~page 1 Review: Beams

Goal: Calculate (1) Displacement of centroid wu(x3) =€) +u,e, + 133
(2) Rotation of x-section  0(x3) =6 e; + 6he, + Gse;
(3) Curvature vector w(x3)=db/ dx;

Neglect twist 8; here, but ABAQUS will include twist

Section properties:
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Deformation:
Euler-Bernoulli theory (no shear): 6 =—du, / dx; 6, =duy | dx, e,

Undeformed T e,

(Timoshenko theory allows x-sect to rotate relative to neutral axis)

Axial strain: &3 =k1(x —1»)—K(x —R)

(Timoshenko beam has shear strains)

Stresses: 033 =E¢;;

Other stresses zero in E-B beams
(Timoshenko beams have shear stresses)
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~page 2 Review: Beams

Internal Forces (forces/moments on section normal to e; :

Force vector T =Te, +T,e, +I;e,

Moment vector M= M, e, + M,e, + M;e;

My = [o33(xy ~R)dd My =—[o33(x —7)dd

4 A

No twist means M3 =0

Moment-Curvature relations: {Ml] { I —Ilﬂ{xl}
=F

M, —I, I || K,
Equations of motion: F=ma: ﬁ + p; = pAa;
d."i.'s 1 1
dM. dM
Angular Momentum: ?1—?"1—9135 =0 F“Tl —6013=0
3 X3
Boundary Conditions (at ends):
Fixedend: u=0 _ﬁr‘"‘\_—« [ Free to move: T=0

—page2_ Clamped end: 0 =0 }—/ Free to rotate: M =0
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Example: String is subjected to uniform transverse load and has L’ ! ;
zero displacement at both ends. Find the static equilibrium

deflection T, s 7,
Goveming e, (737 cmi?  case)
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7296 (2) Ream h/:%_rz@g_/@iéff

axicl _Joag — ET/T.i 1

Gemeﬂlru Q’ ] = d_ = uz,— p(x,)
~ E)L dx; _rtAr 1 L)t 4 +;I;i_f 0 T|
- . . ﬁ' - R ) _ _— ”f(xs) Ti. I
\ | - _d_ q Cf i"’ -Uy X, e,
[Ke[ dXs [ 0] ol W L
) LI, —_ ~ 1k, ] (7. "jn' O |
Tomend < cacvatne P - € [T T | |
, Mg_, ‘-I;z, I&_ _Kz,_l "'J-n., 'lh'..gd(} B '-Al_“l
i Ty T | LA_! i
= - Ma = =& ) -a-—::z. \ ~_ )
"\ | L Ay olX3* | Ux
f @M/hf momenfum i 14 ] < _gf _ ~Mz ]
L T, |  dXz m,

—page b



~page 7 17.- — R L W, L B
_.Tg, L, L) X33 Uz |
e Nt C b | " Q_{ i
Eincar momeytum I PR LA I o
(/,X.?_\ J Fz“\ - 2"""------.l
[jjhfbf”e P —_ R hu. ] D PI" .‘Q‘T 0
3 “u Lz o \ _ ! _,.Pﬁ -
I, Lok Uzl LT * [%] |O

eom }Far 3D 66’5!”]

Ronnolany — conolitimsy - |

- gy \J " ™ ':_ m j \ -
Cithes Ul | . - ' @ X3=0
HM? _,%\Jwe” - :__ \ X@ =C

—page 7




- page Example: Cantilever beam with L shaped x-sect is subjected to
transverse load at end. Find the deflection.

3:[5/3 1 I, I
Assume Iza—l[ 1 = [ ! o ]

| 1 5/3) -T, Ta _
— To= Tz %q3t T, = — a‘t/g )

T~ X2 methook : Hand cales
MATLAB

D Hond Cales : Use stabes 4o Findd Mo M,
Use ™M R re/qﬁm.r 1o ,C'md d,, Y,
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M.=0 M, +P(L~-%)=0 Wl
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BCs:
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syms a t EE P L x3 C1 €2 C3 C4 real
syms ul(x3) u2(x3)

II1 = a"~3*t/24*[5,3;3,5]; % This is [I11,-1I12;-112;122] - regular area moment of inertia matrix
II2 = a~3*t/24*[5,-3;-3,5]; % This is [I22,112;111,122] that appears in some of the equations
uvec = [ul(x3);u2(x3)]; %vector of unknown displacements

diffeq = EE*II2*diff(uvec,x3,4) ==[0;0]; % The differential equation

BCl = subs(uvec,x3,0)==0; BC2 = subs(diff(uvec,x3),x3,08)==0; % BCs at x3=0 are easy
% Matlab 'dsolve’ can't handle the moment/force boundary conditions so instead

% we prescribe the displacement and slope at x3=L using C1,C2,C3,C4 (unknown constants) uvﬂmoz_ ,

% and then solve for these unknown constants using the correct boundary conditions later 13{3{5:'c3L1*3ﬁ 2G-GL)
BC3 = subs(uvec,x3,L)==[C1;C2]; BC4 = subs(diff(uvec,x3),x3,L)==[C3;C4]; L L

sol = dsolve(diffeq,[BC1,BC2,BC3,BC4]); ' 3G-Cl) x'26G-Cl)
uvecsol = [sol.ul;sol.u2] % This solution still contains the unknowns C1,C2,C3,C4 L’ L’
mvec = -EE*II2*diff(uvecsol,x3,2); % NB: mvec contains [-M2;M1] uvecsol =

Tvec = -EE*II2*diff(uvecsol,x3,3); % Tvec contains [T1;T2] 3Px? (3L —xy)

eql = subs(mvec,x3,L)==[0;0]; % Moments are zero at x3=L AFEaD 1

eq2 = subs(Tvec,x3,L)==[0;P]; % Internal force is [@;P] at x3=L
[Clsol,C2s501,C3s01,C4s501] = solve([eql,eq2],[C1,C2,C3,C4]); % Solve for (C1,C2,C3,C4
uvecsol = simplify(subs(uvecsol,[C1,C2,C3,C4],[Cls0l,C2s501,C3501,C4501])) % subst back

5Px (3L —x3)
4EEa’t
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