
EN221: HW #1, Due Wednesday, 09/17.

1. Exercise 1.2, Page 47, Chadwick. (Cayley-Hamilton theorem is given by Eq.(58) on page
25.)

2. Exercise 1.3, Page 47, Chadwick. (Hint: Use Eq. 1.1.26 on page 6 of Ogden to do the
first part. Make sure that you understand how this equation is obtained.)

3. Exercise 1.4, Page 47, Chadwick.

Note: Pages 47 and 25 of Chadwick and page 6 from Ogden are included in this pdf
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The reader is invited to write out the right-hand side of equation (52) 
as a sum of six terms and to verify that the same answer is obtained on 
expanding e,AlpA,,A3,. This means that 

detAT=detA V A E L .  (54) 

4 PROPER VECTORS AND PROPER NUMBERS 
OF TENSORS 

Let A be an arbitrary tensor. A non-zero vector p is said to be a 
proper vectoP of A if them exists a scalar (i.e. a real number) A such 
that 

A p  = Ap, i.e. (A  - U ) p  = 0; (55) 

1 is called the proper nwnbd of A associated with p. Reciprocally, a 
scalar A is a proper number of  A if there is a non-zero vector p such 
that (55) holds and in this situation p is said to be a proper vector of 
A associated with 1. 

Problem 5 (p. 19) implies that A is a proper number of A if and only 
if it is a real root of the. equation 

This is known as the characteristic equation of A and in view of 
equation (30) it can also be expressed as 

[Aa  - Aa,Ab - A b , A c - I s ]  = 0 ,  

where a ,  b, c are arbitrary vectors. On expanding the left-hand side 
of (56) with the aid of equations (10) and (LI), then using the defini- 
tions (28) to (30), the arbitrary factor [a, b, c] can be removed and 
we arrive at the alternative form 

of the characteristic equation. Since the principal invariants I,, 
11,. 111, are real, we deduce from equation (57) that A has either 
three proper numbers or only one. 

Problem 10 Let f be a real polynomial, A an arbitrary tensor and 

' The t e r n  characteristic vcctm, 
etgnwlueamaLsowidelywd. 

root value) and eigenvector, 

A a proper number of A. Show that f(1) is a proper number of f ( k )  
and that a proper vector of A associated with 1 is also a proper vect r 
off (A)  associated with f (A). 9 

I 
Solution. Let p be a proper vector of A associated with l Beca 
of equation (55) the relation 

holds for r = 1. Suppose that it holds for r = 1,2, . . . , n. Then 1 
A"+'p = A(Anp) = A(ARp) = AmAp = An+lp ,  1 

and it may be inferred, by induction, that (A) holds for all positi+ 
integers r. Since f (A)  is a linear combination of powers of A t 
follows that f(A) is a proper number of  f (A )  and p an associa 
proper vector. 

tei 

When applied to the characteristic polynomial on the left 4 
equation ( 5 Q  Problem 10 shows that if A has three proper number 
the tensor A3 - IAA' + I C A  - I l C I  has three proper numbe 3s 
each equal to zero. The Cayky-Hamilton theored asserts thaj, 
for arbitrary A, this tensor is in fact zero;1° that, in other word 
a tensor satisfies its own characteristic equation: 

A 3 - I A A ~ + I I ~ A - I I I ~ Z =  0 V A E L .  

4 
(581 

5 SYMMETRIC TENSORS I 
A symmetric tensors possesses three proper numbers (A,, A,, A,, say 
and an orthonormal set of proper vectors, p,, p,, p,, associat A 
respectively with A,, A ,  4." Using successively equations 
(46),, (55) and (42), ,  we can express S in terms of I, and p, ( i  = 1,2,3 

s = sz = Sb ,  @ P,) = (SP,) 8 P, = 2 Arb, 8 P,).  (59j 
r=1 

* See K H o h a n  and R Kunzc, op. cit p 166. 
'"roblan 9 @. 22) shows that if u and v are non-zero orthogonal vector& all the 

principal invariants of u 8 a are zero. This furnishes en example of a non-zero 
tensor possessing threa proper numbers all equal to zero. 

" See K. H o h  and R Kunzc, op. cit. p 264. 
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