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General Instructions

No collaboration of any kind is permitted on this examination.

You may bring 2 double sided pages of reference notes. No other material may be consulted
Write all your solutions in the space provided. No sheets should be added to the exam.
Make diagrams and sketches as clear as possible, and show all your derivations clearly.
Incomplete solutions will receive only partial credit, even if the answer is correct.

e Ifyou find you are unable to complete part of a question, proceed to the next part.

Please initial the statement below to show that you have read it

‘By affixing my name to this paper, I affirm that I have executed the examination in accordance with
the Academic Honor Code of Brown University. PLEASE WRITE YOUR NAME ABOVE ALSO!

1 (5 points)

2. (5 points)

3. (5 points)

4. (5 points)

5. (8 points)

TOTAL (28 points)




1. Let R be a proper orthogonal tensor satisfying R'R=RR” =1 , det(R)=1, and let a,b be vectors. Using
index notation, show that (Ra)x (Rb)=R(axb). You will need the following result for a determinant:

(Ra)x(Rb) =€ R;ya,Rimbm =€yjk SigR jnRim@nbm =€qjk RyiRitR jnRiom @by
=Ry Syjk quRjanm =R det(R) €, a,by, = Ry €1y by = R(aXb)

(5 POINTS)

2. Let a, b be two unit vectors. Find expressions for the eigenvalues and eigenvectors of S=a®b+b®a ,
in terms of a,b and a-b

e Since Su must always lie in the a,b plane, one eigenvector is axb and the corresponding
eigenvalue is zero.

e We can construct the other eigenvectors as a+ b where £ is to be found. The definition of an
eigenvector/value pair yields

S(a+ pb)=(a®b+b®a)(a+Bb)=a[(a-b)+ B]+b[1+ S(a-b)]=y(a+ Bb)

e We can see by inspection that choosing f=1 =>a[(a-b)+1]+b[l+(a-b)]=[1+(a-b)](a+b) so
y=1+a-b is an eigenvalue and (a+b) is an eigenvector.  The other eigenvector must be
perpendicular to this one so £(a—b) is the other eigenvector

You can also work step-by-step through the algebra:

[a-b+ 8]+ (a-b)[1+ B(a-b)|=y[1+ B(a-b)]

(a-b)[a-b+ B]+[1+ B(a-b)|=y[a-b+ B3]

—[a-b+B]" +(a-b)[1+ B(a-b)][a-b+ 5] (a-b)[a-b+ ][I+ Aa-b)]-[1+ Ba-b)] =0
:>p¢2(1—(a-b)2)+(a-b)2 ~1=0

= B=+1

Thus
(a®b+b®a)(a+b)=(a-b)a+b+a+b(a-b)=[1+(a-b)](a+b)

(a®b+b®a)(a—b)=(a-b)a+b-a—b(a-b)=—[1—(a-b)|(a—Db)
The eigenvalues are therefore [1+(a-b)], —[1-(a-b)]

(5 POINTS)



3. The figure shows an incompressible spherical shell with inner radius
a and outer radius b. The interior is being inflated at constant rate
da/dt=a .

3.1 Assume that the velocity field is radial v=vp(r)eg . Calculate an
expression for the velocity gradient in terms of vp , and hence show

that v, —aa® | R* .

_v v R VR
L—Vyv—a—ReR Xep +?(eg ey +ey ®e¢)

Incompressibility requires tr(L)=0, which yields

2
=——==log(vg)=-2log(R) = vp = aa—

dVR 2VR

dR R R?

[3 POINTS]

3.2 Suppose that a fly walks around the outer surface of the shell with constant speed w relative to the
surface. Find a formula for the acceleration of the fly.

The acceleration is

ov 2 a a’ a’ a’ 2
a=5y+(vyv)v:2a FeR +0{_FeR ®ep +F(e9®e9+e¢®e¢) aFeR +w(fey£A1-LP7ey
2 a 2614 a2 / 2
=|2a F—OK F eR+2awF(ﬂe9i l—ﬁ eg) —1<ﬂ<1

[2 POINTS]



4. The figure shows the reference and deformed configurations for a solid. The corners A and B map to a
and b after deformation. Material fibers perpendicular to the plane retain their length and orientation during
deformation.

The stress-strain law for the material relates the material stress X to the Lagrange strain E by
X =4E

Calculate the traction acting on the plane c-d shown in the figure.

L2
[ |
b
2L
€, e——> e c 450
= 2 \< ; 4L
A L a
el e
Undeformed Deformed '

e Recall FFVR
2
JFleF T =2(F F-1)= 0= %(FFTFFT —FFT) - %((VRRTV) - VRRTVJ - %(V“ - V2)

1/2 01" T1/2 o] [=3/8 o0
6:2 _ =
0o 2 0o 2 0 24
e The traction follows as
1 1-3/8
n.G:_
J2| 24

e Alternatively, the deformation gradient can be constructed as a sequence of stretch and rotation

SR

e The Lagrange strain follows as

o S (Y s ) e H

(Can also get this as (U2 -I)/2
e The material stress follows as

T 6 0
£=2(FF-1)-
0 -3/2
e The Cauchy stress is then

sl 0 -1/2]|6 0 0 2 0 -1/2f 0 12 -3/8 0
2 0 0 -3/2|-1/2 0 2 0 3/4 0 0 24

[S POINTS]



5. The figure shows an infinitely long cylindrical tube with a vertical axis. A fluid u —
with mass density p and viscosity u flows down the tube with steady velocity

v =v(r)e, under the action of an axial gravitational force b=—-pge. . The Cauchy

N

stress in the fluid is
oc=2uD

ﬁ@

where D is the stretch rate.

er

5.1 Find an expression for the velocity gradient for the flow using the cylindrical-
polar coordinate system shown in the figure.

iezj = @ez e,
or

L=Vv=v(r)e, ®(£e +lie9 + -
4

or " roo

[2 POINTS]

5.2 Using the principle of virtual work, show that the velocity distribution must satisfy
li{ﬂj _re
ror\ or y7,

[4 POINTS]

OP= jZ,uD oD - jb -ovdV J @%Zﬁrdwrj.pgé‘ﬂﬁrdr:o

vV 14

Iﬂ@@bzrdr —J,u[ (—r&v} é‘vaﬁ(?rﬂ%rdr

Integrate by parts:

a 2
=27u ( ‘;V bSv(b) — —a5v(a)J j ﬂa{ﬂ + 1?]27”(#
0
Substitute back into PVW

Zﬂy(gvb§ (b)——m?v(a)) jya (— ————]27rrdr:O

The integrand must vanish which yields the answer.



5.3. Calculate v(r)

ror\ or Y7 or 2 u or 2 u r
=>v =l£r2 + Clog(r)+ D
4 p
The velocity must be bounded at »=0 so C=0, and v=0 at r=a whence v = f—g(rz - a2)
)7

[2 POINTS]
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