EN221 - Fall2008 - HW # 2 Solutions

Prof. Vivek Shenoy

1) Let A and B be arbitrary tensors, A* and B* the adjugates of A and B
, and « and ( arbitrary scalars. Show that

det(aA + BB) = aldet A + o8 tr (B" A*) + a2 tr (A" B*) + 3*det B
Soln.

det(aA + B) = [(0A + B)ey, (0 A + B)ez, (0 A + 5B)es] (1)

det(cA 4+ B) = (aA+ (B)er-[(cA + OB)ea A (cA + (B)es]
= (aA + fB)e; - [0?Aey A Aez + affBez A AegafSAez A Bes + 2Bes A Bes]
a®Aey - Aes A Aes + ...
+a?3[Bey - Aea A Aes + Ae; - Aes ABes + Ae; - Bea A Aeg| + ...
+aB?[Ae; - Bes A Beg + Be; - Bez A Aes + Ae; - Bea A Beg) + ...
+63Be1 - Bes A Beg

Note that, Ae; - Aez A Aes = det A and, Be; - Bex A Besg = det B
Now gather the terms that go with o2

Be1 . A82 A Ae3 = Be1 - Af (82 A 83) = [A*T Bel, €2, 83]

Ae1 . A82 A Be3 = [el, €2, A*T Be3]
Ae1 . B82 A Ae3 = [el, A*T Bez, 83]

And the sum of the above terms are,

T

(A Bey, ez, €3] + [e1, €2, A" Bes] + [e1, A* Beg,es] = tr (A* B) = tr (A" B)" = tr (B" A")

It can similarly be easily seen that the terms that go with a3? is tr (AT B")
hence,

det(aA + BB) = aldet A + o23 tr (B A*) + af? tr (A" BY) + F3det B (2)



2) Show that

cos20 sin20 0
sin20 —cos20 0 (3)
0 0 1

is an improper orthogonal matrix that represents a change of basis equivalent
to a reflection in the plane through e inclined at a positive angle e;.

Soln.
The determinant of Q is -1 hence it is improper orthogonal matrix .
Consider an arbitrary vector a, a = aje; + agzes + ages

a1
a= (6%

a3

The components of the vector are then split into two components. One com-
ponent is the plane formed by e; and es. Here e, is the vector in the plane of
e; — ez and at an angle 6 w.r.t. e;

!
e; =cosfeq +sinfes

The vector perpendicular to the plane e/1 —eg is

’
e, = ezlhe;

e3 A (cosfer +sinbeq)

= cosflep —sinfe; (4)

The component of a out of the plane e/1 —eg is

a;, = a-e]q

(v1e1 +azez+ages) - (cosfeq —sinfer)

= —apsinf + azcosb (5)

and the component in the plane is

’

a = a—aje]|

(vr1e1+azea +ages) — [—azsinf + az cosb][cosf ea — sinheq]
[ — a1 sin? 0 + g sin 0 cos fler + ...

+ae — ag cos? 0 + aq sin 6 cos Oleg + ...

+ages

= [a1cos® 0 + azsinfcosble; + [azsin? 6 + aq sin 6 cos flez + a3 e3(6)



The transformation Q converts a to a,

a = Qa
cos20 sin20 0 a1
= —sin20 cos20 0 Qg
O O 1 a3

a1 cos 20 + ao sin 260
= a1 sin 20 — ap cos 260
Qa3
The component of a, out of plane e/1 —eg is
ar|] = ar-€ej

= (a1 0820 + agsin 20, aq sin 20 — ag cos 26, ag) - (—sin 6, cos b, 0)
= a1sinf —azcosb (7)
Similarly,

the component of a, in the plane e/1 —eg is

a[‘ = ay — (ar . el)el
= (a1c08?6 + ascosfsinf)e; + (ag cosfsind + as sin? fea + ez (8)
Eqgns. 5,6,7,8 tell that
a; = a/, In plane components are equal for a and a
ar; = —a_, Out of plane components are equal and opposite

But, that precisely is the definition of reflection in 3-D.



3) Consider the following symmetric matrix, S:

5 0 4
0 4 0 9)
4 0 5
(a) Show that S is positive definite. (b) Calculate A, the square root S, Verify
that A2 = S.
Soln.

The eigenvalues of S are obtained from

5—2A 0 4

0 4—-A 0 =0 (10)
4 0 4—
GB=XN[MA-X>B-N]+40-44-XN)]=0
4-=N[B-N?—-161=0
A-N[GBGB-A=-49B-1+4)]=0
4-MN1-MNO=-XN=0
(11)
the three roots are, A\ =1, \a =4, A3 =9
Since all the eigenvalues are positive the matrix S is 4+ve definite
To find the eigenvectors
5 0 4 o o1
0 4 0 (D) =1 (D) (12)
4 0 5 Qs as
on solving we obtain a; = a3 and ag =0
so the unit eigenvector is,
1
o
p1= (1) (13)
V2
5 0 4 o1 o
0 4 0 ay p=4{ @ (14)
4 0 5 Qs as
so the unit eigenvector is,
0
pp=9 1 (15)
5 0 4 o1 o
0 4 0 oy p =9 oo (16)
4 0 5 Qs as



so the unit eigenvector is,

b3 =

L
V2
0

V2

The square root matrix S'/2 is written as

A=8'7?

Checking

AxA =

3
Z)\iﬂ Pi @ pi

=1

\/Ipl ®p1+\/1p2®p2+\/§p3®p3

— O N

O N O

0

N O~ OO

N O =

N—= O =

+2

— O N

O N O

0
0
0

o

0 0
1 0
0 0

= O ot

+3

O = O

T O

= O o=

o

=S

N= O =

(17)

(18)

(19)



4) if det T # 0 deduce using det (T — AI) = 0 that

det (TP —=X"'I)=0

and hence
A L (T YA 2+ (T YA - I3(T Y =0
show that
L (T~ ') = Ix(T)/I5(T)
I(T™ ') = Ii(T)/I5(T)
I3(T1) = 1/I(T)
Soln.

Since detT # 0, T~ exists, and using TT™! =1

0=det(T —AI) = det(T—-\TT 1)
= det(-A\[TT ' —-T)x 1))
= det(-AT[T ' -1\"1))
= —A3det(T) det(T"* —Ix 1)
= N I3(T)det(T" ' —Ix71) (20)

since detT # 0, so XA # 0
hence, Eqn.(20) can be written as det (T~1 — A71I) =0

using Eqn.(20) and expanding the determinants on both sides

det(T — M) = —N*I3(T) det(T"t —I\71)
M oL+ (T -I3(T) = -ML(TN - (T YA 2+ L(T HA ' —I3(T 1)
0= 13(1T) A3 — Egg A2 4 EEBA -1 = 1+L(T Y -L(THA2+I3(T"HA3 =0

(21)

on comparing the coefficients of A, A and \® respectively, we get

L (T™") = Ix(T)/Is(T) (22
I(T™ ') = Ii(T)/Is(T) (23
I3(T™') = 1/I3(T) (24



