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Mechanical Behavior of Solids

Linear Elastic solids

e -

o=Ee (ID) = o0; =Cy&y or & =Sy04 (3D)

where C is sometimes called the stiffness tensor and S is sometimes called the compliance

tensor. Both of them are 4™ order elastic moduli tensors.

Symmetry of elastic moduli tensors:
Cijkl = Cjikl , CijkI :Cij,k (minor symmetry)
The minor symmetries reduce the independent elastic constants from 81 to 36.

There is also a major symmetr in elastic moduli Cy, =C,;, which reduces the number of

independent elastic constants from 36 to 21.

We use the concept of energy & work to demonstrate the major symmetry of C and S:
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Assume an increment of displacement at the bar end,

uUu—u+dou

The work done by the applied load should equal to the stored energy in the material,

SW =Fdu =0Ad(ls)= Alode =V ode

oW = % = o0& should be the stored elastic energy per unit volume, which is also called the

strain energy density.

w=w(e), el
o€

, w(e)= J:G de
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Generalize to 3D

sw=[f-sads+| f-sudv
= [ .tou,ds+ | f,ou,dv
= [.oyn8u,ds + | fou dv
=[ (oyou) av + [ f,ou av

= L (aij,j + T, )5uidV +L o;0U;

= [ 0y, dv = [ swav

oW = O'ij55ij is the strain energy density and
W= Iaij6gij must be integrable.

Knowing o = Cy &y, we have

W= ECijklgij‘c"kl
2
Cijkl = a—W = Cklij
0&;;08,

Elastic moduli for isotropic materials:

Isotropic tensor: 1a=a (9;a;=a,)

The 4" order isotropic tensors can be generally written as

—|

v

Cijkl = C15ij On + C2§ik5jl +C3 5i|5jk
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Imposing the symmetry conditions indicate that the elastic moduli can be expressed in terms of
just two constants

Cijkl = A5ij5kl +/u(5ik5jl +5i|5jk)
where A and g are called Lamé constants.
Similarly, the Sy, can also be expressed in terms of just two constants as
Si = 010,06y +d2(5ik51| +5i|5jk)

The constants A, x, d; and d, are to be determined experiments.

Since there are only 2 independent elastic constants, it suffices to conduct experiments in 1D:

4 — &

E

=2 (Young’s modulus)
£

& . .
v =—— (Poisson’s ratio)
&

We can specify the general stress-strain relation

& = Sijkl Oy = (dlé‘ijé‘kl + d2(5ik5jl + 5i|5jk »O-kl = dlakk5ij + 2dzo'ij
to 1D loading o©;, #0,0,, = 05, = 0. In this case,

O.
&y =doy; +2d,0, = (dl +2d, )011 = %

O.
_ _ _ ., Ou
£y = 0,0y, = vy =~V

E
Therefore,
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1%
dl :—E
d, _lv
2E
and
v 1+v
Sijkl = _Eé‘ijé‘kl +E(5ik5jl +5i|5jk)

We thus obtain the so-called generalized Hooke’s law:
1+v v
gij =——Gj __O'kkéij
E E
This equation can be inverted as follows.

_1+v 3v 1-2v

= E Oqq _Eakk = E Oqq
The percentage change of volume,
AV 1-2v 3(1-2v)
N S« T Ow =
Vv E E
p E

Defines the so-called bulk modulu K = . (This modulus can also be

AVN ~ 3(1-2v)

calculated using ab initio quantum mechanics techniques.)

Invert the generalized Hooke’s law:

l+v v v E

E Oij = &j +Eo'kk5ij =& +Em‘gkk5ij

=0 = E &+ £ Epy O
Yolev T (@+v)a-2v) .

Comparing this to the Lamé form of Hooke’s law

0 =Cién = (’15“'5“ "‘,U(5ik5j| +0;0 ))5k| = A6, + 2 &, we identify

B VE

- (@L+v)1-2v)
_E

#= 2(L+v)

For shear deformation:
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}/=—:>G=£
v
Let i=1, j=2 in oy =Ad;&, +2us;,
O =T =2/, = [y

Therefore, the second Lamé constant is just the shear modulus:

E
G = =
# 2(1+v)

Alternative derivation of the generalized Hooke’s law

O

el
Oy

.

4

o ]

Consider a linear superposition of strain in the principal stress directions

_o_,On_,Ouw _1ltv _ v
& = E |4 E |4 E E o E(O-I +o, +O—III)
g, =2 _ ﬁ—vﬂ=1+—vo —L(a +o,+0,)
I E E E E 1 E | I 11
oy o, o 1+v v

€ —?_VE_V E =?O-m _E(GI +0, +(7|||)
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Therefore, we have
1+v 1%
=—0o-—oul
E

E
Through change of coordinates, this relation remains true for any other coordinate systems.

™

Orthotropic materials

An orthotropic material (e.g. wood, composites, fiber glass, etc) has three mutually perpendicular
symmetry planes.

Sym2

!
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e sym

Sym3

Oy &y

O Ep

O. &
3| C 33

O 6x6 Ex

Oi3 &3

Oy &

Ch Cp Gy O 0 0
c, C, 0 0 O
C, 0 0 O )
C: (9 elastic constants)
C, 0 O
Sym C, O
C66

Cubic materials

Single crystal metals: FCC (Cu, Al, Ag, etc.); BCC (Fe, etc.)
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v

Ci Cp C, 0 0 O
c, C, 0 0 O
c, 0 0 O )
C: (3 elastic constants)
C, 0 O
Sym Cy O
Cu



