Kinematics

Deformation Mapping Vi =X +U;j (X, X2, X3,t)

Deformed

1 gtr)ir?fiirgﬂration Configuration
. . . . . e3
Eulerian/Lagrangian descriptions of motion
O OU;
Yi =X +Uj(Xj,1) EI =a—'=Vi(Xj,t)
X;=const t
. o2 v
Yi =% +ui(yj.t) Y =V (Y1) —32/' =a(yj.t)
ot X =const ot x. =const
au; ou; 8%y, ov; oV,
(5i ——'}% =— —Z' =ai(yj.t)=—" +Vie (V. 1) —
Ok ) ot x. =const t y,=const x —const ot y,=const Yk
Deformation Gradient
Vy=V(x+u(x))=F dy = F - dx
i 0 O U;
or %:—(xi+ui)=5ij+—'=lilj dy; = F dxy
OX j OX j OX j Original Deformed

e _ _ . .
L Configuration Configuration



Kinematics

Sequence of deformations

After first After second

Original deformation deformation

1 Configuration
€;

dz=F-dx with F=F®.FW or dz;=Fdx; F;=F Fk(jl)

Lagrange Strain

1 1
E ZE(FT F - |) or E” :E(Fki ij —5ij)
. Deformed
[ €, 8chIr?flirgﬂration an?‘igue;ation

2 12 2
171" a1 (9)

m-E-m=E;mm =—
o 20,2 lo 218

j =



Kinematics
Ty

dr dw

v
Volume Changes dedet(F)zj
0

Deformed

Area Elements  dAn=JFT.dAn,  dAn = JRg'nddA

Original

Deformed
1 Configuration

Configuration

1 aui +%

o . 1
Infinitesimal Strain SZQ(“W(“V)T) or 8ii:§(§j

an

1(8ui L0uj oy 6uk} 1£6ui
2

. . E:_ ~ —
Approximates L-strain 172\ 3% T ax | ox; 0%

Related to ‘Engineering Strains’
€11 = Exx
&2 = Eyy
e =601 =Vxyl2=yy 12



Kinematics

I+s
Principal values/directions of
Infinitesimal Strain M _ ()
€N’/ =gn o

or &y nl() =6 nl O(r)lr?fllr;:ratlon
Infinitesimal rotati W—E(UV—(W)T) or wy =1 X2
nfinitesimal rotation > i=5 ox;  on
Decomposition of infinitesimal b T
motion
1)
au' Original n
— = 8” + WIJ €1 Cor?flguratlon Deformed

5X J 3 Configuration



Kinematics

F=R-U
Left and Right stretch tensors, rotation tensor F-V.R

U=u®®u® +4,u? @u® +1,u® @u®
U,V symmetric, so

_ 2y @y® 2) g @ () @ y®
V=2v"ev® + L,v?P @v® + 1 vP ®v

A; principal stretches

u®

Original Deformed
Configuration Configuration

Left and Right Cauchy-Green Tensors C=F' .F=U?
B=F.-F' =V?



Kinematics

Generalized strain measures

3 : :
Lagrangian Nominal strain: Z(ﬂi —1)u(') Qu®
i=1
3 : :
Lagrangian Logarithmic strain: > log(4; u® @u®
i=1
3 : :
Eulerian Nominal strain: Z(,ii _1)\/(') @ v
i=1
3 : :
Eulerian Logarithmic strain: Z log(4; )v(') ovh
i=1

Eulerian strain E~ :%(I “FT.FYor Efj =%(5ij = Fk_ileil)



Kinematics

—I Deformed

Original Configuration

1 Configuration

Velocity Gradient L=V v=L; =

j [

OV
d i =V dy) — i =—1L dy;
Vi =V (y +dy) —vi(y) = j Yj

d . d . _
dvi =—-dyi =—(Fyebej ) =Ry dv; = FFj Hdy dt

Stretch rate and spin tensors D=%(L+ L") W:%(L— L")

lﬂ—nDn N D;in; e,

| dt I I
(S
e ' Original Deformed

3 Configuration Configuration



Kinematics

.. ov
Vorticity vector ~ o=curl(v) o =€ ay—k o = 2dual (W) o; = = Sjjk Wik
J
Spin-acceleration-vorticity relations
3 :% :% +1i(Vka)+ 2Wika
ot X, =const ot Yy, =const 2 0Y;
a i i +1a(vv)+e @;V
i = = 5 a0 Wk Vi)t Eijk @V
e X, =const ot y, =const 2 i e
oa, Ow ov
Eijk—kza—tl —D,Ja)J+—ka),
ayj X=const Nk



Kinetics

/ Or| inal Deformed
g Configuration

Configuration

Surface traction N Body Force

_dP -y
t= lim & é pb= lim vi £

dA—0 dA 7y dv —0d

Internal Traction
dP

m 9P é
T(n)= lim :

dA—>0 dA A

Resultant force on a volume

P=[T(n)dA+| pbav
A V

Deformed
Configuration

Original
Configuration



Kinetics

Restrictions on internal traction vector
T(n)

Newton Il T(=n)=-T(n)

Newton [1&lll dA, T(n)dA®

T(nN)=n-o or Ti(n):njo-ji

N\ Te)dA, g

Cauchy Stress Tensor T




Other Stress Measures

S, S
e,

au-
axj € Oridinal Deformed
e rigina Configuration

J — det(F) ’ Configuration

Origi_nal ) Deformed
L Configuration Configuration

Kirchhoff T=JcG (! :JGij

Nominal/ 15t Piola-Kirchhoff ~ S=JF .6  S; = IR oy

Material/2n® Piola-Kirchhoff ~L=JF'.6-F ' Zj=JFi oFj’

F;dP;"? = dr™ dr"? = danls;



Reynolds Transport Relation

Deformed

Original Configuration

! Configuration

a #dV = J‘(% ¢—Jdv _ [5¢‘ %Jdv
dtv V ot x=const oy ] y=const oy j



Conservation Laws for Continua

Mass Conservation

0 OV; %) OV;
JE—'D +p—')dV:0:>—'O +p—-=0
Y, Ot [y—const Wi X=const oY% Original Deformed
1 Configuration Configuration
OpV; ®
op LYy Op +V, (V) =0
ot y=const i y=const
Linear Momentum Conservation
80ij
Vy-6+pb=pa or —+pbj=pa,;
0 yi Deformed

Original
1 Configuration

Configuration
€3

Angular Momentum Conservation  oj =oj



Work-Energy Relations

Rate of mechanical work done on
a material volume

I = IT(n)VI dA+ jpb vidV = IGU D;;dV +— {J. PViVi dV} g, Original ggmgﬁgﬁon

1 Configuration
A

Conservation laws in terms of other stresses

Sij o(=i F:
] kTik

_ + pobj = poa;
|

8Xi

Mechanical work in terms of other stresses

dj|rl
= IT(n)VldA+Ipb vidV = jS,J FidVo + m IEPOViVidVO
Y

0 L0

. : d 1
r= J‘Ti(n)VidA+ IpbiVidV = J Zij Elj dVO +a J‘EIOOViVidVO
\Y

0 LYo




Principle of Virtual Work (alternative statement of BLM)

OOV; 1( 88v; OOV

5LIJ:a—I 5Dlj_2( I+ JJ
Yj

Deformed

Configuration

Original
L Configuration

dv:
If IG|J5D|J dVv + Ip%é‘V,dV — jpb,5V,dV — Iti5vidA= 0 for all 5Vi
Vv V \Y S

2

00 i dv:
—JI+ b — 1
Then Y, P =p it

niaij =tj on 82



Thermodynamics
S S
e,

Temperature ¢ t
Specific Internal Energy ¢ [ % ogna Deformed

ifi ; ; Configuration
Specific Helmholtz free energy w =& —06s : Configuration
Heat flux vector g

External heat flux 9
Specific entropy s

d
First Law of Thermodynamics E(E +KE)=Q+W

o€ Gq,

P— =0iiD;j —+¢
O |x=const v i
_ dS dH
Second Law of Thermodynamics E_WZ

at o 0

1 06 (aw+ aej .

Dissipation Inequality oy Pla



Transformations under observer changes

Transformation of space under
a change of observer

Inertial frame

Yy =Yo(t) + Q)Y -Yo)
_dQ
it

All physically measurable vectors can be e,
regarded as connecting two points in the
inertial frame

Deformed
Configuration

n*

These must therefore transform like ob

] ) server frame Deformed
vectors connecting two points under a Configuration
change of observer

b*:Qb n*:Qn v*:Qv a*:Qa

Note that time derivatives in the observer’s reference frame have to
account for rotation of the reference frame

*_ _ _dyg_ *_ *

v =Qv= dt —Q Q (y yO())_—dt " Q(y -yo(t)

- d?y 2y* d%p (2 dQ dy” dyo(t)
a =Qa= th Q Q (y YO(t))— PR +(Q j(y —YO(t)) 2Q( ” ot )



Some Transformations under observer changes

Objective (frame indifferent)

tensors: map a vector from the t=n-o
observed (inertial) frame back

onto the inertial frame

¢ =QsQ' D =QDQ'

Invariant tensors: map a

vector from the reference To=m-X
configuration back onto the .
reference configuration X =X
Mixed tensors: map a vector

from the reference dy = Fdx
configuration onto the inertial F —QF

frame

Deformed
Configuration

n*

Observer frame  otormed
Configuration



Some Transformations under observer changes

@ The deformation mapping transforms as y (X,t) =y (t) + QM) (Yy(X,t)—yo)
i i L oY _
® The deformation gradient transforms as F = v Q—-=
® The right Cauchy Green strain Lagrange strain, the right stretch tensor are invariant
C'=FTF =F'Q'QF=C E =E U =U
® The left Cauchy Green strain, Eulerian strain, left stretch tensor are frame indifferent
B'=FF T =QFF'Q" =QcQ" Vv =QVvQ'
® The velocity gradient and spin tensor transform as
L'=FF '=(QF+QF)F Q" =QLQ" +Q

W =(L -LT)/2=0WQ" +Q
® The velocity and acceleration vectors transform as

* * d* * *
V=¥ -Q2QT v -ys ) - LYo _ap" -5 )

s o d¥y _d? 2y* Cd%y (2 d@ dy” dyp(t)
a =Qa= d—z—Q Q' (Y -yo(t) = 2 +(Q Oltj(y ~yo (1)) —29( prar)

(the additional terms in the acceleration can be mterpreted as the centripetal and coriolis accelerations)

@ The Cauchy stress is frame indifferent 6 = chQT (you can see this from the formal definition, or use
the fact that the virtual power must be invariant under a frame change)

@ The material stress is frame invariant & =X

@ The nominal stress transforms as S~ = J(QF) *-Qo6Q' =JF1.6Q" =SQ' (note that this
transformation rule will differ if the nominal stress is defined as the transpose of the measure used here...)





 The deformation mapping transforms as 



 The deformation gradient transforms as 

 The right Cauchy Green strain  Lagrange strain, the right stretch tensor are invariant





 The left Cauchy Green strain, Eulerian strain, left stretch tensor are frame indifferent





 The velocity gradient and spin tensor transform as





 The velocity and acceleration vectors transform as





(the additional terms in the acceleration can be interpreted as the centripetal and coriolis accelerations)



 The Cauchy stress is frame indifferent  (you can see this from the formal definition, or use the fact that the virtual power must be invariant under a frame change)



 The material stress is frame invariant 



 The nominal stress transforms as (note that this transformation rule will differ if the nominal stress is defined as the transpose of the measure used here…)
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Constitutive Laws

Equations relating internal force measures to deformation measures are known
as Constitutive Relations

General Assumptions: e \\/

1. Local homogeneity of deformation I Q
e

(a deformation gradient can always be calculated) A Deformed
. . . Original - .
2. Principle of local action 3 Configuration

Configuration
(stress at a point depends on deformation in

a vanishingly small material element surrounding
the point)

Restrictions on constitutive relations:

1. Material Frame Indifference — stress-strain relations must transform
consistently under a change of observer

2. Constitutive law must always satisfy the second law of
thermodynamics for any possible deformation/temperature history.

O-i.Di. _iqi %_p(a_w_l_sﬁjzo
P07 oy ot ot



Fluids

Properties of fluids
* No natural reference configuration
» Support no shear stress when at rest

Kinematics e Deformed
. Configuration
* Only need variables that don’t depend € ]
on ref. config
OV; ov
Lij —_ |_IJ = DIJ +Wij DIJ = (Llj + le)/z WIJ = (L” - Lll) /2 @, zeijk _k_:_eijk WIJ
Y j 0y |
Vi Vi %Yk Vi Vi Vi
aj =— =——=+— =LV +— =(Dj +Wj, )V +—
I ot Xk=COI'ISt ayk ot ot yi:const K yi:const ( . Ik) “ yi:const
_10 ] 10 .
=2y, (VicVie) + 2Wi Vi 2ty —cons *3 » (VkVk )+ Sijk @jVk
Conservation Laws
op op opV;
- +pDy =0 or — —=0
x=const « L y=const i
90 o oy
00 =l Dy, M S 1 06 oy 00
ayj + o5 p{ayk V|(+ ot yizconStJ UU O-ll GIJ |J —gqlg—p(aﬁ‘SEjzo
i
os aqi
i — D __+q
P ot x=const it 8Yi




General Constitutive Models for Fluids

Objectivity and dissipation inequality show that constitutive relations must have
form

Internal Energy ¢ =¢£(p,6)

Entropy s=5(p,0)

Free Energy y=y(p0)=c-0s

Stress response function i =6ij(0..Dy) =—7eq (0. 0)5; +&i\fis(/0n9, Djj)
Heat flux response function ¢ -4 [e,p,g,qj]

In addition, the constitutive relations must satisfy

R 2 Oy ~ Oy
Ta=P 5, ST g
0
Ofeg 205 P Ofteq . 202
00 B * 00 op
25 0’7 |
Cy __g%V oty __ 0 Teg o1 (p,0,05)D; 20 qi(p,ﬁ,%J%ZO
06? op  p? 06° i) i

where ¢, (0,p)=—



Constitutive Models for Fluids

~ VIS

v=y(p,0)=¢-0s cij = Gijj (0, p. Djj) = —7eq (0, 0) 55 + cij - (.6, Djj)
Elastic Fluid v=y(p) ojj=—7eq(P)J
p
Ideal Gas g:C"g:(y—l)p y=c,0-0(c,logf—Rlogp—sy)  ojj =—pdij =—pROS;

NeWtonian ViSCOUS V= l/)(p,@) O'ij =— (7Z'eq (,0,9) —K‘(,O,tg) Dkk)éij + 27](,0,9)(D” - Dkk§ij /3)

v =y(p,0)

Non-Newtonian 0ij == Teq (2, 0)Gij +m (11, 12,13, . 0)65 + 112 (11, 12,13, p,0) Djj + 173 (11, 12, 13, 9, &) Djy Dy



Derived Field Equations for Newtonian Fluids

Unknowns: P,V

Must always satisfy mass conservation % +pDy =0 or P LY
X=const y=const Vi
: 00 i OV OV OV 10
Combine BLM —Jl+pbi = pg; a =—|Vk +—L =1L +—— (Vi Vi )+ Eii @iV
ot ot 2 0y =
Y Yk y,=const y, =const i
With constitutive law. Also recall 0. =L i Vi
ij
2\ oyj O
Compressible Navier-Stokes —%+2£77(p,0)( — Dy i /3)+pbi = pa; p = 7eq (0, 0) — x(p,0) Dy
i j
With density indep viscosit 10 0 % +(K an GATINN
y P y ooy poviey; \p 3oy
For an incompressible Newtonian 1o n 0y, b —a
. . [ |
viscous fluid P P
. ov;
Incompressibility reduces mass balance to 5=0
|
. . o, OV; 1 0
For an elastic fluid (Euler eq) ——+pbj=p—- +2 p—— (Vi) + P Eijk @V

OYj ot 2" 0y

y, =const




Derived Field Equations for Fluids

.. Vi
Recall vorticity vector O =Sijk 5= ik W;j i 2 08y _ 0wy ~Dyo; + Zvy_t o

] Y j At |y—const

Vorticity transport equation (constant temperature, density independent viscosity)

2

L1 o 12 op a Vi +(;< 277j 0%y rein i(bk)+Di,-co,- v o _ o0y

p ayjayj P ayj 8y|8y| 0¥k ayj 9k ot |x=const

. . 0 oV Ow;
For an elastic fluid Sijk 6—(bk)+ Dijoj - Koy = p '

Xj OYk U lx=const
For an incompressible fluid +-L (bk)+ Djjo;j =
P OYjoyj X x=const

If flow of an ideal fluid is irrotational at t=0 and body forces are curl
free, then flow remains irrotational for all time (Potential flow)



Derived field equations for fluids

For an elastic fluid

T 1 .
* Bernoulli H=y+— +oViVi + ® = constant along streamline
Jo,
: : Teq 1
For irrotational flow H=w +7+§vivi + @ = constant everywhere

For incompressible fluid £+%vivi + O = constant



Solving fluids problems: control volume approach

Governing equations for a control volume (review)

S
U4
4
. e '\
. a ;
@ Mass Conservation: — [pﬂ'ﬁ’— [m'-ncld= 0
b B

@ Linear Momentum Balance [ n-Gdd+ [phd]l" = i [ ovdl + [ ( ov)v-nadd
- - m' - -
B R R B

@ Angular Momentum Balance [}' #(m-g)dd + [}' «(oh)dd = i [}' % evdl + [ (¥ % ov)v-ndd
B R b B
@® Mechanical Power Balance

[(n-u}-ﬁ':id—[ph-iﬂ'}’=[u:]}:f'ﬁ"—i[lp(vw'}dﬁ’—[lp[?-v:}v-mid

3 2 2 @y 2
@ First law of thermodynamics

, , , odr 1 ] (o1
‘[[:n-u}-wid—‘[ph-wﬂ’—‘[q-nci.d—‘[qall’=ajpi E+—V-v|dl+ [pl E+-V-V v-ndd

7 J
B R B I . </ B 4



Example

Steady 2D flow, ideal fluid
Calculate the force acting on the wall
Take surrounding pressure to be zero

jn~GdA+Ipde =iijdV +j(,0v)v-ndA
B R dtR B

| (=pon- jdA)j— Agpov sinaj+ [ (p— po)dAj =0
A A

F= —Aopovg sinaj



Exact solutions: potential flow

If flow irrotational at t=0, remains irrotational; Bernoulli holds everywhere

: 0Q
Irrotational: curl(v)=0 so Vi = —
i
_ 2
Mass cons %:0: 02 =0
Vi ;oY
Bernoulli £+£vivi+d)+a—9:constant
p 2 ot

e
Example: flow surrounding a moving sphere /[2 ./

2
aVv -V t
Q=- a(ig N VA vy




Exact solutions: Stokes Flow

Steady laminar viscous flow between plates
Assume constant pressure gradient in horizontal direction

Lo n v, Ap | O°f Y2
P poyjv Otly —const AL oy

Solve subject to boundary conditions

h 2AL

v Ap(h j
=4t —| ——
. AL(Z &

A
v{vﬁ——pyz(h—yz)}el



. Exact Solutions: Acoustics
Assumptions:

Small amplitude pressure and density fluctuations
Irrotational flow

Negligible heat flow
Neglect body forces

v o2
Irrotational: Vi =<
i
Approximate N-S P . pd Sl Bpca’
roximate N-S as: o RP PRy
PP i ot y, =const Wi Nict y,=const
. o 00,
For small perturbations: —pzcg—’o Cs = P»
8’[ at 5,0 s=const
Mass conservation: 9p + p% =0
ot X=const i
. 2’0 5 8°0 o0
Combine: —--c =0 — a2t
o oYy OP="Poy

(Wave equation)




Wave speed in an ideal gas

Assume heat flow can be neglected

. 0s Ch
Entropy equation: 0— = +0 = S =const
Ot |y—const ayl

e=c,0  y=c,0-0(c,logf-Rlogp+sy) p=pRO
s=(cylogé—Rlogp+sy)= 0= o vexp[(s—so)/q,)

R/ic,=y-1 so p=kp’

Hence: a
'0 s=const



Application of continuum mechanics to elasticity

Modulus G' (N/m2)

Viscoelastic

A
Glassy
109

Rubbery

Deformed
Configuration 105

! Original

Configuration — Glass Transition

/
temperature T, \

(frequency)?

Material characterized by

@ The mass density g per unit reference volume]

® The specific internal energy =
@ The specific entropy s
@ The specific Helmholtz free energy w=s—-8s

@ A stress response function, e.g. Xy = E; (6, kinematic and intemal variables). Here, E; is the
material stress — one can use response functions for other stress measures as well.
@ A heat flux response function g; = §;(f.kinematic and intemal variables). In actual calculations

for solids itis often preferable to define a heat fluxe response function that characterizes heat flow
through the reference configuration — an appropriate measure is defined below.



General structure of constitutive relations

F:=S: + Ouj S=JF'6 Sj=JF oy
Vo ax
. 1 T |
CU = Fkl ij Y>=JF -o-F Zij :‘]Flk O-lejl
Bi; = Fik Fik 35 v,
+ pobi = po—-
-1 OXj Ot [y —const
€ Original Deformed Qi = ‘JFik Ok
€ Configuration Configuration EZ-J-C-J- — EQI % - 00 (8_!// + S%j >0
2 0 " OX; ot ot

To be consistent with frame indifference and the laws of thermodynamics, the specific free energy, intemal
energy, Helmholtz free energy, stress response function and heat transfer function must have the forms

@ Specific internal energy £=£(C.8)

@ Specific entropy 5=35(C.8) F = QF
@ Specific Helmholtz free energy w = (C.6)=5— 85 B - ET = QBQT
@ Siress response function Xy = iﬁ- (C.&) C_ETE _C
- 2 o o
: ~ | il
® Heat f] function Q; =0, 6.C.=~ *
eat flux response function Q; =0, ary )
. oy . oy
Zij =2p0 —— S=——7"_-
. oC;j oo 00
Frame indifference, . Q. —<0
dissipation inequality OZij =-2pg & OXy



Forms of constitutive relation used in literature

=_ h _ B
|1 = trace(B) = By = J2/3 213
|2:l(lf—B-.B):l(lf—BikBki) = _ 1y _1(= B-B)_1(r2 BBy
2 : 2 27543 (Y qars oY 4B
I3 =detB=1J J=+/detB

B=4b"Y®b® + 2b® ®b? + 17b® ®@b®
Strain energy potential W = LoV
W (F) =W (C)=U(I1,15,13) =U (I3, T5,3) =U (4, 1, 43)

1 oW
L
jk

2 [(eu . au g
Oji = —+ I — |B;j — Bki |+2
J @Kall 1a|2) U a1, Bik k’} ‘/7

- AT B 5 — _
Gij ZE 1 89 + |1 89 Bj |1 aL_J 2|2 aU 1 89 BikBkj +Q5ij
J| 323\, e, ol ol, 3 IREEET 03

A U opm, A U @@, A U e
M Ao 8/11' "] 11/1213 oAy 1 Mplgoig ]

aij



Specific forms for free energy function
JoMg gy Kl
* Neo-Hookean material Ve 950D Gij=J%(Bij—%Bkk5ijj+K1(J—1)5u

*  Mooney-Rivlin Uz%(l_l—3)+”—22(l 3)+ (J ~1)?

7 1 2 1
Tjj =J5%(Bij _gBkk5ij) J7/3(BkkB [Bkk] Jij — Bik Byj +§Bkank5ijj+ Ky (9 -1)

* Generalized polynomial function %C (i, -3) (T, - 3)J+Z '(J _p)@
J:
. 2 ,~a  Ta Ta Ky 2
e Ogden uzz—z(zlu+12'+z3'—3)+7(3—1)
i=1 i
° Arruda-Boyce JZ#{%(E -3+ 20;2 (7’ —9)+10;01ﬂ4 (i _27)+..}+§(J -1)°



Solving problems for elastic materials
(spherical/axial symmetry)
* Assume incompressiblility

e Kinematics

oy 0 0 Fr, O 0 B, 0 O
0 = 0 Oy 0 F=| 0 F@g 0 B= 0 ng 0

2
dr r dr
F -—— F.=F,,=— B.=—1| B..=Bo,=|—
rr d 1) 00 R rr (de () 00 (R

2
(ﬂ)(Lj s1 0 rPoal=R3o A
dR AR

* Constitutive law Grrzz[(au aUJ hou 210y oy Z}p

—_
N—
N

-4+ | —
ol tal, "

301, 3 al, al,

ouU ouU Lo 21, 0U oU
099=0¢¢=2[(—+'1—]399——1———2———550}IO

oly ol 3al;, 3 al,
e Equilibrium (or use PVW) dgr” Jr%(zarIr —0gg—0yy) + Py =0 (gives ODE for p(r)
e Boundary conditions Ur(a) =Ja ur(b) =g

or(@) =ty o (b)=1,



Linearized field equations for elastic materials

Approximations:
 Linearized kinematics ez
» All stress measures equal
* Linearize stress-strain relation

Original Deformed

Configuration Configuration
1( ou;  0u; Co( sy 2% o0°u;
Eii =— + Oii = LGiikl (k| — & —+t o0 = p——F—
u; =Uuj (t) on o¢R aijN, :t?(t) on 07R
Elasti tants related to strai Jnitvol G = 00 &Y B 9ij _ 0%
aStiC constants related to strain ener unit vo ikl = = i = =
& Ik 88k| aé‘ijﬁé‘m ' 06 aé‘ija@
€=So+aAT 6 =C(s—aAT)
Isotropic materials:
1+v E 14 EaAT
gij Z?Gij E O-kk5 +0£AT5 Oij :m{gij +—1—2V 8kk5ij}_ =y 5ij



Solving linear elasticity problems
spherical/axial symmetry

ORR 0 0 €RR 0 0
O = 0 Opp 0 &= 0 €o 0
¢

0 0 o 0 0 Egg
. . du u
* Kinematics CRR=GE =609 =4
du
* Constitutive law IRR | _ E 1-v 2v]ldr| EaAT|[1
oo ] (+v)A1-2v)[ v 1] u| 1-2v|1
R
dO'RR 1
*  Equilibrium "R+~ (20Rr —0gp ~0y) + PobR =0

d’u 2du 2u d{l d( 2 )}_0!(1+V)dAT (1+V)(1_2v)pb(R)
0

@RZ RBR RZ dR|RZR T (1-v) AR E(1-v)

e Boundary conditions Ur(a)=0a ur(P) =gy
or(@) =ty o (D) =1



Some simple static linear elasticity solutions

2 2 2
. : o“u; b; 0°U;
Navier equation: LR S L+ O—'=&—'
1-2v OX 0%  OXiOXy JTRRTI Y
: : 1 R | S Y i
Potential Representation (statics):  Ui=——¢ (‘P.+4(1_V) ox (¢ XklPk)J oo Pobi XX Pob; X
. . e . R
Point force in an infinite solid: Yi=—— ¢=0
4R
= (1+V) H(kai +(3—4V)P|
87E(1-v)R | R2?
oo —@av)  JSAXX) R L -2v) RXj+ iji}
I 2 3
87E(1-v)R R R R
— 3B X Xi X B X; + PiX — 65i B X
oij = 1 _ R k3| j+(1_2V) 1% jNi IJH( k}
87(1-v)R R R
Point force normal to a surface: 5
(1-v)o; 1-2v)(1-v) ' N
Y= 8 o log(R + X3) R ¢
7R T
. . _ . ve
ui:(l+V)P XgX; +(3_4V)@_(1 2v)(53i+ﬁj 3
27E | RS R R+x3 R

Xi X X _
o P {_3 X% (L-2v)(2R+3)

(1-2v)R?
= x-x-+5--x§—x3 0i3Xi + 03X | |[+——"=-| 5i30 i3 — G
2 rR2 R3 R(R+X3)2 ( L B ( 157) J ')) (R+X3)2 ( 157) 'J)



Dynamic elasticity solutions

Plane wave solution u =a f(ct—x,py)

1 azuk N 62ui + bi _ £0 azui

Navier equation 1-2v % 0% X% Cu  u of?

Ry H  nan —
(,U PoC )ak +1—2V piaipx =0
. _ 2 _ .2 _
Solutions: ajpj=0 = c"=cr=pglu

a=np, = ¢ =cf =2ul-v)/py(l-2v)
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