EN221 - Fall2008 - HW # 1 Solutions

Prof. Vivek Shenoy

1. Let A be an arbitrary tensor.
i). Show that

1
11, = 5{(tr A)? —tr A%}
ii). Using the Cayley-Hamilton theorem, deduce that
1
1114 = 6{(tr A)® —3tr A tr A% +2tr A3}

Soln.
i). Method-1

Using the definition of II, , i.e. Eqn(1.26) from Chadwick
IIA [a,b,c] = [a,Ab, Ac| + [Aa, b, Ac| + [Aa, Ab, c] (1)

Let,a=e;, b=e3; and c = e3

IIA [el, €2, 83] = [el, Aez, Ae3] + [Ael, €2, Ae3] + [Ael, Aeg, 83] (2)
IIA€123 = [el, Aez, Ae3] + [Ael, €2, Ae3] + [Ael, Aeg, 83] (3)

since, €123 = 1, and

Aei == Amn (em ® en)ei == Amn (en . ei)em == Amn5niem == Amiem

IIA = AqZAr3[ela €q, er] + AplAr3[epa €2, er] + AplAq2 [epa €q; 83]
since p, q and r are dummy indices (and rearranging)

IIa = Ap2Agsler,ep,eq] + Ap1Agslep, e2,eq] + Ap1Agalep, eq, €3]
= Ap2Agscipq — Ap1Agscepg + Ap1Ag2€spq (4)

we can as well write it by interchanging p and q

IIn = Aq2Apscigp — AqiApscagp + AqiAp2€sgp
= —Ag2Ap3€ipq + Aq1Apscapg — Aq1Ap2€spq (5)



on summing Eqn(4) and Eqn(5)

2 IIA = (Apqug — quAp3)€1pq + ... (6)
_(AplAq3 — AqlApS)Equ + ...
+(Ap1Aqgz — Aq1Ap2)espq

2IIa = (Ap2Ag3c12s + Ap3Ag2€132)€1pg + - (7)
+(Ap1Agse213 + ApzAqi€asi)eapg + -
+(Ap1Ag2€ezi2 + Ap2Agi€321)€spq

Eqgn(7) can be re written as
1
Ha = 5ApiAqjcrijerpq (8)

If we closely examine Eqn(8), we observe that r is different from {i,j}
and the sign of ¢,;; determines the sign of the each term. All the
existing six terms of the Eqn(7) are obtained by the all the {i,j,r}
permutations of the Eqn(8)

using the fact (see P1.3b Chadwick)
€rijerpg = Oipdjq — digd;

Eqgn(8) can be written as,

IIn = %Apiqu((Sip(Sj _5iq5jp)
= %(Aii Aji — Ajj Aji)
- %{(tr A)? — tr A%} (9)
Method-2
14 [a,b,c] = [a, Ab, Ac] + [Aa, b, Ac| + [Aa, Ab, ] (10)

we know that A*(aAb)=Aa A Ab and also,
B(aAb)-c= (a/\b)~BTc

IIa [a,b,c] = [(A") a,b,c|+[a, (A*) b,c|+[a, b, (A") ¢
= tr (A") [a,b,c] = tr A" [a,b, | (11)

Using Cayley-Hamilton theorem



A2 —TA A%+ TIAA 1115 =0 (12)
Multiply above equation with A~! to get,

A2 —Tp A +1I5p — A 'IIIA =0 (13)

knowing the fact that /714 = detA and A* = A ldetA, the above
Eqgn. can be re-written as

A2 —Tp A +1Ip -A" =0 (14)
Now, take the trace of the above Eqn.

tr A2 —Ipatr A +IIotr I —tr (A*) =0
tr A2 — (tr A)2 + 2115, =0

Tl — %{(tr A)? —tr A%} (15)



ii) Cayley-Hamilton theorem states that,
A3 —TAA?+TIA A —1III5 =0
Taking the trace of the above Eqn. we obtain,
tr A3 —Iatr A2 +TIotr A —IIIatrI=0

using the fact that IIn = z{(tr A)2 —tr A%} and tr I =3
we obtain,

1
tr A3 —TIptr A% + 5{(tr A)? —tr A%} tr A — 31115 =0
on simplifying,
1
3IMIaA = tr A% —tr Atr A% + 5{(tr A)? —tr A%}tr A

1
= 5[2tr A3 —3tr Atr A + (tr A)3)

or
1
I, = 6[2 tr A3 —3tr A tr A% + (tr A)3)

(18)

(19)

(20)



2. Using the result

detA detB = det(A B) VA, B €L,

or otherwise, show that

€ijk€lmn = 5il(5jm5kn - 5jn5km) + 5im(5jn5kl - 5jl5kn)
+0in (8510km — 6jmOki)

Hence derive the formula,
(a) €ijp€imp = 5il5jm - 5im5jl;
(b) €ipq€lpq = 20i1

Soln.

ei = (0i1, 042, 0i3)
eg. e = (11, 012,013) = (1,0,0)

di1 051 Op1 01 diz Oi3
€ijk = leisej,ex] = | diz Oj2 Oka | =| o1 G2 Jj3
i3 03 Ok3 Okt Ok2 Ok
di1 051 O1 o1 Om1 Om1
€ijk €lmn = | Oi2 Oj2  O2 G2 Om2  On2
03 0j3 O3 013 Om3  On3
01 Oz 0 0 Omi On1
= 5j 5j 5j 5l2 5m2 5712
Ok1 Or2 O3 813 Om3  On3
S Gim O
= | %t Ojm 9
Okt Okm  Okn

on expanding the determinant in the Eqn(25), we obtain

€ijk€lmn = 5il(5jm5kn - 5jn5km) + 5im(5jn5kl - 5jl5kn)
+0in (8510km — 6jmOki)

(a) set k =p and n = p, in the Eqn(26)

€ijp€imp = 0it(GjmOpp — 0jpOpm) + Sim (8pdpr — 0j16pp)
+0ip(010pm — Ojm0pi)
= 3 5il5jm — 5il5jm + 5im5jl -3 5im5jl
+5im5jl — 5il5jm
= 5il5jm - 5im5jl



(b) since p is a dummy index in Eqn(29) replace it by the q
€ijg€lmg = 0il0jm — Oim0ji (30)

in the above equation now set j = p, and m = p, to obtain

€ipg€ipg =  OitOpp — Jiplpi
= 36— du
= 20y (31)



3. Let A be an arbitrary tensor and A" its adjugate. (i) Given that A;;
are the components of A relative to an orthonormal basis e, show that the
components of A* are %eipqeijprAqs. Deduce that A™* = A*

(ii) Show that

(a) (A")* = (det A)A,

(b) tr A* =114,

(c) A{an(A"b)} = (A*Ab) Va, b cE

Soln.

(i) using the defintion of an adjugate,

A*(aAb) = (Aa)A(Ab) (32)

replacing a and b with the orthonormal basis e; and e; we get,
A* (ei A ej) e (A ei) AN (A ej) (33)
Ai,q (ep ®eq)(ei A €j) = Amn (ém @ en)e; A Ays (er @ eg)ej (34)
Using e; A ej = egijex, and (a®b) c = (c.b)a, we obtain
At)q (ep ® €q)€kijek = Amn (€i - €n)em A A (€5 - es)er (35)

Using e; - €; = §;5, we obtain

Aj;)q (ek ® eq)epekij = Apmn %in€m N Ars 5jser

*
qu 5kqep€kij = Amn 5inem A Ars 5jser

ALq€ptaij = AmiArjem A e (36)
A;q €péqij = AmiAt‘j €smr€s (37)

taking the dot product with e on both sides, we obtain

*
queqij(ep ! ek) = AmiArjesmr(es : ek)
*
queqij5pk = AmiArjesmr5sk
*
Akqeqij = AmiArjekmr (38)

Multiplying both sides with €,;; we obtain

esijeqijAjicq = 6sijekmt‘iAmiiAr‘j (39)
using, esijeqij - 255(1
2 5qu1q = 6sijekmt‘iAmiiAr‘j (40)
. 1
ks — §€sij€kmrAmiArj (41)

which, by replacing the dummy varibles can be written as,

. 1
Aij = §€ipq€jrsAprAqs (42)



Now,

T 1

« T T
(A )ij = §€ipq€jrsAprAqs
1
iﬁiqujrsArpAsq (43)

on replacing the dummy variables Eqn(43) can be rewritten as

T

" 1
(A )ij = §€irsequAprAqs
«T
= (A" )y (44)



(ii) (a) consider the case when det A # 0,
In that case there exists an inverse A~ and we know that

T, T Ail _1
or
A = (det AYA™T =B
We need to find (A*)",

1

det(AT) =det(A71) = Y
€

det B = det(det A A ) = (det A)3det(A~T) = (det A)?

now

B =(A") = (A 'detA)
1 —-T —-T
= A
detA( )
A

det A

(A*Y =B = (det B)B™T
on substuting Eqns(46 and 47) in Eqn(48) we obtain

(A =B =detA A



(b)
IIA [a,b,c] = [a,Ab, Ac| + [Aa,b, Ac| + [Aa, Ab, ¢ (50)

we know that A* (aAb)=Aa A Ab and also,
B(aAb)-c=(aAb)-B'c

Is [a,b,c] = [(A) a,b,c|+[a, (A") b,c]+[a,b, (A" ]
tr (A*)" [a,b,c] = tr A* [a, b, | (51)
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(¢) Method-1
By definition

or

and using B*(a A b) = (Ba) A (Bb)

A {a/\ (ATb)} =

Using A* A" = det A

A {a/\ (ATb)} =

Method-2 .
consider A {a A (A b)}

ot A {A"a Adet A b}

det A
ot A {A*a A b}

{Aa A b}

Take dot product with an arbitrary non zero vector c

and using Ba-b=a- B b

Af{an(A'Db)}-c

= {an(A"b)}-A'c
= [a,(A"b), (A" 0)]

= {a (&) (bAc)}

= {A'a-(bAc)}

= {A'aAb}-c
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(54)



