EN221 - Fall2008 - HW # 3 Solutions

Prof. Vivek Shenoy

1). Let WM and W2 be skew-symmetric tensors with axial vectors w(t)
and w(® respectively. Show that

(a) WOW® = w) @ w® — (w) . w@)1
(b) tr (WOW®R) = 2w . w(2)

By making appropriate choices of W) and W), deduce from (b) the vec-
tor identity

(aAb)-(cAnd)=(a-c)(b-d)—(a-d)(b-c) Va,b,c,d,€E.

Soln.

(a)

Using the relation between the Skew-Symmetric matrix and its axial vector from
Ogden Pg. 24 (One can easily show this by writing W a = w A a in indicial no-
tation)

Wi = —eew” (1)
Wi = —epewl® (2)
(3)
WIWE = (o) (—guw®)
= (6ijk€j1r)W1(<1) w?
= —(ejikejlr)wl({l) W[(,Z)
= —(ulkr — 5ir5k1)wl({1) wi?
= (0l — 5i15kr)wl({1) wi?
= wiVw® - (w wi?)ou
— (w.(z) wl(l) — (wl({l) Wl({z))(Si]
WOWy, = (w® @w®); — (wh) - w®)sy (4)
WOW®? = w® gw® — (w) . w1 (5)



tr (WOWR) = tr (w?® @w®) — (w) . w@)tr1 (6)
Using the fact tra®@b =a-bandtrI =3

tr ( WOW®R) = (w®.w) 3wl . w?)
- 9 (W(Z) .W(l)) (7)

(©)

Now choose

WO = (a®@b)— (b®a) and

W® =(c@d)-(d®c)

Then the axial vector are b A a and d A ¢ respectively(Chadwick pg. 30)

(a@b—-b®a) (c®d—-d®c)
(a®@b).(ced)—(a®@b).(d®c)— (b®a).(c®d)+ (b®a).(d®c)
(a@d)(b-c)—(a®c)(b-d)—(b®d)(a-c)+ (b®c)(a-d)

(D@
wwi

(8)
Now taking the trace of the above equation

tr (WOWR) =tr (a@d)(b-c)) —tr (a®c)(b-d)) —tr (bed)(a-c))+tr (boc)(a-d))

9)

Using the fact tr (¢A) = atr A and tr (u®v)=u-v
tr (WOW®R) = (a-d)(b-c)—(a-c)(b-d)—(b-d)(a-c)+(b-c)(a-d)
= 2(a-d)(b-c)—2(a-c)(b-d) (10)

Now in the Eqn(7) Substitute the axial vectors w*) =bAaand w? =dAc

tr ( WOW®R) = _2(baa)-(dAc)
= —2(aAb)-(cAd) (11)

LHS of Eqns(10 and 11) are one and the same, hence on equating the RHS of
both the equation we get

(aAb)-(cAhnd)=(a-c)(b-d)—(a-d)(b-c) (12)



2). Let ¢ u and T be differentiable scalar, vector and tensor fields. Show

that

(i) grad(¢u)= u® grad ¢ +¢ grad u
(ii) div(Tu)= u- div T +tr (T grad u)
(iii) grad(¢T)= T grad ¢ +¢ div T
Soln.

(i) Let v = ¢u

Jv
gradv = a—xz ep ® eq
[0(¢u)
g _aqu] ep ® eq
[ Ou,  O¢

= —+—up] ep ® €q

" O0xqy  Oxg

[ Oy ¢
= (;583:(1 6p®eq+8xq upep@)eq]

= ¢gradu+u® grad¢
(ii) Let v.= Tu

divy = ——

= u-divT + tr (T gradu)

(iii) Let P = ¢T

8Pij€_

8x1- J

A(¢T)ij

- 8% ej

_ ol  , 99
= [(ba—xl + T3 8xi] €;
- 3Tij T 0 _
= ¢divT+T grad¢

divP =

(14)



3). A Pure strain is defined by the deformation gradient

A=XNe®er+ ey ®ex+e3 Des,

where e, e, ez are mutually orthogonal unit vectors. If two line elements are
aligned with M = cos ¢ e; +sin¢p ey and M = —sin ¢ ey + cos ¢ eq in the refer-
ence configuration, calculate the change in the angle between them due to the
deformation. Deduce that the maximum change among all such pairs of line

elements is
sin™! {)\z — )\g }
Af 4+ A5

Soln.
Strain is defined as

A:)\1€1®€1+)\262®€2+63®63 (16)
The matrix representation of A in the basis of ey, eg, e3 is
A 000
A=] 0 X O (17)
0 0 1
cos ¢
M = cos ¢ ey + sin geq; M=1{ sing (18)
0
, , —sin¢
M = —sin¢ej + cos ¢pes; M = cos ¢ (19)
0
(20)
angle between M and M is

cosO=M-M =0 (21)
so, © = (n+ %)w; 0= %i, 37“ but since M = —singe; + cos ¢ es, as opposed

to, sin¢ e; — cos ¢ ez, hence © = %

After deformation
A1 COS @
m=AM=1( Agsing (22)
0
, , —)\1 sin ¢
m =AM = Az COS ¢ (23)
0



. ’
so, unit vectors along m and m are

1
m; = (A1 cos ¢, Az sin ¢, 0)" (24)

\/)\% sin? ¢ + A3 cos? ¢

/ 1
m;, = (=1 sing, Ay cos ¢, 0)" (25)

\/)\% cos? ¢ + A3 sin? ¢

S0,
(A2 — \?)cos ¢sin ¢
\/()\% sin? ¢ 4+ A2 cos? ¢) (A2 cos2 ¢ + A3 sin? ¢)

Leta=0-0=75 -0

we are looking for maximum o

take sin o = cos 6

hence for maximum « we have to find maximum cos 6

If one looks at the Eqn(26) and interchanges cos ¢ by sin ¢ the Eqn. remains
unchanged hence the maximum of Eqn(26) is obtained by solving the maximum
of either the numerator or denominator in the LHS.

cosf =mj - m; = (26)

The maximum of numerator is easily obtained to be when cos ¢ = sin ¢,

Hence ¢ = 7, ?jf

so on substituting either ¢ = 7, ?jf in Eqn(26) we obtain

. A2 - A2
SIN O — ﬁ (27)
or,
o |)\2 _ )\2|
s = S0~ (ﬁ (28)



