EN221 - Fall2008 - HW # 7 Solutions

Prof. Vivek Shenoy

1.) Show that the formulae
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can be put into the alternative forms
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Soln.
(a)

Using dv = JdV, and changing the integral to the reference frame.

d d
_ / (67 + o J)dV
R,
= / (pJ + ¢ Jtr L)dV
R,
= / (¢ + dtr L)JdV
R,

/ (¢ + ¢ divv)dv
Ry

but,
(grad @) - v + ¢pdivv = div (¢ V)

b= %—l—(gradqﬁ) v

d i
E/Rt(bdv = /Rt((b—i-(bdivv)dv
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= / ( + (grad ¢) - v—l—qﬁdivv) dv
R

= /R (—+dw ¢v)> dv

Using divergence theorem

%/Rt(bdv_ ¢+ ¢ov-nda

R, O1 OR,

(b) Using dv = JdV, and changing the integral to the reference frame.

& wae = [ Doy
ndl

/ (W +uJ)dV
R,

/ (] + uttr L)dV
R,

= / (1 + utr L)JdV
R

r

= / (W4 udivv)dv
Ry

but,
(gradu) - v+ udivv = div(v ® u)

. Ou
a= W—l—(gradu) Y

d
—/ udv = / (W4 udivv)dv
dt R: R:

= / (8 + (gradu) - v—i—udivv)dv
Rr, \O1

Ju .
= /Rt (W—l-dw(v@u)) dv

Using divergence theorem



2.) Cousider the cutting configuration shown in the figure below. The work-
piece is assumed to be an incompressible material of mass density p. The open-
ing angle of the stationary cutting tool is a. The work piece is pushed towards
the tool by a force of magnitude F', at a constant speed V4. The thickness (length
in the z3 direction) of the workpiece is b (not shown in the figure). The contact
between the chip and tool obeys Coulomb friction with coefficient of friction g,
so that R = uN, where R and N are the frictional and normal-reaction forces,
respectively, as shown in the figure. Note that the chip emerges at a speed V'
and makes an angle 3 to the horizontal.

(a) Using conservation of mass, relate the chip speed V and the cutting speed
Vo.

(b) Using linear momentum balance, compute the cutting force F' and the tool
reactions NV and R in terms of p, b, h, Vy, o, B and p.

Soln.

from the figure LZDAB+a+0=m

LDAB =7 — (a+ 0)

also it can be seen that

sin/DAB = sin[r — (a+8)] = ﬁ (11)
h
sinﬁ = m (12)
from the Eqns(11 and 12)
sin(a+p) _ ¢
sin 8 h
sin (a + )
=h——= 1
¢ sin 3 (13)
let d(BE) = x and d(BF') =l so the total mass of the workpiece is (which is
incompressible)
Note: p is constant
M = pxhb+ plcb + mass of small region in between(constant)
dM
= —
dt
=0 = pihb+ plich
. —ih oh
=i o= VR Ly (14)
c c

The momentum is

P=puvlcbcosae; +pvlcbsinaes 4+ pV, xcbe; + momentum of smallregion(constant)

dpP
o = Force = [F — Npucosa — Nsinale; + [N cosa + Npusinajes (15)
apP
= = (pV3cbcosa+ pVihb)er + (pVZcbsina)es (16)



on comparing the Eqns(15 and 16) we obtian

pVZ2chsina
psina — cosa

VZ2esina(pcos a + sin )

psina — cosa

+ Vg -V



3).If t denotes the traction per unit area on a surface whose normal is in
direction n, show that the square of the magnitude of the shear stress on that
surface is
t-t— (n.t)?

If n; (i = 1,2,3) are the components of n relative to the principal axes of the
Cauchy stress tensor, show that the above expression may be written

(t2 — t3)?n3ng + (ts — t1)*n3ni + (i — t2)nin3

where n; (i = 1,2, 3) are the principal Cauchy stresses.
Show that the average of this is expressible as

11—5 (t2 = t3)* + (t3 — 11)* + (t1 — 12)°}

and deduce that this expressible as

2 2
o (L (D) —215(T))

where I1(T) and I2(T) are the first two principal invariants of T
Soln.

t=oln
ts = t—(t-n)n
ts-ts = [t—(t-n)n]-[t—(t -n)n
= t-t—=2(t-n)(n-t)+ - -n)(t-n)
tot—(t-n)? (20)

If 01, 02 and o3 are the principal stresses

3
o= Z oip; ® p;  Pp1,p2,ps3 are principal directions (21)
i=1

n = n;p;
= t; = o; n;(no repeated summation)
=ty -ty = (a%nf + agng + Ugng) - (Ulnf + 0’37’)% + Ugng) (22)

2 2 2
ny+ny+n3=1

hence,
S ts-ts = (oini +o3n3 +oin3)(nf +n3 + nj) — (o1nf + o3n3 + o3n3)
= (02— 03)2n§n§ + (o3 — 01)2n§nf + (o1 — 02)271%713 (23)



now; < n3ni > is obtained as follows Let,

ny = cosf
ng = sinfcos¢
ny = sinfsing

27 M, .2 . 2 .
0s cos sin 0dod 1
< ngng >= 0 fO (Sln2ﬂ_ 1;_1¢ ¢> m ¢ = —

o o sinfdbde 15

Similarly, < nin? >= % and < nin3 >= 11—5

Il(T) = 0’1—|—0’2—|—0’3

IQ(T) = 0’10’2—|—0’20’3—|—0’30’1

upon substution

12—5 (Il(T>2 - 3]2(T)) = % ((0’2 - 0’3)2 + (0’3 - 0’1)2 + (0’1 — 0’2)2)

—~ —~
N DN DN
S Ot
= I —

(27)



4). Formulate the balance of angular momentum for a material body acted
on by a body torque ¢ per unit mass in addition to the body force b, and a
contact torque u(yy per unit area in addition to the contact force t (5. Establish,
by a 'tetrahedron argument’, the existence of a couple stress tensor p such that

u, = pTn.
Soln.
The angular momentum L is
L = / px ANvdRy (31)
Ry
dL Oz Av)
— = ———=dR 32
dt /R ST (32)

since mass is conserved pdR; = pdR

W = vAv+zAa=zANa (33)
dL
— = Tiorque = / px NadRy (34)
dt R,
T o= / (—pb/\x—FC)th—F/ (@At+wdd,  (35)
Rt aRt
thus,
/ prAadR, = / pb/\x—|—c)th—|—/ (x ANt +u)dAy
Ry Ry OR:
/ [p(xNha—xAb)—c]dRy = / (x At +u)dA; (36)
Rt aRt
but, t =o' n
= (x AoTn)dA, = / (x Adive — 7)dR; (37)
BRt Rt

(Pr-20, Pg44, Chadwick)
7 is axial vector of (o — o1

= [ A (pa — pb — dive) — pc]dRy = / —7dRy —|—/ udA; (38)
Ry Ry OR:

using the Force balance pa — pb — dive =0

also using arguments similar to those on 146-147 of Ogden we can show, u = u’'n
and faRt uI'ndA, = th divudRy

thus,

/ (pc+ 7+ divp)dRy =0, VR (39)
R

= pc+1+divu =0 (40)



