Course Outline

Fundamental Postulates of Solid Mechanics
Introduction to FEA using ABAQUS
Math Review, introduction to tensors and index notation
Describing Deformations
Describing Forces
Equations of Motion
Overview of material models — relating stress to strain
Linear Elastic Stress-Strain Relations
Analytical Solutions for Linear Elastic Solids

. Energy Methods for Linear Elastic Solids

. Implementing the Finite Element Method for Elastic Solids

. Solids with special shapes — beams and plates

. Dynamic elasticity — waves and vibrations

. Plastic stress-strain relations;

. Solutions for elastic-plastic solids

. Modeling failure
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Concept Checklist

2. FEA analysis

 Be able to idealize a solid component as a 3D continuum, rod, shell or plate

» Understand how to choose a material model for a component or structure

« Be familiar with features of a finite element mesh; be able to design an suitable mesh for a component

« Understand the role of the FE mesh as a way to interpolate displacement fields

* Understand the difference between solid, shell and beam elements

« Understand that selecting inappropriate element types and poor mesh design may lead to inaccurate
results

« Understand how to select boundary conditions and loading applied to a mesh

« Understand that for static analysis boundary conditions must prevent rigid motion to ensure that FEA will
converge

« Understand use of tie constraints to bond meshes or to bond a rigid surface to a part

« Be able to analyze contact between deformable solids

« Be able to choose a static, explicit dynamic, or implicit dynamic analysis;

« Be able to interpret and draw conclusions from analysis predictions; have the physical insight to recognize
incorrect predictions
» Be able to use dimensional analysis to simplify finite element simulations



FEA Analysis

1.3 5 7 8 1 . : TL@ ; .
Features of FE Mesh N 7, |Linear
. . . . ) E
Nodes: Used to track motion of points in solid whals o lo 3 / : o
Elements: Main purpose is to interpolate ) P q ’,
. ] i S
displacements between values at nodes. o ) LR 5 : T : :
by 454 o1 N L Quadratic
9 07 Nodes 15 N
ABAQUS offers linear (nodes at corners) and 110 , R I DI 2 et
quadratic (nodes at mid-sides) elements 12343z Elcments Lt

Special element types
Truss: Special displacement interpolation for 2 force
members Ly
Beam: Special displacement interpolation for slender
member. Have rotation DOFS/moments
Plate/Shell: Special displacement interpolation for thin
sheets that can deform out-of-plane. Rotations/moments

Materials (Some examples)
Linear Elasticity: OK for most materials subjected to small loads
Plasticity: Metals beyond yield
Hyperelasticity: Large strain reversible model used for rubbers
Viscoelasticity: Time dependent material used for polymers/tissue
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FEA Analysis

. Properly constrained solids
Boundary Conditions

= o
We can apply ]
1. Prescribed displacements (et 1 pamscaibed
2. Forces on nodes a;, &, prescribed
3. Pressure on element faces
4. Body forces e,
5. For some elements, can
apply rotations/moments o vecaibod A b 4 w SEWWY)

Unconstrained
vertical motion

For static analysis we have to make sure we
stop solid from translating/rotating 2K 4 X 2K 2 1 lj
/ > Unconstrained

U trained . . .
Unconstrained horizontal neonstraine Unconstrained horizontal ~ rotation
rotation motion

motion

Contact Incorrectly constrained solids

Select
1. Contact algorithm (Surface/Node Based)
2. Constitutive law for contact

“Soft” or “Hard” normal contact

*  Friction law

. Mast
Master/slave pairs Slave surface

Surfa ce Reference point

Master Surface Slave surface

Nodes on slave surface are t
prevented from penetrating inside
master surface




FEA Analysis

Solution Procedures
Small strain —v- large strain (NLGEOM)

Static analysis
Solves R(u)=F u=u" using Newton-Raphson iteration

Explicit Dynamics: solves Mii+R(u)=F  u=u" using 2" order forward Euler scheme
Implicit Dynamics: solves Mii+R(u)=F  u=u using 2" order backward Euler scheme

Special procedures: modal dynamics, buckling (‘Linear Perturbation steps’)

Using Dimensional Analysis

Input datatocode o= f(P,E,I,L) TP
Dimensionless form é=f(i 1 § E 1
(others are possible) [, EI* 4 N
N I

If we know &= f(P,EI,L)

5 . PI’
Then —=f(——

7 S E[)

o 5 Pl

If we know problem is linear, then = —=C—— for some constant C

L EI



Concept Checklist

3. Mathematics

* Understand the concepts of scalar, vector and tensor fields; understand use of Cartesian and polar basis
vectors to represent vector and tensor fields

+ Be able to compute gradient and divergence of scalar, and vector fields in Cartesian and Polar coordinates;

* Understand the concept of a tensor as a linear mapping of vectors;

* Be able to create a tensor using vector dyadic products; be able to add, subtract, multiply tensors; be able
to calculate contracted products of tensors; be able to find the determinant, eigenvalues and eigenvectors
of tensors; understand the spectral decomposition of a symmetric tensor;

» Be familiar with special tensors (identity, symmetric, skew, and orthogonal)

* Be able to transform tensor components from one basis to another.

« Be familiar with the conventions of index notation and perform simple algebra with index notation

+ Be able to calculate the divergence of a symmetric tensor field in Cartesian or polar coordinates (eg to
check the stress equilibrium equation)



Position r = X;€; = X1€; + X>€9 + X3€3

Scalar Field ¢(x;) gradient V¢_§—¢e

xl
: Ov;
Vector Field v(x;) gradient VV=7’el-®ej
/ St Sz Si3
Tensor: linear map of vectors onto vectors v=Su=v;=S;u; |51 S»n Sy
S31 Sz S33

Dyadic product of vectors S=(a®b) Su=(a®b)u=(b-u)a S;=ab,

General tensor as a sum of dyads S = Sijei ® e;

e, %
Basis change formulas ty };“‘
/7 1

Vectors: v= V( ) Vl.(e)mi vl(m) QZJ (e) 3/'() S

Tensors: S= Slg-m)m- ®m; = Slg-e)e,- ®e;

(m)_ (e) mp-€ mp-€ my-€3
Skl leS Qlj Qij:mi'ej [O]=|my-¢; my-e; m;-e

ms;-€¢ mz-€ Mmj3-€3

|



Gradients in Polar Coordinates

Position  r=Rsinfcosdi+ Rsinfsingj+ Rcosfk

Vector a=agep +agey +ayey
: of 1 of 1o
\4 ——+eyg———+ —
Gradient of a scalar f=er gt t e Rsind 0
o 1o v L g %
OR R OO R Rsinf 0¢ R
. _ 6v9 16\/9 1 6\/’9 ¢
Gradient of a vector YWEIR Roe TRy R Rsin@ o4 coti
% ! 6v¢ 1 %+cot9v—9+v—R
| OR R 00 Rsin@ 0¢ R R |
. Ovg 2vp 1 0vy Vo 1 Ovy
V.v= V)=—R 4R, 70 cotd-L+——2
Divergence of a vector v=trace(VV) = 2+ e oo cot 04—

Position  r=re, +ze, =rcosfi+rsinfj+ zk

Vector a=a.e, +agey+a.e,
Gradient of ascalar  v/-e,Lrey L e &
or rof 7oz

[ov, 10v. vy v,
o re0 r &z
10w v
or rod r oz
ov, 10v, ov,

| Or r 00 Oz |

Gradient of a vector  Vv=

Divergence of a vector  v.y=sace(vv)= e 1% v &2
r rold r oz



Tensor Operations

Operations on 3x3 matrices also apply to tensors

Uyp Up Usl| [Sn+h1 Sip+Ty Si3+T3 |
Uyr Uy Uz |=| 80141y Spp+Thy Sr3+1h3
(Uzp Uszp Uszz| |S31+131 Szp+13; S33+7133

Addition U=S+T

v Sit S22 Sz ||y S11uy + Syaup + S13u3
Vector/Tensor product v =Su vy |=[ 821 Say Sos || uy |=| Sygtty + Sty + Soqus
vi| [S31 832 833wz | | Sz t+Szoup +S33u3

Sit Sz Si3 uS1 +upSyy +uzS3
v=uS [n m wl=lu w w] S Syn Sp|=|wySp+uSyn+uzsy
S31 832 833 | | w813 +upSyz +u3Ss3

Ur Uz Us| [T Ty T3S Sz Si3
Uy Up Up|=|Tn1 Tpp To3||S21 So 523
Uy Usp Usz] [Ty T3 T33)[S31 S32 S33
L1511+ N12S21 + 13831 TS + 112822 + 113832 111813 + 112523 + 113533
=| 11811 + 152521 + 153831 121812 + 120822 + 123830 131512 + 122525 + 15353,
T31811 + 132821 + 133531 T31512 + 132822 + 133532 131513 + 132523 + 133533

Tensor product U=TS



Tensor Operations

T
Transpose S11 Sz 813 S11 821 83 u-ST =S.u
Sor S Sz | =[S12 S22 532 r o 7
S31 832 833 S;3 Sz S33 (A-B) =B -A

Determinant  det(S)=.511 (522533 — 523532 ) = $22(S12 S33 = 532513) + 833 (512523 = 5225 13)

Eigenvalues/vectors Sm=/Am Spectral decor?position for symmetric S
det(S — A1) =0 s=> 24m® @m®
Inverse S'-S=I i=l
100 Symmetric tensor S=S7
ldentity I={0 1 0 .
Skew tensors S’ =-§S
00 1
Proper orthogonal tensors R-R’ =R’ .R=1 det(R) = +1
R =RT

Inner prOdUCt S:S= Sl]Sl] = SllSll + S12S12 + S13S13 +....

Outer product  S--S=S5,5;, =5),5; + 8125 + 813531 +....



Index Notation Summary

Vector x=(x,xp,x3)

Tensor  |°11 iz 513
So1 S 83
|ndeX NOtatlon XExi SES[J S31 S32 S33
Summation convention
3
A=ah; = A=) ab; = A=ah+ayhy+asby=a-b
i=1
3 ) = 811X + 812X + 81313
G=SpXy = ¢ =) Sypxp = {cy=5yx +Spxy +Sp3x3=8x
k=1

c3 = 831X + 83X + 5333

3 3
ﬂ’le]Sl] = lzZZSl]SU = 1=S11S11+S12S12 +...+S31S31+S32S32 +S33S33 =S:S
i=1 j=1

3
Cyj=AyBy = Cj = ZAikBkj
k=1

3
= C=AB Cj=4By = Cj = 4;B; = C=AB'
k=1
T B ox
Kronecker Delta 6--={ S To=lo1o0 a:d:=a. i_g.
(N (VR £ A PR U e Y

J

. 1 i,j,k=123;, 23,1 or 31,2 Sijk =Skij =€ jlki= ~ €jik= ~ Skji= ~ Skji
Permutation symbol ¢, -1-1 i k=321 213 or 132

ki =0
0 otherwise eijkeimn:5jm5kn_5jn5mk
= it Api i A 1 S S
6 ijk Slmn i mj “nk ij —meipqeﬂd pkPql



Concept Checklist

4. Deformations

* Understand the concept and definition of a deformation gradient; be able to calculate a deformation
gradient from a displacement field in Cartesian/polar coordinates; be able to calculate understand the
physical significance of the Jacobian of the deformation gradient

* Understand Lagrange strain and its physical significance; be able to calculate Lagrange strain from
deformation gradient tensor or displacement measurements.

+ Know the definition of the infinitesimal strain tensor; understand that it is an approximate measure of
deformation; be able to calculate infinitesimal strains from a displacement in Cartesian/polar coords

* Know and understand the significance of the compatibility equation for infinitesimal strain in 2D, and be
able to integrate 2D infinitesimal strain fields to calculate a displacement field.

» Be able to calculate principal strains and understand their physical significance

* Be able to transform strain components from one basis to another



Deformations

Deformation Mapping:  Y(X,?)
Displacement Vector:  u(X,?) =u(X,?)—X

Deformation Gradient: F=Vy=Vu+lI

ﬁxj 8xj
dy = Fdx dyl = F;dej

Jacobian: J =det(F) dV =JdV,

1
Lagrange Strain: E = E(FTF —-1)

1

> -1

218

=yt

Deformed

Original Configuration

1 Configuration

dr dw

Deformed

.. Deformed
e, Original Configuration
! Configuration g
(S

3

Can use this to find E given /,/y,m for 3 (in 2D) directions



R | ry o 1| ow o4
Infinitesimal strain: &= 2(Vll+(Vu) ) &jj = Z(ij + o ]
Properties: (1) Approximate strain measure used

only for small deformation

(2) For small strains € = E

(3) Components quantify length and
angle changes of unit cube

(4) m-em=m;e;m; =(1—1y)/ 1l

(9) trace(e) =gy, = (dV —dVy)/ dV, ’

Deformed

Original Configuration

Configuration

2D Compatibility conditions

To be able to integrate strains (to find displacement)
Oy N 0*ex 5 01

=0
6)&'% 8)6'12 axlax2 Compatible
Integrating strains ; /
u
== u = _[glldxl +f(x)
6x1 v
&y = % = Uy = I822dX2 + g(xl) Incompatible ’
ze \1
. . 6u1 8u2
Find f,g using 2¢,=—"+—=

Gx ) le



Principal Strains and stretches

\#)
In principal basis {m"”,m*,m®} strains are diagonal
e 0 O 112—1 0 0 Udf:Inl: Dfrmd

| =

00 e 0 0 A}-1

(1)

Infinitesimal strain am( ) =¢;m

2 (eigenvalues — use usual method to find them)
Lagrange strain Em') = (ﬂ1 l)m(l)



Concept Checklist

5. Forces

» Understand the concepts of external surface traction and internal body force;

» Understand the concept of internal traction inside a solid.

« Understand how Newton’s laws imply the existence of the Cauchy stress tensor

« Be able to calculate tractions acting on an internal plane with given orientation from the Cauchy stress
tensor

« Be able to integrate tractions exerted by stresses over a surface to find the resultant force

» Know the definition of principal stresses, be able to calculate values of principal stress and their directions,
understand the physical significance of principal stresses

» Know the definition of Hydrostatic stress and von Mises stress

» Understand the use of stresses in simple failure criteria (yield and fracture)

* Understand the boundary conditions for stresses at an exterior surface

6. Equations of motion for solids

* Know the equations for linear momentum balance and angular momentum balance for a deformable solid
* Understand the significance of the small deformation approximation of the general equations of motion

+ Know the equations of motion and static equilibrium for stress in Cartesian and polar coordinates

* Be able to check whether a stress field satisfies static equilibrium



Describing external and internal forces

External Loading

: . dP

Surface Traction t=t, +f,n= lim —

dA—0 dA

: . dP
Body force (per unitmass) b= lim ——
V=0 pdV i R
dv

Internal Traction Vector T(n) t

n T(n)
Quantifies force per unit area at a point on internal plane I

Traction depends on direction of normal to surface & Tem' ™
Satisfies: T(—n)=-T(n) )—el
T(n) =T(ey)n +T(ey)ny +T(ez)n;
Cauchy (“True”) Stress Tensor

Definition (components):  o;; =T (e;)

Then: T;(n)=n0; T=no T(-e)dA,

Warning: Some texts use transpose of this definition T =on

Cauchy stress (force per unit deformed area) is symmetric Ojj =0 i, SO both are the same, but
some other stresses eg nominal stress (force per unit undeformed area) are not, so be careful.



Principal stresses (eigenvalues of stress tensor)

o] 0 0
In principal basis stress is diagonal alg.m) =0 o, O
0 0 0'3

n®.¢= O'l-ll(i) or ny)ajk = Ginl(j) (no sum on i)

If 0, >0,>0; then O isthe largest stress acting normal to any plane

Hydrostatic stress oy, =trace(6)/3 =0y, /3 o, =(o1+0y+03)/3

Deviatoric stress szj =0y = 0}0;

1

2 2 2
Von Mises stress o, = ic’:cr’: éaf-af- O¢ = _{(01_‘72) +(01-03)" +(0y —03) }
e ) ) T 2

Failure criterion for brittle materials (approximate) 07 <O 4,

Yield criterion for metals (Von Mises) o, <Y



Stresses near a boundary  7,0;; =1, no =t S

egfor n=e, t=0

Oy =09 =0733=0 ¢




Equations of motion

00 ::
Linear Momentum  —+ pp, = pg,

Y
6011 + 6621 + 80'31 +pb1 :pm

Y O O dt

9oy , 009 , 003 + pby :pdﬁ

o O O3 dt

Joy3 , 00p3 0033 dvy Original Bef(}rmedf

* + +pby=p—= ; onfiguration

o oy o3 P =P dt e, Configuration

Angular Momentum G;; =0 j;

Small deformations: replace y by x (approximate, but much easier to solve)

ORR ORO OR¢
Spherical-polar coordinates 6=|0pr Cpy oy
Tgr  Tg0 Oy

i 6O'RR URR 1 60'9R OQYR 1 60-¢R 1 dVR
ARy SRR~ O ot —— -= + b
oR R R 00 VTR "Rsind o4 o0 o) | | pbr P
oo, o, d
V—s+pb:pﬂz aO-—R“)+2%+lao-i+c0t9%++i+O-ﬂ—coté'ﬂ +| pby |=| P Yo
dt OR R R 06 R Rsin@ 0¢ R dt
80R¢ O'R¢ sin@ 60'6¢ O',9¢ 1 8a¢¢ 1 dV¢
— 42— 4 coSO—F———— " — + b,
R TR R 00 "R "Rsino og 79" G“"g)_ )
Cylindrical-polar coordinates
_ao-rr +%+180'9r _,'_ao-zR _ %o | pbr pd;tr
dv lg};)' r@o‘ . aj 0'62 6; dv, Or Or6 Om
V6+pb=p—= _i+_"9+i+i+_ze + by | = 0 =
7 PRV R VI P A R 0=|%r %00 O0:
ao'zz +ao-rz +%+ 1 60'92 bz pde Oz 0Oz9 Oy
L Oz or r r 00 ] dt




Concept Checklist

7. Stress-strain relations for elastic materials subjected to small strains

* Understand the concept of an isotropic material

* Understand the assumptions associated with idealizing a material as linear elastic

* Know the stress-strain-temperature equations for an isotropic, linear elastic solid

* Understand how to simplify stress-strain temperature equations for plane stress or plane strain deformation
+ Be familiar with definitions of elastic constants (Young’s, shear, bulk and Lame moduli, Poissons ratio)

» Be able to calculate strain energy density of a stress or strain field in an elastic solid

+ Be able to calculate stress/strain in an elastic solid subjected to uniform loading or temperature.



Stress-strain-temperature relations for elastic solids

Assumptions &2z
. . €33 &1
Displacements/rotations are small — we can use E y
infinitesimal strain as our deformation measure
Isotropy: Material response is independent of %,
orientation of specimen with respect to underlying €,
material L‘:l —f A— 0,
Elasticity: Material behavior is perfectly reversible, €
and relation between stress, strain and temperature is
linear
1+
Then &jj :TVO-’] EO'kk5 +aAT o
<« >
E { v } EaAT <~ mmm—>
o= & + 5 b ————5; )
Tl [ 1-2v 1-2v Y Stress-strain
response equal
More generally O-l] = Cl'jkl (gkl —CZAT5H) 81-]- = Sl'jklgkl + CZAT5U
Strain Energy Density {4y
o . . gzye':—E Oy — EGkk5
Separate strain into elastic and thermal parts &j =& + & .
&jj = aAT&ij
. . 1 e 1+v
Strain energy density U =20y U:Eo-ijaij 7 O'kka

E e e Ev

U=—"_ ¢ € cf
2(1+v) T T (e v)(1- ) T




Useful elasticity formulas for isotropic materials

Matrix form for stress-strain law (3D)

1-v v v 0
[ 811 1 [ 1 -V -V 0 0 0 __O'll_ _1_ _O'll_ 4 1-v v 0 0 0 [ &1 1 _1_
& -V 1 -V 0 0 0 [225%) 1 [22o5) v v 1=v 0 0 0 & 1
£33 =l -v v 1 0 0 0 033 aAT 1 o033 _ E 0 0 0 (1_2‘/) 0 0 £33 _EaAT 1
25| E[ O 0 0 2(1+v) 0 0 |loy 0 o | (+v)1-2v) 2 L 25| 1-2v |0
2¢13 0 0 0 0  2(I+v) 0 o13 0 13 0 0 0 0 ( _2 V) 0 2e3 0
| 2¢15 | |0 0 0 0 0 2(1+v) || 012 | 10| Lo12 ] (1-2v) | 2612 | 10
0 0 0 0 0
L 2]
For plane strain £33 = ¢33 =¢£;3=0
& I-v —v 0o 1 o11 I-v v 0 €11
) R 11 1 M oo B 1oy 0 || ey |-EAT
&y |= v 1-v 0|loy |+(1+Vv)a (1+v)1—-2v) 1—2v
Ev(gll + {;‘22) EaAT
O3y = + ,013=093=0
B (1+v) 12 BB
For plane stress 033 =033 =013 =0
€11 | 1 -V 0 o111 1 o1 - 1 v 0 &1 EuAT 1
&) :E -V 1 0 (o)) +aAT| 1 o |= > v o1 0 99 _(10.’ ) 1
261, 0 0 201+v)] oy 0 o, | 70 0 a-vy2| 2¢, "o

&33 :_%(O-ll +0'22)+aAT

. . 1
Strain Energy Density v :5[0118161 +02)63) + 033833 + 2071581 + 20713813 +2023€23}

glel = 811 —aAT 852 = 822 —aAT 8363 = 833 —alAT



Relations between elastic constants

LAME SHEAR YOUNG'S POISS0ON'S BULK
MODULUS MODULUS MODULUS RATIO MODULUS
i 1 E v K
y a3A+2u) A 3A+2u
) A+ A+ u) 3
i E Irrational Irrational Irrational
P All—2v) All+vil-2v) A(l+v)
' 2v v v
1K K- 2) 0K (K —2) p)
2 3E-4 IE-4
U E w2 —E) E-2u UE
E-3u 2u 3u-E)
2 uv 2u(l+v)
MV 2u(l+ =Ty
1-2v #+v) 31-20)
WK IK-2u 9{&;5 EKF—E,H
3 IK+u 23K + u)
v v E E E
’ (1+v)X1-21) 2(1+v) (1-2)
e IK(3K-E) 3EK IK—E
: 9K —E 9K E 6K
v. K 3Kv 3K(1-2v) 3K(1-2v)
(1+1) 2(1+1)




Concept Checklist

8. Analytical solutions to static problems for linear elastic solids

* Know the general equations (strain-displacement/compatibility, stress-strain relations, equilibrium) and
boundary conditions that are used to calculate solutions for elastic solids

* Understand general features of solutions to elasticity problems: (1) solutions are linear; (2) solutions can be
superposed; (3) Saint-Venants principle

« Know how to simplify the equations for spherically symmetric solids (using polar coords)

* Be able to calculate stress/strain in spherically or cylindrically symmetric solids under spherical/cylindrical
symmetric loading by hand

* Understand how the Airy function satisfies the equations of equilibrium and compatibility for an elastic solid

* Be able to check whether an Airy function is valid, and be able to calculate stress/strain/displacements from
an Airy function and check that the solution satisfies boundary conditions



Solutions for elastic solids

Static boundary value problems for linear elastic solids

Assumptions:

1. Small displacements
2. lIsotropic, linear elastic material

Given:

Original Deformed

1 Configuration

1. Traction or displacement on all exterior surfaces e,
2. Body force and temperature distribution

Governing Equations:

1. Strain-displacement relation (you can use the compatibility equation instead)
£y = (0u; | 0x; +du; | x,) 1 2 8:[Vu+(Vu)T}/2

2. Stress-strain law
EaAT E

T AT e L

= g+ trace(e)l |- |
l+v 1-2v (1-2v)

i doy;
3. Equilibrium 7+p0bj=0 V.o+pb=0

l

4. Boundary conditions on external surfaces

%
1. Where displacements are prescribed u; =u; u=u
2. Where tractions are prescribed no;=t; Mm-o=t

Configuration




Solutions for elastic solids

Spherically symmetric solids

" : X=Rep
Position, displacement, body force u=u(R)ep
b = pob(R)er
. ORR 0 0 ERR 0 0
Stress/strain o=| 0 oy O e=| 0 gp O
du u EaAT
= = - = la- _
FRR=Tp S =d00 =7 CrR (1+v)(1—2v){( VIErR +Ve00 Ve~
Op9 =0pp =——————{ €90 +VERR | — EaAT
- (1+v)(1-2v) 1-2v
G s do 1
Equilibrium dl’jR +E(2‘7RR ~ 099~ Oyy) + Pobr =0
du 2du 2u d 1 d [\ a(l+v)dAT (1+v)(1-2v)
du z2du Zu_d) .l d - - b(R
k. RdR R2 dR{RZ dR( )} (1-v) dR E(1-v) Pob(R)

Boundary conditions ug(a)=g, ur(b) =g

or ogrla)=t, opr(d)=1t



Solutions for elastic solids

Cylindrically symmetric solids

Position, displacement, body force

X=re, +ze,
u=u(r)e,. +¢&,,ze,

b = pob(r)e,
Stress/strain op 00 &r 0 0] " . - _
o=l 0 o 0 e=| 0 & 0 _ 4 -2 e siratn, of
0 gg o, 0 ge £, “rr = dr . r generalized plane strain
o, | I-v v v g, ] 1 _
oo |2 —E— v eoo |- 1| Plane strain
(I+v)(1-2v) 1-2v
| O, 1-vil &, 1
o] E [1 v]eé,] EaaT[l
oo | 12y 1 eg] 1ov |1 Plane stress
Equilibrium %%(a,,_%)wob,:o
' lou u 910 a(l+v)oAT (1+v)(1-2v) 2 _
It Bl = - b
72 ror 2 ar{rﬁr(m)} (=v) o Ea—w Ao+ Plane strain
*u lou u 010 OAT (1_V2) 2 Plane stress
S B Ll ) =a(l+v) L (b
1 | STIN LB PRI
Boundary conditions u.(a)=g, u,(b) =gy

or o,.(a)=t,

Oy (b) = Ip



Airy Function solution to elasticity problems

4 4 4
Airy Function V4¢Eaf+2 82¢2+af=0
le le 8x2 a)C2 S
2 2 2 % ¢
Stress o1y =a_f Ty =% Oy =0y =— o9 ‘
axz axl 8x16x2 e, e,
o33 =0 (Plane Stress)
o33 =v(o11 +027) (Plane Strain)

0,3 =013=0

2
Airy Function [_+__+——j $=0

Stress op=- P9 5= 5 ,=-C
r

Epp (1 )l—v -v 0] o, Epp . I -v 0 Oy

; +v )

Strain foo |=—5 |  1=v Olloe| Plane Strain ‘0 ||V 1 0 Jow| Plane Stress
28,,9 0 0 2 0,9

0,0

i Epp =—— Epp =—+—= En=—
Displacement = oo g 075

ou,. u,. 10ouy 1(18&_'_6@1_& u_gJ
r
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