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Assumptions:
1. Elastic material
2. Small displacements
3. Static equilibrium .
4. Boundary conditons u=u on$; n-6=t on S,

Definitions:

1. Kinematically admissible displacement field: any differentiable
displacement vector satisfying v=u wherever displacements
are known

2. Actual displacement field (the one that satisfies equilibrium within the

solid and traction boundary conditions on surfaces) ©
Strain energy density U

Potential energy

B w

II(v) = [UW)dV — [bvdV - | t-vdd
V V 52

Principle of minimum potential energy II(v)=II(u)

Among all guesses for the displacement field, the best guess is the one with the smallest
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Example: 1-D axially loaded bar

L

L3 = |
L 1 v —3 -1 V(X) EA P
HZIEEA{G{ ] dbx — I‘]’("‘)"‘(T)d" Pv(L) |>|-----|- —- & —» — —» |—>»
0 * ——1*-'! q(x) (force pre unit L)
Approximation: v(x) = Z a; f;(x) f: (x) - Basis functions (any complete set of interpolation functions)

i=l

j} (x) = II_I is an example

N
1. Satisfy Boundary Conditions:  v(0)=> a;£(0)=0

i=1

2. Eliminate some subset of &;

N df, LN N
3. Calculate PE  I1-= f EA[ZH ]d‘r [ Za,f{r)q(r)dr PZ a;fi(L)

i=2 ni=2

oll
4. Minimize —=0

oa;

4. Solve for remaining a;
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Example: Use the Rayleigh-Ritz method to estimate the deflection T — L

(force per unit L)

of the beam +++++ 1‘1‘1‘
|

— {r(x) EI
—:-‘131

Follow oenerql Proceduce _

— < K4 N (¢~1)

W ﬁﬁprorzmqv’zm v = =2 0 X

- |
0 Va ) A =0 @ X0 = qg,=0

Wdx =0 40 x: O = 0,=0
L

@ Fund 1T = m GLEddv'\ dx - 9 v cAx

O

@ Mr'm'mg-e : bﬂ/acn. =0 -/f:r A V4

Solve : sukst back
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clear all
syms a x n_terms v PI EE II L g
figure

for

end

n_terms=3:6 X Try solutions between 3 and 6 terms
clear eq
a = sym('A’,[n_terms,1]): X Create a vector containing the unknown coefficients
v = 8; X Define the approximation
for i=1:n_terms
vav+a(i)*x~(i-1);
end
n_constraints = 2; X Enforce the constraints - v and dv/dx=0 at x=0
eq(l) = subs(v,x,0)==0;
2q(2) = subs(diff(v,x),x,0)==0;
asol = struct2cell(solve(eq,a(l:n_constraints))); % Eliminate two of the unknowns
for i=1:n_constraints
v = subs(v,a(i),asol{i});
end
PI = int(EE*II/2*diff(v,x,2)"2 - q*v,x,[@,L]); X Potential energy
for isn_constraints+l:n_terms
eq(i)=diff(PI,a(i))==0;
end
if (n_terms»>n_constraints+1) % Solve for the remaining unknowns
asol = struct2cell(solve(eq(n_constraints+1l:n_terms),a(n_constraints+l:n_terms)));
for i=n_constraints+l:n_terms
v = subs(v,a(i),asol{i-n_constraints});
end
else
asol = solve(eq(n_constraints+l),a(n_constraints+1));
v = subs(v,a(n_constraints+1),asol);
end
v X Display the results and plot it
string = [num2str(n_terms) ' Terms'];
fplot(subs(v,[EE,II,L,q],[1,1,1,1]).,[0,1], DisplayName’,string)
hold on

XAdds each term to the approximation one at a time

X Differentiate wrt all the remaining coefficients

Yy =
12g2 3 terms
1I2EEN
Vv o=
5!;24'11_ Lq‘l" 4 terms
24EEN 12EEN
v.-
qx' _Lq.t’_*_L?q.:’ 5 terms
24EENl 6EEN 4EEN
YV =
gx' _Lgx  L’gX
24EEINl 6EEN 4EEN 6 terms
0.1 3 Terms
—4 Terms
Y, 5 Terms /
o ;
w
>




Example: A flat rectangular plate with thickness h is subjectedto uniform
pressure. Its potentialenergy is

&%y &%y &2y Y )
5— —{ | ||dA= [ aCxq.xy (3. x,)dA
A

ox{ axs | nox; ) J

f ~ 2
B 1|| v 6“1*1
=1'>1 ,J.? 2" 2|—2(1—v)
l-v)y2llex ag)

n n

Use the approximation v=3%3" 4;sin[z(2/-1)x/bJsin[7(2j-1)y/pb]  to estimate the deflection
i=1 j=1

Follsw re c:}f :

Boundary conddi'tio:  v':0 on x=0 _x:=b

V=0 on uy- o u-zh
~J

n!piwb X'mahm Sa 7"'-";'&5 71:4}.! ad 75M4 f1¢q Z_@r

Find 1A ) Mz»;mgf 6377 =0 ?/5,» each /7';3

aﬂg
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syms brhoh x y v PIhEEnmnuglU

ans =
n_terms = 2; \ 2 \ 2 \
rho = 2; 40961% g sin(ﬂ—;\]ﬂn(%] (v=-1) (—qzsuhin{%‘j o, + 1?30?535&1(?] -gmu?ssa._—-massu)
a=sym('A',[n_terms,n_terms]); : - : i : '
¢ =9 1405518075SEER n*
for i=l:n_terms
for j=l:n_terms where
vav+ali, 1) sin{(2*1-1)*pi*x/b)*sin({(2*]-1)*pi*y/(rho*b)}); )
n (vl
s e ay =5in||%-§)
U = simplify(EE*n"3/(24*(1-nu) )*( (diff(v,x,2)+diff(v,y,2))"2
- 2%(1-nu)*( diff(v,x,2)*diff(v,y,2) - diff(diff(v,x),y)"2 ) ));
PI = int(int(U - q*v,x,[0,b]),y.[0,rho*b]);
count = 1; -
for 1 = 1l:n_terms 2
for § = 1:n_terms J
eq(count) = diff(PI,a(i,j))==0; o
unknowns (count) = a(1,3); £
count = count + 1; -

end
end
asol = struct2cell(solve(eq,unknowns));

for i=l:n_terms*n_terms
v = subs(v,unknowns(1i),asol{i});
end
simplify(v)
fsurf(subs(v, [EE,nu,h,b,q],[1,0,1,1,1]),10 1 @ rhol])
daspect([1 1 1])
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P Rosulh:  method  works wil, n=2

Very Slov) wik >3

Nn>3 : Fake ;%rﬂ/e/'

%;fjff’qiw-;z’?? h/r'ﬁ{ S.'HMéoﬁ'c. 5‘&/4(7’70'54 7S
o S/l T need o befer mrethod

F:m/-f e/fmmf me#w/ -[’or' /mf’ar E’/GJ?}c S/rof

) crén e hs A—f

R-R

( C@n ée g?nfm@fb/ 76’ /?0/?1/34~€4f /}5@5/44?_( _J
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for simpliciry, osame -
‘(S [Sotmpis e /ashc myateasl
(2) Small olefosmation
(3) neglec! bocly forces, AT=0
(4 BRCs: U:="U¥ on S,

Hl_’_'\ d__.: » [0%%) Sz
Procedunce: (1) Appasimgte U (FE Me.ch)
@)  Findd IT

B  Mimmize ]

L)  Poct-Spmcescing
) y 14

To_simplify focus on RD _plane strun_podlem,
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Finite element ;;07‘6(,65/4751%

(msider simplest elemeont

C.C) ns*f'nn'f 6??9’2?!)? 8

-Mmg/u / Pdar e/em;wi] n_prackce
T . % 7
JDiwide solid inh Traggles I_ﬁ
Aet ic—q o enote coorels of A" Yertex a-lz2. ¥
_t{l R Un k nawm o/zkﬁ/qcem ent of a’’ Vertex
Use q /m.eqr m%er,ba/qﬁan 75 7/,,,01 Y n _each HMangle
U= N\ 7 /v NN/ W A/ oo -
NS N i NS oare /m"eg,&h?;a;q y -
f“’“ﬁm ! (a) b) —
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Page 10 Inder ba/q f1m ﬁmwfm'u qre

WR0e) = (a2 ) (%= %") = 6= %OV (X5~ %0

Qa [ C
s b - £ - x,8)

. I ] /

For /Vi N uce gga/f}: /Pennﬁﬁ%/% rf G, b c

)0

(..1'2—1-(} )( (f)—‘l](b)] (‘(1
N (3. 42) = 5 ©_ ®)_((@_ B ©__®
IZ —,12 )(1 1 ) (11 —.‘ ](12 —1‘2 ]
Vb(xl Xn)= (IE_Ig)](xl(ﬂ)_x%c})-(xl I(C))( .gﬂ)_xgc)]
O 2 0)(H@ )~ (xP -0 )[x7 )
@ )(x® _ (@) (4 _ @) (® _ (@
N (%1.%3) = (x2-%3 )(‘lb 17 )= (a7 b ")
(9 0) (@) (0 @)D )
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Pagell )92 ﬁ/ﬂm/qﬁ'qﬁ SHaINS

= P!aﬂ’}‘e S?LFGU;’] =0 e“: a“f 8_71: 00!;__ Z.é’;z_ :duf 1(3-'47_

3!; ?;L ax"' 3.!&,

(all others 5ffDJ

. Y -
Diffecenticte N eq &,- NT U~ + N U4° + IN® 4°

D 49X oK

Ceprey (€Ul i matix form

o 1
] Y c ale= U~
En oN /%, 0 dNQ/Bx, O oJNAx p| | U -
€ | = O Ny, o W O] | U] Elment
L8, N QN4 %%b aJNb AN¢ jaf UL ofich/acomeit
"' - 0 0% 2 X I x| | U2k vertr
U

\:ﬂ/\—wt H:‘ |
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/103 Stramn erecyy ofens

Recall U s L -0 0: (0i Ou 03]
1OT.H & - 1-D D o [ &)
O | (1) (/72 | U 1=V o o
_dn ~ OO (I-w)2 )] 2% |
—
- . pl
Hen e U =1L & (LD)E) §=_B_] Uu-
T s L , e - - el
fowce V4 (L8187 (TR 4
= £y §(B IDILEI ] u

6x6 matiax (constant

for linear
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P30, Stran enerqu _n _one _element

W = {UdA = Hee U s conshant
\Jﬁhﬂ el -~ =N . el
- L UY 7 A [DICRIN U
2 - \ J
W\,

E X6  wmighv /&E

"~ Elemey! 57;_'{77)%'11 maMx
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