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Strain in a solid
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Consider an arbitrary fiber within the elastic body,

In the undeformed configuration, we can represent the fiber as a small vetor: dX =mdl, where

dl, isthelengthand m is the unit vector along the fiber direction (orientation of the

fiber).

In the deformed configuration, the same fiber is represented as dy = ndl . Write the deformed

position of a particle as

Y = V(X X5, X3) = X+ U (X, X5, X3)

where U(X,,X,,X5) is clearly the displacement vector. We can write a differential segment dy

as
dy = Fdx
where
_ 0¥
v X,

is called the deform gradient tensor. This suggests that

Adl = Frmdl,

. di
The ratio between the deformed length to undeformed length: A =d—|=1+g (¢
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defined as stretch. Therefore,
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F contains information about both stretch and rotation (change of orientation from m to n).

In order to separate stretch from rigid body rotation, consider the dot product of two fibers,

dy, -dy, = FdX, - Fdx, =dx, ’ET Fdx,

where C = ETE is the right Cauchy-Green strain. Since the dot product only depends on the
relative angle between the two vectors, rigid body rotation has been effectively “filtered” out of

F.

We can easily see that C is a symmetric tensor because

T

¢ -(FFJ -F'E-
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Write C in general matrix form,

C11 C12 C13
9 = C21 sz C23
C31 Csz C33

There exist 3 principal values/directions of C . Assume the 3 principal directions are (M,, m,,,

m,, ). If we choose (M,, m,, m,,) as the base vectors, then

C, 0 0
9: 0 Cu 0 |, ml —Lmu —Lmlll
0 0 C,

Physical/Geometrical Interpretations of C
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Considering a fiber initially along one of the base vectors, say €, direction,
dx, =dlg, dy, =dln
dl/ = dy, -dy, = Fdx, - Fdx, = dl,,&, -Cdl,.& =dIiC,,

— d|12 _ 12
11_d|120 _/’ll

C

Therefore, the geometrical interpretation of C,; is that it is the stretch of a fiber initially aligned

in the € -direction.

Similarly,

C,, = A2 is the stretch of a fiber initially aligned in the &, -direction)

Cy = ﬂé is the stretch of a fiber initially aligned in the €,-direction)
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To understand the off-diagonal terms of C, let us consider two fibers initially aligned in the

and €, directions, respectively,

dy, -dy, = Fdx, - Fdx, = dx, - Cd, = dl,dl, cos 8, = dI,&, - Cdl,.€,

D
=

Therefore, the geometrical interpretation of C,, is that it is a measure of the angle between two

fibers initially aligned inthe €, and €, directions.

The matrix
Cn C12 C13
9 = C21 sz C23
C31 Csz C33

gives away the information how a small block of material deforms.
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= Vv

dll:\lclldIlO’ dl, =/Cpdly, dl; :\/C33d|30

cos 6, = ~Ce , COSG,, = _Cn , COS6;, = ~ S
V C11C22 V CZZC33 V C11C33

In the principal coordinates, the above geometrical interpretations suggest

20 0
C=0 /Ifl 0
0 0 4,

where A,, A,, A, are principal stretches.
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This indicates that the fibers along the principal directions will remain perpendicular to each other
after deformation.

The above formulation of strain has been focused on making predictions about the deformed
configuration (called Eulerian) based on know information in the undeformed (called Lagrangian)
configuration. Alternatively, we could reverse the direction of analysis. We could start from the
deformed configuration and try to predict the undeformed configuration. For example, consider a

fiber dy, inaligned in the €, direction after deformation, what is the stretch that has happened

to this fiber?

B=FF" iscalled the left Cauchy-Green strain.

diZ =dlg -Bdlg = B = 4
Therefore, the stretch that has happened to a fiber aligned in the €, direction after deformation is
givenby B

Similarly,

By =4
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B3_31 =2';2
Writt B and B~ in matrix form,
Bll BlZ BlS Bl_ll Bl_21 Bl_?:l
A ~ _ _
B=|B, By st , B = lel Bzzl Bze%
By By By By By Ba

The off-diagonal term has the following interpretation:
dx, -dx, = dl, dI _didle, B __Bs
X - 0X; = Al dly, COSay, = dlLAlLE -B €, = COSay, = \/W
11 =22

Clearly, Bl‘zl gives the information about the original angle of two fibers that have become

aligned in the
Similarly,
COSQ,, =——2—, COSQy, =
BB BB
In principal coordinates, we can define
4, 0 0
U= \/j =10 4, ©0
0 0 4,

Here U is called the right stretch tensor.
The deformation, FdX =dy, can be generally described as stretch + rigid body rotation. If
stretch happens first, rotation second, we can write

dX — dZ =UdX —> dy = RdZ = dy = RUdX = Fdx
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This suggests a decomposition F = RU , which is called the right polar decomposition

Alternatively, if rigid body rotation happens first, then stretch,

dX — dZ = RdX —> dy =Vdz = dy =V RdX = Fdx

We then have F =V R, which is called the left polar decomposition.

C=F'F=(RU)RU=U'R'RU=U"U=U"
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We can easily show that the principal values and directions of C and B are related.



