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Static boundary value problems for linear elastic solids

Assumptions:

1. Small displacements

2. Isntr{)pic, linear elastic material
Given:

Deformed
Configuration

. . . e .
1. Traction or displacement on all exterior surfaces e Configuration

2. Body force and temperature distribution

Find: [u;.¢;.0]

Governing Equations:

1. Strain-displacement relation (you can use the compatibility equation instead)

& =(Bu; / éx; +du; 1x;)/ 2 s=[vn+(vnﬂf2
2. Stress-strain law
E [ v EaAT
O = _E {gy- +—V Eﬂ-kﬁrj] _—EOﬂT é'U- G = —[E + H‘HCE{E)I] — |
l+v 1-2v (1-2v) 1+v 1-2v (1-2v)

= +pgbj=0 ‘F’-u+pﬂb:0
ox

3. Equilibrium

-1

4. Boundary conditions on external surfaces
. . +
1. Where displacements are prescribed u;=u; u=u

2.  Where tractions are prescribed njoj; =t; n-6=t




~page 2 Review

Solving problems with spherical symmetry

Assumptions:
1. Solid is a spherical shell a<R<b
2. Isotropic, linear elastic material
3. Body force is radial b=>5(R)eg
4. Temperature varies only in radial direction AT(R)

Boundary conditions: —

1. Either given (radial) pressure or radial displacen#]ent H:; on R=a —_—
2. Either given pressure pp or radial displacement wu;, on R=b

Observation: spherical symmetry suggests points in sphere will move only radially = u =u(R)eg

Goal: Simplify elasticity equations for this displacement and solve for u(R).c.c .
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P°°  Soluhun . Subst (N inpo () X Ahen ity (3)
(mmmra\

lkyms EE nu rho alpha C1 C2 R eRR egq sRR sgg real
syms dT(R) u{R) b(R)

assume(EE>8);

€l = EE/(1+nu)/(1-2%nu);

C2 = EE*alpha*dT(R)/(1-2%nu);

eRR = diff(u(R),R); eqgq = u(R)/R; simpler =

SRR = C1*((1-nu)*eRR + 2*nu*eqq) - C2

sqq = C1*(nu*eRR+eqq) - C2; 2R u(R) —2ulR) +R—HR a(v+1) ] dTR

equil = simplify(diff(sRR,R) + 2*(sRR-sqq)/R); oR j IR’ + _pbR) 2v—1 v+l _
simpler = simplify(subs(equil,dT(R),0)/C1/(1-nu)) +... R V= ' EE (v-1)

simplify(subs(equil,u(R}),@)/C1/(1-nu}) - rho*b(R}/C1/(1-nu)==0

fence  d*U 4 2 ou 21 - o (nV) dAT , (/=20 \(h0) o)
dﬂ" R dR R* () ' (1-p) E

oA C1 o (R'u)] wﬁ_ﬂw%_dl,i
dr ( R’ AR b éu? ) ;

1377-€976 Lrum
SN

—

- SolveJoc iuteqrntoy
consant Using B s
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Example: Sphere, no body force, no temp change, subjected to pressure
P, on R=a tractionfreeon R=5bH

Find stress in the sphere
If the sphere has yield stress Y find the pressure that causes yield.

: /Hs‘ggfrat?!é ‘
4 SL o (RuY) =0 = L o (R'U) = C
AR | RY dr { R’ R
- C, D are
= U=1CR +D  intetsrahim
3 R* comitants

EFinol  C, D by 1+ (1) Find €zp, &8
(2)  Find Ogg
(3 Jpe= = A -
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syms EE nu a b pa RCD real u=

Cl = EE!(l'l'nU}f(l'ztnU); _ﬂ"pﬂ |b3U—JR3L"+2R"+b3;

= b L L

eRR = diff(u,R); eqq = u/R;

SRR = C1*((1-nu)*eRR + 2*nu*eqq); SRR =
sgq = C1*(nu*eRR+eqq); apa (R = b)
BC1l = subs(sRR,R,a) == -pa; BC2 = subs(sRR,R,b)==0; - R a— b
[Csol,Dsol] = solve([BC1,BC2],C,D);
i = simplify(subs(u,[C,D],[Csol,Dso0l])) 599 =
SRR = simplify(subs(sRR,[C,D],[Csol,Ds0l])) a‘pa (2R + b
sqq = simplify(subs(sqq,[C,D],[Csol,Ds0l])) TR @b
3 3 J 3 \
Hence | g, > ~pa & (b°-R3) Opp= pa’ (534283
R.B (b:i _43) ZRB (b3..q 3)
. 0.5
Ogze C’amjbre:s; Ve
@ 0
— : 2
Qég : lﬁ,nulg © —,
_GE s
I olh =
4 ;
0’/ OtTNnecs 5 €0 1 = )
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020e V185 Solytions #»_AD_elashaty poblemi_gsmy “Aiay fanchp”
- One of Seveal * Shre [ displacement potential” method
- Basic f&/@a 1 fo ("-”f{‘/ﬁrf & /DDE'F 7@1" EQ{; g, ol

ik, one  PDE  for a  pofental K Fhen feave Solytraw
for Cn, § ) fom nel PDE

F‘/SSMmﬁ?'?ﬁn (

(1) 2D (f’/qnﬂ Stresd gr Ston )
(2) //J._fmme no  body 7(37«-:4 AT =O
S . . - 7 s .

Plane strain
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