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General Instructions

No collaboration of any kind is permitted on this examination.

Y ou may use 2 double sided pages of reference notes. No other material may be consulted
Write all your solutions in the space provided. No sheets should be added to the exam.
Make diagrams and sketches as clear as possible, and show all your derivations clearly.
Incomplete solutions will receive only partia credit, even if the answer is correct.

¢ If you find you are unable to complete part of a question, proceed to the next part.

Please initial the statement below to show that you haveread it

"By affixing my nameto this paper, | affirm that | have executed the examination in accordance
with the Academic Honor Code of Brown University. PLEASE WRITE YOUR NAME
ABOVE AL SO!

1-8: (40 PTS)

9: (20 PTS)

10: (10 PTS)

11: (20 PTS)

TOTAL (90 PTS)




FOR PROBLEMS 1-8 WRITE YOUR ANSWER IN THE SPACE PROVIDED.

ONLY THE ANSWER APPEARING IN THE SPACE PROVIDED WILL BE GRADED.
ILLEGIBLE ANSWERSWILL NOT RECEIVE CREDIT.

1. What is the minimum acceleration of the cart and block shown n=0.25
below so that the 5lb block does not dip off the front of the 20lb P
cart? (g denotes the gravitational acceleration, and u is the ____5 201b :l 51b

coefficient of friction.)
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@g (b)2g () 3g  (d) 49 (¢) 109
T A FBD isshown ontheleft. Newton'slaw gives T=mg, N=ma. For no dlip,
T<uN=>mg<uma=a>g/u
—>T|I_| 51b
N Mg

ANSWER D (3POINTYS)
2. A satdlite is orbiting the earth. The velocity and force V
vectors for the satellite at two points A and B on the orbit B B
are shown. What is the speed at point B interms of the 40
speed v, at point A? T TN T .
(2) Need moreirf A Lor R e gy
a) Need more info / AN T A
L e
(C) Vg Z%VA \‘\ "l A
@vg=2va e
(€) vg =Vva

Angular momentum is conserved, r x mv =const so rva =1.5rvg = vg =2v /3

ANSWER D (3POINTS)

3. An EN40 student needs to weigh her bowling ball before taking it home for the summer,
because she does not want to pay over-weight charges for her luggage. She does not have a
scale. So, she decides to use her EN4O Trifilar Pendulum to determine the mass. Her trifilar
pendulum has a mass m=0.5kg and moment of inertia 1=50 kg cm?. With the bowling ball, she
obtains a combined moment of inertia of 1=250 kg cm®.  She knows that the moment of inertia
for a sphere of mass M and radiusr is | =2Mr?. The bowling ball has radius 10cm. What is

the mass of the bowling ball?

(& 0.5kg (b) 2.5kg (c) 5kg (d) 7kg (e) 10kg
Inertia of ball = Itotal-1platform=200 kgcm? so M=5.200/2/10°=5kg

ANSWER C (3POINTYS)




4. A bal istied to an inextensible string that wraps around a thick pole.
The pole is fixed. A top view is shown in the figure at several different
times. The velocity of the ball is always at right angles to the direction of
the string. Neglect gravity.

() (2 pts) Is linear momentum of the ball conserved during this motion? r
Why or why not?

No, because the string exerts aforce on the ball, causing its momentum to
change.

(i) (2 pts) Isenergy of the ball conserved during this motion? Why or
why not?

Yes. Theball by itself isaconservative system, and the force exerted by the string is perpendicular to
the ball’ s velocity, so the string does no work on the ball (it is a constraint force). No externa work done
on a system means energy is conserved.

(iii) (2 pts) Isangular momentum of the ball conserved during this motion? Why or why not?
No. Angular momentum of a particle about a point is conserved if the forces acting on the particle exert

no moment about that point. Thereis no fixed point in the system for which the net moment exerted by
thetension in the string is zero for all time.

5. A motor has atorque curve given by

2
el
n

where T isthe torque exerted by the motor, o isits angular speed of the motor, and Tg, @, are constants.
5.1 What is the maximum power that can be extracted from this motor?

@ 25 Tson ®) 3Tson  (© gTeon (@ 3Tson (@) §Tsoy
Power is To =Tqo(l- o/ oy )2 and at max power
dP/do =Ts(1- o/ oy )2 -2Ti(l-w/oy)o!l oy =TsQ-0/! 0y)1-30/oy)=0=0=0, /3

Substituting back for the power gives P = 4T o, / 27
ANSWER A (3POINTYS)

5.2 The motor is used to power a vehicle of mass m and wheel radius R moving up a 30° incline. What is
the gear ratio (ie w,/w, where w, is the axle speed) of the system connecting the motor to the
wheels that is needed to achieve the max speed?

@ ——s 0 =5 (@ 2 g2l
81 mgR 27 mgR 27 mgR 9 mgR

Car speed is By = mgvsin30° = mgv/ 2=Vv=8Tswy /27Tmg. Axle speedisVv/R. Hence

w4 | 0= (8Tgwn 1 2TMgR) / (o 1 3) = 24T5 1 27TmgR

(e) need more info

ANSWER D (3POINTYS)




6. The displacement versus-time curve for the free vibration of a machine part is shown.
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6.1 What is the best estimate of the damped natural period of the system?

a) 0.4 sec b) 1.0 sec C) 14 sec d) 20sec €) 2.4 sec
The period is the time between two successive positive zero crossings, i.e. 2 sec

ANSWER D (3POINTYS)

6.2 What isthe best estimate of the viscous damping factor ¢ for the system?

a) 0.03 b) 0.5 c) 0.85 d 12 d) need moreinfo
Thelog decrement is & =log(x / %) =10g(0.6/0.02) = 3.4 The damping coefficient follows as

¢ =51V8%+4r% ~048

ANSWER B (3POINTS)

A B

A B
7. The figure shows a collision between two identical spheres. .
The restitution coefficient for the collision e=0. Before the
—>

collision, A moves with speed vpand B is stationary. After the
collision Vo
() Sphere A is stationary and sphere B moves to the right
(b) Sphere B is stationary and sphere A moves to the left
(c) Both spheres moveto theright at the same speed
(d) Both spheres A and B move to the right with different speeds
(e) Sphere B movesto the right and sphere A moves to the left.
(f) Both spheres are stationary
If e=0therelative velocity after collision is zero, so the answer hasto be C.

Collision

ANSWER C (3POINTS)




8. The Subaru Legacy has an unusual horizontally-aligned four-cylinder engine. The engine is connected
to lateral motor mounts by 4 springs and 4 dashpots, as shown in the figure. When idling, slightly
differencesin the firing of theindividua cylinders lead to an effective rotor forcing of the engine, with an
effective mass imbalance of eAm=0.4kgm at a frequency corresponding to 600/ 7z RPM. The total
mass of the engine is M=200kg. Brand new, each spring has stiffness k=12800N/m and each damper has
damping coefficient c=400 N-s/m.
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8.1 What are the natural frequency and damping coefficient ¢ for the engine?

@ 42 0125 (b 162, 0125 () 4=, 0.25 (d) 16, 0.25
From formulas wy, = Vk/m=+/4x12800/200 =16rad / s. The damping coefficient is

¢ =cl2/km=4x400/24x12800x200=1/4

ANSWER D (3POINTYS)

8.2 What isthetypical steady-state amplitude of the laterd vibrations of the engine?
@1mm () 2mMm () 4mm (d) 8mMM (e) need moreinfo

Theforcing frequency is @ =27 x600/ 7 / 60=20rad / s= w / w, =20/16. Doing the calculation with
the formula,

X | (Ame/ m) =(o/ o )2/\/(1—w2/w2)2+4§2w2/w2—186:>X—186Ame/m—00037m or
(0! oy 2 2-1. -1, -0, .

more quickly reading off the graph X /(Ame/ m) isabout 2...
ANSWER C (3POINTYS)

8.3 The main problem is not the engine vibration, but the forces caused on the attachment points to the
body of the car. These attachment fixtures fatigue under load. What is the approximate amplitude of
the force exerted on one damper attachment point for the new car?

@ 2N (b) 4N (c) 8N (d) 16N (e) 32N
Theforceis cdx/ dt = cXwcos(wt + ¢) =~ 29.6cos(wt + @) N
ANSWER E (4 POINTYS)

8.4 Asthe car ages, the spring stiffness gets smaller. How does this change the vibration amplitude?
a) Increases b) Decreases  c) Stays the same d) Need moreinfo
This decreases oy, so the operating point shifts to the right on the curve, and the amplitude decreases.

ANSWER B (3POINTS)




angular velocity d6/dt=w about A. A small particle of
fluid with mass m dlides along the vane (figs a,b), and is
eventually gected from the pump (fig c¢). The goal of
this problem is to derive the equation of motion for the
distance r(t) shown in the figure. NEGLECT
FRICTION AND GRAVITY.

9. (20 pts) The figure shows a simple idealization of a
centrifugal pump. The vane AB rotates with constant L
(©

9.1 (2 pts) Write down the position vector r of the
particle in teems of r and@, using the {i,j}
coordinate system shown.

r =rcosfi +rsingj
9.2 (4 pts) Hence, determine an expression for the accel eration vector of the particlein termsof r, 6, and
their time derivatives. Notethat df/ dt = w isconstant.
dr S . .
V=E(cosel +8in6j) + ro(—sinbi + cosoj)

2
azd—zr(cosei +8n6j)— rcoz(cosei +sinéj) + Z%a)(—sinei + cosHj)
t

9.3 (2 pts) Draw the forces acting on the particle on the figure

provided. NEGLECT GRAVITY AND FRICTION i m
| o T—» ! I N
9.4 (2 pts) Hence, write down F=ma for the fluid particle.

2
F=ma= N(-sinfi+cosfj)=m %(cos@i +5n0j) - ro?(cosi +sindj) + Z%w(—sinei +cos€j)}
t



9.5 (4 pts) Show that the radial position r satisfies the differential equation

2
d—zr—ra)2=0
dt

Take dot product of both sides of the equation of motion with (cosi +sin@j) gives

9.6 (4 pts) Show that the expression
r(t)=1ro(e” +e)

satisfies the equation derived in part (v), and satisfiesinitial conditions r =r,, dr /dt =0 at time t=0.

Substituting the solution into the ODE gives
(1) =i e +e)-1rye" +e)w® =0

so the equation is satisfied. Substituting t = 0 into the solution clearly satisifies the initial conditions
stated.

9.7 (2 points) Hence, find aformula, in terms of r,, for the vane length L such that the particle is gected
after one complete revolution of the vane.

At one complete revolution, wt=27, so tha L= % o (62” + e_2”) = L =267ry



10. The figure shows a crank-rocker mechanism.
The link AB rotates at a constant angular velocity

of @ =10k rad/s. Thelink CD isvertical. x
10.1 (3 pts) Calculate the velocity vector of point 01

B at the instant shown in the figure, expressing M
your answer as componentsin the {i,j} coordinate

system shown. v
Rigid body equation . . 0.08m
Vg =V +10k x (—0.06i + 0.08j)

=-0.6]-0.8i m/s

10.2(7 pts) Determine the angular vel ocities of members BC and CD, and the velocity of vector of point
C.

Apply the rigid body equation to BC
Ve = Vg + opck x (0.24i +0.1))
=V —0.1wgci + 0.240pc]
and CD
Ve = ocpk % (0.18))
=-0.18wcpi
Eliminate v and use 10.1;
~0.8i - 0.6] — 0.1wgci + 0.24mpcj = —0.180cp)

Using thei and j components of this equation, we see that
—0.8-0.10gc + = —0.18wcp

-0.6+0.24wpc =0
Hence wgc =2.5, wcp =5.833, bothin rad/s

Theveocity of C followsas-1.05i m/s



11. (20 pts) The figure shows an inverted pendulum supported by a 0
frictionless pivot at A. The pendulum is a rigid body with mass m, and

moment of inertia I = %mLz. Its center of mass is a distance L from the

pivot. An actuator causes the pivot to move verticaly with a
displacement y(t). The goal of this problem is to derive a differential

equation of motion relating the angle 6 to y(t).

11.1 (2 pts) Write down the position vector r of the center of massin{i,j}
componentsintermsof L, 0, and vy.

r=—Lsindi+(y+ Lcos)j

11.2 (3 pts) Hence, calculate the acceleration vector of the center of mass
intermsof 6, Y, and their time derivatives.

V:—Ld—g(cosei +sin0j)+ﬂj
dt dt
2 2 2
a:—LQ(cosei+sin9j)+L(d—0j (Sin@i—cosej)er yj
dt2 dt dt?

11.3 (2 pts) Draw afree body diagram for the rigid body pendulum on the figure shown below.




11.4 (4 pts) Write down Newton’ s law of motion and the equation of rotational motion for the pendulum.
2 2 2
R +(Ry —mg)j=m —Ld—e(cosei +sinoj) + L(d—ej (sindi —coshj) +Mj
dt? dt it2
d%

RyLcosf + RyLsing = IGd_2
t

11.5 (6 pts) Combine these equations appropriately to obtain a single differential equation of motion for
6 ,intermsof m, L, g, and y(t) and itstime derivatives.

2 2
R =mL —ﬁcose +(d—9J siné
dt? dt

2 2 2

(Ry—mg)zm[%—th—gsine—L(?j—?j COSQJ

2 2 2 2 2 2
mL2 —d—260039+(d—9j sné |cosO + Lm d—g—Ld—gsinO—L(d—gj cosf +g sinezled—zg

ot dt dt dt dt dt

2 2
:1.1L‘Z—29+[%—9J9n9=0

t t

11.6 (3 pts) Rearrange the equation into aform that could be solved by MATLAB

Weintroduce w =d@ / dt asan additiona variable. Then
dfé]_ @
dt| | (g—dzy/dtz)sinell.lL

(the d 2y/ dt? isontheri ght hand side of the equation because it is a known function of time).



