


 SEQ MTSec \r 1 \h \* MERGEFORMAT 

 SEQ MTChap \r 1 \h \* MERGEFORMAT 

On the Representation of  MACROBUTTON MTEditEquationSection2 Equation Chapter 1 Section 1
Coordinate Transformations

Consider an ellipsoid with the representation:
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where 
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 are coordinates relative to the geometric center of the complete ellipsoid.  In terms of these coordinates a point on the surface can be represented by 
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where 
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 is an orthonormal basis aligned with the 
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 axes.  The rattleback is a modification of the ellipsoid (1.1) for which the center of mass is at 
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Points of contact with the table are points that lie on the surface of the ellipsoid (1.1).  These points of contact can be located by 
[image: image8.wmf]R

 from (1.2) or by 
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from the center of mass.  That is, the point of contact is located by 
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where 
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in which 
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 relative to the principal directions 
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 of the moment of inertia tensor for the rattleback.  The basis 
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where 
[image: image18.wmf]ij
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 are the direction cosines:
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To express the coordinates 
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 one can take the inner product of (1.4) with each of the basis vectors 
[image: image22.wmf](

)

123

',','

eee

 to obtain 



[image: image23.wmf](

)

(

)

(

)

1112131

2122232

3132333

''',,

''',,

''',,.

xdxyzxxyz

ydxyzyxyz

zdxyzzxyz

aaa

aaa

aaa

=+++º

=+++º

=+++º


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.8)

Normal to the surface 
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To relate the normal to the surface (1.1) to a position 
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 on that surface it is necessary to impose the constraint that the point with coordinates 
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, be confined to the surface (1.1) when the gradient of 
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is obtained for a point on the surface.  To this end we first take the gradient of (1.1) to obtain the general expression for 
[image: image32.wmf]Gradf

:
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To relate this expression to the normal at a point on the surface with unit interior normal 
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we represent 
[image: image35.wmf]Gradf

 in the form
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where 
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 is an inverse length to be obtained from the requirement that the coordinates 
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 in (1.9b) lie on the surface (1.1).  From (1.9) to (1.11) we obtain
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Substitution of the expressions for 
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 in (1.12) into (1.1) allows one to determine the value of 
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 for which the interior unit normal at 
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on (1.1) has the unit normal (1.10).  The result is 
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where 
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Then, from (1.12) a point 
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 on the surface (1.1) is related to the normal there by
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Transformation of coordinates from 
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Equation (1.16) can be differentiated with respect to time to obtain 
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where 
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and 
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Multiplication of (1.17) from the left by the matrix 
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 allows (1.17) to be written in the form 
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where 
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 is the constant matrix:
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and the vector arrays in (1.20) are defined by 
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From (1.18) –(1.20) the right side of (1.20) is a linear transformation of the vector array 
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 so that (1.20) has the form 
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in which 
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 is the matrix of components, relative to the basis 
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 introduced in the formulation of the governing equations.   However, there appears to be little to be gained by the manipulations required to obtain 
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.  As a partial check of (1.20) it is evident that as an ellipsoid is reduced to a sphere, 
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Appendix:  Matrix 
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To make the interpretation of  
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 more transparent it is helpful to return to the expression for 
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 and follow the steps that lead to its role in (1.20).  From (1.14), 
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can be expressed as 
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or, 
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or, 
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Differentiation of (1.26) with respect to time, taking account of the symmetry of  
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, gives 
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Then, (1.20) becomes
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Now the last term in (1.28) can be rewritten as 
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where 
[image: image82.wmf]Ä

 denotes the ‘tensor product’ of two vectors to form a tensor whose linear transformation of vectors is defined by 
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Then, from (1.28) and (1.30) the matrix 
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From the form of 
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 is symmetric.  An important property of 
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From (1.32) 
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 is an eigenvector of 
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, corresponding to a zero eigenvalue.  Thus, 
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  maps all vectors into the tangent plane of the surface at the point on the surface where the interior normal is 
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 that lies in the tangent plane of the surface at the point of contact.  
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