
Sem. II, ’06-‘07

Homework Set No. 10 Solutions
Instr: Rod Clifton

1.  Below is a table of values of elastic moduli 
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 and densities 
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 for a number of materials that are representative of various classes of materials. 
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	Steel
	210
	7850
	
	

	Aluminum
	73
	2800
	
	

	Magnesium
	45
	1770
	
	

	Nylon
	2
	1060
	
	

	Wood (Oak)
	11
	750
	
	

	Concrete
	30
	2240
	
	



a. Complete the table by filling in the values of the elastic bar velocity 
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 and the 
impedance 
[image: image8.wmf]0

c

r

 for longitudinal elastic waves in bars.
	Material
	E, Gpa
	, kg/m3
	c0, m/s
	co, Mpa/(m/s)

	Steel
	210
	7850
	5172.19
	40.60

	Aluminum
	73
	2800
	5106.02
	14.30

	Magnesium
	45
	1770
	5042.19
	8.92

	Nylon
	2
	1060
	1373.61
	1.46

	Wood (Oak)
	11
	750
	3829.71
	2.87

	Concrete 
	30
	2240
	3659.63
	8.20



b. Consider a long (3m), free-ended aluminum bar impacted by a short (0.3m) 
magnesium bar of the same diameter.  What is the time of contact between the 
aluminum and magnesium bars?  For an impact velocity of 10 m/s, what is the 
maximum stress at the impact face?

Time of contact is time until reflected wave returns from the rear of the 
magnesium bar and would cause tension at the impact face if separation did not 
occur.
Thus,
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The maximum compressive stress at the impact face is the stress at impact:
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c. Consider a long (3m), free-ended aluminum bar impacted by a short (0.3m) 
steel bar of the same diameter.  What is the time of contact between the 
aluminum and steel bars?  For an impact velocity of 10 m/s, what is the 
maximum stress at the impact face?

From the method of characteristics the stress at the impact face remains compressive at the impact face until the reflected wave returns from the end of the aluminum bar.  Thus, 
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2.  Consider the propagation of torsional waves in a cylindrical, elastic rod with its axis lying along the z-direction.  The torsional moment or torque at position z at time t can be represented as 
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                          MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.1)
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where a is the radius of the rod and[image: image14.wmf](,,)
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is the shear stress corresponding to the strain 
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where G is the elastic shear modulus.  Assume that the deformation within the rod can be described adequately as pure torsion in which planes of constant z rotate about the axis of symmetry by an amount 
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 so that the condition of kinematical compatibility becomes
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where v(z,r,t) is the (circumferential) particle velocity and
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is the angular velocity of the cross-section.  Differentiation of (1.1) and (1.2) 
with respect to time and use of (1.3) gives
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                           MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.5)

where 
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 MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.6)

is the polar moment of inertia of the cross-sectional area.  Consideration of the rate of change of angular momentum for a circular slice of the sample gives the dynamical equation
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where ( is the mass density of the rod.  


a. Note the similarity between Eqns. (1.5) and (1.7) and the equations that govern 
the propagation of longitudinal elastic waves in bars.  Based on this similarity, 
find the speed of propagation of torsional waves in circular elastic bars. 


Equations (1.7) and (1.5) have the form:
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where 
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This system of partial differential equations has non-trivial solutions of the form 
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The roots of this equation are 
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b.  Show that the system of partial differential equations (1.5) and (1.7) can be 
reduced to ordinary differential equations along characteristics, as was done 
previously for 
the case of longitudinal elastic waves in bars.   

Consider total differential along characteristics with velocities 
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Comparison of these two expressions, and substitution of  
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following ordinary differential equations along characteristics.
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