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Problern L Greenwood 6-26.
Kinetic Energy:
1 1 .
T ==3m(x*+y*)+=—ml*6* 1.1
2n4 )+ (1.1)
Non-holonomic Constraint:

G- sinf+cosd=0 (12)
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Lagrange’s Equations:

3mx=—-Asin@ (1.3)
3my = Acos@ (1.4)

. 1
ml*l =+—=11 1.5
N2 (1.5)

Eliminate A :

Xcos@+ysinfd =0 (1.6)
éé+§5€sin9—\/—2§-j}cos9:0 1.7)

Introduce basis e , e, :
e, =icosf+ jsin@

. : (1.8)
e, =—isin@+ jcosd
Note that for v. =ve_+7V,e,, Eqn. (1.6) corresponds to:
edA=0 =V, -6v,=0 (1.9)
and Eqn. (1.5) corresponds to:
6+7, =0. (1.10)
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Eliminating v, from Eqns. one obtains
£ [\
v +—=(0) =0 (1.11)
()
whereas differentiation of (1.5) gives
2«/—
Eliminating V. between (1.11) and (1.12) gives
v oeee w2 4
566 -5(6) +(6) =o. (1.13)

Eqn. (1.13) is a nonlinear ordinary differential equation for 9( t) . Because this

~67,. =0. (1.12)

equation is homogeneous (of degree 4) in the time derivatives, this equation does not
determine the time dependence of é(t) . Instead it suggests looking for a solution

0= 9(9). Because exponentials can cancel out as a common factor we look for a

solution of the form



6=exp[ f(6)] (1.14)

for which

6={exp £ (6)]f £1(6)

3 X (1.15)
6 ={exe £ (O] 17(0)+2(1 (0)) |
Substitution of (1.14) and (1.15) into (1.13) and cancellation of the common
exponential term leads to the following differential equation for f (9)
5F(0)+5[£(6)] +1=0 (1.16)
Equation (1.16) has the solutions
f'(e):iﬁ, ENEY (1.17)
Integration of (1.17) gives
f(6)=%i6+c (1.18)
where cis a constant. Substitution of (1.18) into (1.14) gives a solution of the form
6= C| cos(0/5 ) tisin(0145)] (1.19)

where C =exp[c] is a constant to be determined from the initial condition for 9(0),

which, from the initial conditions 6(0) =0, y(0) = v,, and the non-holonomic
constraint (1.5) is given by

C=-

(1.20)

2\/§v0
.

Substitution of (1.20) into (1.19) and selecting only the real part of (1.19), which is
also a solution of (1.13), the solution of (1.13) becomes

9=—2%9005(9/«/§) (1.21)

for [6?/ \/5 :| >-7/2; once & becomes equal to —\/gﬂ'/Z it becomes constant and
stays at this value indefinitely. Substitution of (1.21) into (1.4) gives

2
ﬂ=—1—2—€\/£’;2}—°—sin(29/x/§) (1.22)
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for [0/\/5} >-7/2; afterwards, 1=0,v,=0,v, = —\/gvo.
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