lens designs cal-
culated from the simulations shown in Fig. 12.
from the simulated patterns shown in Fig. 12. These re-
produce many of the features of the experimental results.

Filipovic et al. have commented on the optimization of
the lens design for a quasi-optical system of the type com-
monly used in time-domain spectrometers.24 In this
work it was noted that the aplanatic design provides a
lower directivity and thus requires a small f-number op-
tical system for efficient collection. In contrast, a colli-
mating lens similar to the one considered here has a more
highly directional beam (with increasing directivity at
higher frequencies) and therefore requires a higher
f-number system, which is easier to align. They also cal-
culated the overlap between the emitted radiation and an
ideal Gaussian beam, which can be taken as a measure of
the efficiency with which this radiation can be coupled
into a Gaussian-beam optical system. This coupling effi-
ciency is computed according to

h~n!

5

U E ETHz~u!exp2~u/u0!2 sin uduU2

F E uETHz~u!u2 sin udu GF E exp@22~u/u0!2#sin udu G .

(5)
The parameter u0 defines the width of the ideal Gaussian
beam. In performing the calculation, the efficiency h is
optimized with respect to u0 for each frequency compo-
nent. The result showed that an aplanatic lens has a
relatively high Gaussian coupling, whereas a collimating
lens has a lower coupling that decreases with increasing
frequency. In other words, a more highly directional
beam couples less efficiently to a Gaussian mode. On the
basis of these findings, Filipovic and co-workers recom-
mended a compromise lens design, with an emitter-to-
lens-tip distance of between 1.32 and 1.35 times the lens
radius.24 This is approximately the geometric mean of
dhyper and dcollimating as defined above, and should provide
a reasonably directional beam with good Gaussian cou-
pling. Figure 15 shows the Gaussian-coupling efficiency
calculated from the E-plane data of Fig. 7 with Eq. (5).
We observe that the hyperhemispherical lens has a higher

Fig. 15. Gaussian beam-coupling efficiency, calculated as de-
scribed in the text, for the E-plane data shown in Fig. 7. The
hyperhemispherical-lens design produces a beam that couples
more efficiently to a Gaussian mode over much of the relevant
bandwidth. This offsets to some degree the lower directivity of
the radiation from this lens design.
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coupling efficiency over most of the accessible spectral
range, reaching as high as 94% near 600 GHz, consistent
with the results of Filipovic et al. However, the distinction
between the two lens designs is not as pronounced in our
results, possibly due to the difference between the synthe-
sized ellipsoidal lenses used in the earlier work and the
truncated spherical lenses employed here.

6. CONCLUSIONS
We have reported detailed measurements of the angular
radiation patterns of broadband terahertz photoconduc-
tive antennas. These are compared with simulations
based on a Fresnel–Kirchoff diffraction calculation. The
results confirm several pieces of conventional wisdom in
the field of terahertz time-domain spectroscopy and also
provide some new insight. As reported by Jepsen and
Keiding, we find that the radiated terahertz field is larg-
est along the optical axis, with significant interference
fringes at larger angles, resulting from the diffraction of
the radiation through the aperture presented by the sub-
strate lens.13 As one might suppose from a simple ray-
diagram analysis, the radiated THz energy propagates
more in the forward direction when a collimating-lens ge-
ometry is employed. However, the total emitted energy
is somewhat reduced, possibly because some portion of
the radiation is trapped inside the substrate lens by total
internal reflection. In addition, the ;30° divergence
angle expected for the hyperhemispherical lens design is
also confirmed.

The choice of substrate lens is an important factor in
the design of the optical system used to collect and trans-
port the THz beam. The aplanatic design provides a
nearly frequency-independent directivity that is quite low
and thus requires low f-number optics for high efficiency.
On the other hand, the beam is somewhat more closely
matched to a Gaussian mode, which can compensate for
some of the losses associated with the high divergence.
The suggestion of Filipovic et al.24 to use a lens that is in-
termediate between the two cases studied here has not
been implemented in THz-TDS systems to our knowledge.
This could be an important method for optimizing the ef-
ficiency and signal-to-noise ratio in these spectrometers.

One of the unanticipated results from the comparison
between the two lens designs involves their influence on
the measured THz bandwidth. From the simulations it
appears that the collimating lens places much weaker re-
strictions on the bandwidth of the emitted radiation; in-
stead, the bandwidth is limited by other factors such as
the properties of the photoconductive sampling detector
or the duration of the optical pulse used to gate the emit-
ter. In contrast, when a hyperhemispherical lens is used,
the bandwidth is dramatically limited by the diffraction
geometry, as the radiated wave exhibits large interference
fringes even in the forward direction. This highlights an
important and usually neglected factor in the optimiza-
tion of the bandwidth for spectroscopic measurements.
Additional simulations and experiments will be necessary
to study the effects of intermediate lens designs on the
bandwidth of lens-coupled THz emitters.
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