~page Review: Plates

Goal: Calculate (1) Displacement of mid-plane ua(x;.x,)=1ne; +use; +13ey

(2) Rotation of x-section 0(x1.x2) =6,e; + 6re,
(3) Curvature tensor K(xp.x3)

Deformation: Undeformed €5 e,
Klrchhﬂﬁ: theory (HO ShEEr}: 6] - 61'4'3 36'{1 32 = —6.'{3 p"latl ------------- iy = o = =
(Mindlin theory allows x-sect to rotate relative to neutral axis) ) — |
Curvature [x; x> 0%u, 0%u, uy T T

K== K22 =~ K2 === Deformed Z/K; ;) |
L’lz K22 oxg ox3 &, Ox5 etorme < 0,
. Oy Otir 1
Strains ~ en1=__ tK1Y3  Exp=_TtAkpY3 &=

E?xl ﬁxz 2 OXn

Stresses (assume plane stress) o1 1 v 0
o1a I=vIlo 0 a-w
Internal Forces and moments
T | w2lon My | w2fon
Ty | = j oyy |dis My, |= J' oy, |x3dvs V1.V are constraint forces
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~page 2 Review: Plates

Force — displacement relation: [7;, 1 v 0 Oy / &,
Eh -
I, |= v o1 0 Qu, [ éxy

%, | ©7I0 0 a-w (&ny | &y + Euy | éxy)1 2

Moment-curvature relation: My, 1 v 0 Tw
3 11
Eh
.Mzz =—7F7| ¥V 1 0 Koo
Mp | P8I0 0 a-v) || ap

Equations of motion:

Assume (1) Only transverse loading
(2) Uniform force per unit length around perimeter

(ABAQUS can handle more general loading)

In-plane loading 7;,=1, =1, 1;;=0

Linear Momentum F=ma ¢ >

oxp  0xX2
Angular Momentum (neglect rotational inertia) oMy, Mg, By
U, 72 g —=0
oYy CX, ox
SMIE +aﬂr{22 —PYE—I—TG%ZU
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”«E\ﬁ/?c{ 69”96{? resistanre Eh?’ << |

ol
m”:/”zz’! M}'z ‘70 -
f?@q/ér 7 0 e Tam : Vil -~ Ts | AUz /O,
VZ 31{3 /3%;_

Lnear _momentmm 0V /9%, + OV/dx

F S—

Combimre To [ 0¥s o M3 \ 4+ p. =
\ 37&1- DK™ ) /

(
Bonndagy condihmi Yy =0 ( pinned o

d c/a@pw/\
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Example: A square membrane with fixed edges is subjected to a
sinusoidal pressure p=po{sin(rx;/ a)sin(7x, / a)}
Find the deflection

Goveng ey, TV Uy = ~py (sate)

Boundlsoy Conolifom Ug =0 X720 % =4
X270 Xa =4

Guen  Uz: Uo S T¥)a  sin X /4
]

~ A 3\ - . ] - .
() = I /"ZZE — I\ S in MK = —Pp SMIX SnIT %
] 7 a ' o =

=) Mg-"’ Ps Of?-_ ~ ) Mg: rol'(_ SIN % S M Xy
71t q A
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P Simplified_cases = Phte _wihi. no_in-plne [oxling
57,#@7115#1 Wi, 7o=C réduce o
MNoment + cuvarure

W,n i 54-3 T v 0 | "‘a Mb\/)(.;z _\ *

mr.:z_, 3'—_'" P o1 0

N AN X

'fzﬂujﬁf mwmzz!"m ﬂVIF OMH/B)L + am:z./axz,

1

‘_V?-_ aMn /»")Xs + aﬂﬁjax,

Lneal—_momentim AL /aw > Vo 7% + Ps= ;, O

Ombie ¢ En> E 0 Uz .Za U?- « 0,1 b, +pha =
=™ ( 5¢d oy P T '
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Example: A circular annular plate with internal radius a and
external radius b is clamped at its inner and outer edges. The inner
edge is held fixed, and the outer edge is translated parallel to

the e. by a distance U,. Find the displacement field in the plate

Goverming eg1  ER® [74%_:0 atf

r2(1~p%)
Bo:mdagj condd i fron b{.z__ =0 daﬂlz_ =
(-'l
l/{ UO Cla. = O
4 ’%‘ z QW
Bihamonic Q?_ L{l-—\\%b _,.._ri:jr_ +
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syms r a b U8 xi real

syms uz(r)

a=1; b =3; U0 =13

laplacian = diff(uz(r),r,2) + diff(uz(r),r)/r;

biharmonic = simplify(diff(laplacian,r,2) + diff(laplacian,r)/r); 1
BC1l = subs(uz(r),r,a) ==0;

BC2 = subs(diff(uz(r),r),r,a) ==0; ost
BC3 = subs(uz(r),r,b) ==U0;

BC4 = subs(diff(uz(r),r),r,b) ==0; = 06
ur = simplify(dsolve(biharmonic==8,BC1,BC2,BC3,BC4)) 2,
fplot(ur,[a,b],|'Color’',[1 @ @], 'Linekidth',2) ~ 04f
axesl = gca;

ylabel(‘u z/U 8'); 0.2F
xlabel('r/a");

box{axesl, ‘'on"); 0

axis(axesl, "tight’);
set(axesl, 'FontSize’,14, 'XGrid’', 'on’,’'YGrid','on");

Woming - ﬂmm& gt W ny Soluhdy

.l ' l'..

I'I'\....__

TUy s P WA P FEO

v 7
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Pa9ed 12 Dynamies

609/ [/ﬂderé‘/ﬁnd Wave brmchﬁm £ Vfbﬂi?‘/dm !;'1 e/mﬁc

Sol, ds

J[2:( Trareling _wave soluftons in J'f'?’iﬂ

Example: An infinite string with x-sect area A and mass density p ‘Eﬁ
is stretched by tension T,
At time =01t is at rest, and has transverse deflection 1y (x3) - —-‘-/‘T?(?J*———}
Find the subsequent motion £ —x; &
: : : - ¢ JU W 7
Goreming Egnatia, o d Mh = pA d U ave e, !
v ~J F 4 2 \ v /4
0¥z ot
= d.__'/_‘. = — “Us C = (Z_-Ql (Wave sheeo)
X  ct JFt LeA /
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—page 10 5‘*0/'”76‘;” Mg-.,—_?f"‘ (x3 _C-'t:) + j ()(B:IC»t‘) fsf_ @’zﬁf /:f j

Note %.}f" X f:.; a.}a ;Cz[”i ;[rfa\.:gg‘
X3” JItt ’ QAL

Fnd o, 9 Fom _imhal condihm!
U= W, (;fﬁ/\ @ E-0 =) }q(’fg) 7 9 (x3) = Wo (X3) 0]
WAt 20 £:0  -gf'(x) +43',)= O
Integrare => ~—=f +9 =M% st (2

Sole (N & N s g3 = (Wo s\ ¥ Al 72
LX) [ WoGG\=A1/2

U (%5, €\ = [Wo{Xg-ct) + Wp (Xs+<EY 1/
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~page 11 Solution to wave equation

N

5
Initial condition wo = exp(—x3 / 4)

1

0

40 =30 -20 -10 0 10 20 30 40

. .
T Cail

§(x)= Lexp(-(ey +erP /4) F(33)= P~y —en)? /4)

Travelling waves, propagate at speed ¢
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Example: An semi- infinite string with x-sect area A and

€1
T, e,
mass density p is stretched by tension 1 :T
At time t=0it is at rest, with zero transverse deflection 11 u(x,) - >
—5 > L,

%
The end at x3 =0 has prescribed displacement u (7)
Find the subsequent motion

Expec] _solnhm fo_be o wav<_ pppagatg in Xz i
"Wave  trave/s @ .ﬁﬁw’ed ¢ ’

Ditacbance YN &) @ Xy =O will  ocar at Fme
L X3le @& K_}

I X
U (E-X3ke) TOX3/
D téx}L

HP”CG U: (t; X?:‘) <

(Y, N
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~page 13 Semi-infinite string forced at one end

u (t—x3/¢) —

Wave arrives at x; atime X3 / ¢ later
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Example: A string with length 2L x-sect area A and mass density
s stretched by tension T
At time t=0 it is at rest, and has transverse deflection 1, (x3)

Itis fixed at x3 =L andfreeat x3 =—L
Find the subsequent motion

[goﬁndn_fg condifiog U =0

Jo/ve 5&1 syﬁf/ﬁd:iﬁ‘h

@ Extencl .S‘?lnnq ‘fo -+~ m _

- ‘ ,M
H(;/ > L f'/?cﬂﬁ well &aﬁﬁr ng

@ UYse 7‘:’41;/@///»';31f Waye sol f"ar‘ oQ &ﬁ?nj
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70 be comhnued
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