
ENGINEERING 137: Mathematical Formulas:

Mathematical Formulas: (bold face denotes vectors)

Particle Dynamics:

Position, velocity, acceleration:

R(t) = R0(t) + r(t), v(t) = Ṙ0(t) + ṙ(t), a(t) = v̇(t)

Rotating frames:

ḃ = ωωω × b, ṙ =
(∂r
∂t

)
oxyz

+ ωωω × r

v(t) = Ṙ0 + vrel + ωωω × r

a(t) = R̈0 + arel + 2ωωω × vrel + ω̇ωω × r +ωωω × (ωωω × r)

Multiple rotating frames:

R = r1 + r2 + r

v = ṙ1 + ṙ2 + ṙ

v(t) = ṙ1 + v2rel +ωωω1 × r2 + vrel +ωωω2 × r

a = r̈1 + a2rel + 2ωωω1 × v2rel + ω̇ωω1 × r2 + ωωω1 × (ωωω1 × r2)

+arel + 2ωωω2 × vrel + ω̇ωω2 × r +ωωω2 × (ωωω2 × r)

Kinetic energy, potential energy:

T =
1
2
mv · v, V (r) = −

∫ r

r0

F · dr, L = T − V

d

dt

( ∂L
∂q̇i

)
− ∂L

∂qi
−QNCi = 0 i = 1, . . . , n

Holonomic constraints:

fj(q1, . . . , qm, t) = 0 j = 1, . . . , (m− n)

Lagrange Multipliers:

Si =
NP∑

k=1

R(k) · ∂r
(k)

∂qi
Si =

(m−n)∑

j=1

λj
∂fj
∂qi

i = 1, . . . ,m

d

dt

( ∂L
∂q̇i

)
− ∂L

∂qi
−QNCi −

(m−n)∑

j=1

λj
∂fj
∂qi

= 0, i = 1, . . . ,m,

d

dt

(∂L∗

∂q̇i

)
− ∂L∗

∂qi
−QNCi = 0 i = 1, . . . ,m whereL∗ = L+

(m−n)∑

j=1

λjfj .
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Rigid Body Dynamics:

Angular momentum, angular velocity, moment of inertia:

Ḣ = M ḢO = MO

H = Iωωω Ḣ = Iω̇ωω +ωωω × Iωωω

Iω̇ωω + ωωω × Iωωω = M

Euler’s Equations relative to principal axes:

Ixxω̇x + (Izz − Iyy)ωyωz = Mx

Iyyω̇y + (Ixx − Izz)ωzωx = My

Izzω̇z + (Iyy − Ixx)ωxωy = Mz

Euler angles – angular velocity:

ωωω = ψ̇K + θ̇j′ + φ̇i′′ = ψ̇eψ + θ̇eθ + φ̇eφ = (φ̇− ψ̇sinθ)eφ + θ̇eθ + ψ̇cosθêψ

eψ · eθ = 0, eθ · eφ = 0, eψ · eφ = −sinθ

eφ · ωωω = φ̇− ψ̇sinθ ≡ Ω

Kinetic energy: (axisymmetric body with Ixx = Ia, Iyy = Izz = It)

T =
1
2
ωωω · Iωωω =

1
2
Ia(φ̇− ψ̇sinθ)2 +

1
2
It(θ̇2 + ψ̇2cos2θ)

Angular momenta:

pψ ≡ ∂T

∂ψ̇
= eψ · H = −IaΩsinθ + Itψ̇cos2θ

pθ ≡
∂T

∂θ̇
= eθ ·H = Itθ̇

pφ ≡ ∂T

∂φ̇
= eφ ·H = IaΩ
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Waves and vibrations in continuous elastic materials:

Longitudinal waves in bars:

ρ
∂2u

∂t2
= E

∂2u

∂x2

or

ρ
∂v

∂t
− ∂σ

∂x
= 0

1
E

∂σ

∂t
− ∂v

∂x
= 0

Wave speed:

elastic bar velocity : c0 =

√
E

ρ

Differential relations along characteristics:

dσ − ρc0dv = 0 along
dx

dt
= +c0

dσ + ρc0dv = 0 along
dx

dt
= −c0

Integral relations along characteristics:

σ − ρc0v = const. along
dx

dt
= +c0

σ + ρc0v = const. along
dx

dt
= −c0

Torsional waves in bars:

ρJ
∂ω

∂t
− ∂T

∂z
= 0

1
JG

∂T

∂t
− ∂ω

∂z
= 0

Wave speed:

elastic shear wave velocity : c2 =

√
G

ρ

Differential relations along characteristics:

dT − ρc2Jdω = 0 along
dz

dt
= +c2

dT + ρc2Jdω = 0 along
dz

dt
= −c2
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Integral relations along characteristics:

T − ρc2Jω = const. along
dz

dt
= +c2

T + ρc2Jω = const. along
dz

dt
= −c2

Solution by Separation of Variables:

u(x, t) = X(x)T (t); c20X
′′(x) + ωn

2X(x) = 0; T̈ (t) + ωn
2T (t) = 0

Wave length, period, frequency, wave number:

λn =
2πc0
ωn

, Tn =
2π
ωn
, fn =

1
Tn

=
ωn
2π
, kn =

2π
λn

=
ωn
c0

Orthogonality of modes φn(x):

∫ `

0

φn(x)φm(x)dx = 0, m 6= n

Flexural waves in beams:

EI
∂4w

∂x4 − µαh2 ∂4w

∂x2∂t2
+ µ

∂2w

∂t2
= q

Harmonic solutions for homogeneous problem q = 0:

w = Aei(kx−ωt), where ω = c0

[ √
αh2k2

√
1 + αh2k2

]

Phase velocity, group velocity:

cp(k) =
ω

k
, cg(k) =

dω

dk
= cp(k) + k

dcp
dk
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Vibrations of Multi-Degree-of-Freedom Systems:

Small, free vibrations of conservative systems about equilibrium position:

T =
1
2
u̇uu·M u̇uu, V =

1
2
uuu·Kuuu, ; M = MT , K = KT , M,K positive definite

L = T − V ; M üuu +Kuuu = 000

Eigenvalues (natural frequencies), eigenvectors (normal modes):

uuu = UUU sinωt; non − trivial solution if det[−ω2M +K] = 0

ω2
1 , ω

2
2 , ω

2
3, . . . , ω

2
n, Real, positive

KUUU(i) = ω2
iMUUU(i); UUU(1), UUU(2), UUU(3), . . . , UUU(n), UUU(i) ·MUUU(j) = 0 for i 6= j

Forced vibrations:

M üuu +Kuuu = FFF0sinΩt

Steady state solution:

uuu = UUU0sinΩt; UUU0 = [−Ω2M +K]−1FFF0; Ω2 6= ωi
2, i = 1, 2, . . . , n

Rayleigh dissipation function:

F(q̇1, q̇2, . . . , q̇n) ≡ 1
2

dissipation rate; QNCi = − ∂F

∂q̇i

Damped vibrations:
d

dt

( ∂L
∂q̇i

)
− ∂L

∂qi
+
∂F

∂q̇i
= 0, i = 1, 2, . . . , n

M q̈qq + Cq̇qq +Kqqq = 000; Cij =
∂2
F

∂q̇i∂q̇j
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