ENGINEERING 137: Mathematical Formulas:

Mathematical Formulas: (bold face denotes vectors)
Particle Dynamics:

Position, velocity, acceleration:

R(t) = Ro(t) +r(t), v(t)=Ro(t) +i(t), alt)=v(t)

Rotating frames:

or

(E)oxyz +wxr

b=wxb, ©=
v(t) =Ro+ Vye +WXT
a(t) =Ro+ae + 2 X Ve +@XT+w X @ X 1)

Multiple rotating frames:
R=ri+r2+r

V=r{+ry+Tr
V(t) =11+ Varel + W1 X T2 + Vi) +wWo X T
a =11+ Agpe; + W1 X Vope +wWy X g +wy X (W X T2)
Fare + 2o X Vyeg +Wo X T 4wy X (Wy X 1)

Kinetic energy, potential energy:

1 r
T:§7nv-v7 V(I‘):—/F-alr7 L=T-V
ro

d 0L, 0L _no
E(a%)_a% =0

Holonomic constraints:

i\q1,---,49m, = j: yeees\M—T
fi( t)=0 ( )
Lagrange Multipliers:
Np (m—mn)
ork) af
- (k) . - it
Si=> R il > Nge i=Leom
k=1 j=1
dOLy 0L oo NV,05 oy 1w
dt o¢;” 0Oqi " = Tog U

(m—n)

=0 i=1,...,m whereL*=L+ Y X\f;.
j=1
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Rigid Body Dynamics:
Angular momentum, angular velocity, moment of inertia:
H=M Ho=Mo

H=Tw H=Tlotwxw
Iw+wx Iw=M
Euler’s Equations relative to principal axes:

Toptop + (1., — Iyy)wyw, =

=

xT

Iyywy + (I — 1.2 )wowe = My,

I.w, + (Lyy — Lpe)wapwy = M,
Euler angles — angular velocity:

w =YK + 0j + di” = e, + feg + pey = (¢ — 1sinf)e, + feg + Ycoshe?

e, e =0, e-e4=0, ey e, = —sinf
e, w=¢— Ysind = Q
Kinetic energy: (axisymmetric body with I, = I, Iy, =1.. = 1)

T = %w Jw = %Ia(q'ﬁ — 1psind)? + %It(éz + 1)?cos?6)

Angular momenta:

Dy = 8—T =ey -H= —IaQsin9+It1/}cos29
oY
oT —
Po a0 0 t
oT —
= ——=e¢e,-H=1,0
Py 20 ¢
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Waves and vibrations in continuous elastic materials:

Longitudinal waves in bars:

0%u 0%u
Z _ _ g2~
P ot? x>
or
Ov _00 _,
p@t or
1oo v _,
E ot 0z
Wave speed:

|E
elastic bar velocity : ¢og =4/ —
p

Differential relations along characteristics:

d
do — pcgdv =0 along d_f = 4o
d
do + pcodv =0 along d—f = —cp
Integral relations along characteristics:
dx
0 — pcou = const.  along i +co
dx
0 + pcov = const. along i —Cg
Torsional waves in bars:
ow 0T
J———=0
Pt T o2
1T ow_
JG ot 0z

Wave speed:

. . G
elastic shear wave velocity : ¢ = 4/ —
P

Differential relations along characteristics:

d

dIl' — pcoJdw =0 along d—i = +tco
dz

dTl' + pcoJdw =0 along pr = —Cy

. —
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Integral relations along characteristics:

d

T — pcasJw = const. along d_j =+
dz

T + pcasJw = const. along I —Co

Solution by Separation of Variables:

u(z,t) = X(2)T(t); X" (z) 4+ w2 X (x) =0; T(t)+wy,?T(t) =0

Wave length, period, frequency, wave number:

2mcy 2w 1 Wn 2wy
" Wy "Wy Fr T, 27’ "\, co

Orthogonality of modes ¢,,(x):

Flexural waves in beams:

Harmonic solutions for homogeneous problem ¢ = 0:

w = Aei(kmfwt) ,

Vah?k? }
v1+ ah?k?

where w = ¢y [

Phase velocity, group velocity:

w dw dc
Cp(k') = R Cg(k) = dak = Cp(k) + kd—/:
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Vibrations of Multi-Degree-of-Freedom Systems:

Small, free vibrations of conservative systems about equilibrium position:

1 1
T =My, V= uwku, ; M=M? K=K M, K positive definite

L=T-V; Mi+Ku=0

Eigenvalues (natural frequencies), eigenvectors (normal modes):

u="U sinwt; non — trivial solution if det[-w?M + K] =0

2 2 2 2
Wi, Wy, W3, ..., Wy,

Real, positive

KU® — w?w(i); U(l), U(2)’ U(3)’ o U(n), U@ . pu@ =g

Forced vibrations:
Mua+ Ka =Fysint

Steady state solution:

u="UysinQt; Uy=[-0M + K|"'Fy; QP #w? i=12...

Rayleigh dissipation function:

8_F
94¢;

F(d41,42,--.,q4n) = = dissipation rate; vac =—

N =

Damped vibrations: 4 oL oL o
F
—(=—)——=—+=—=0, i=12,...
dt(&iz‘ 9q; * 9q; P T Sl
0*F

i0q;

for i # j



