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1. The figure shows the ‘tablecloth’ trick demonstrated in class. The
bottle has diameter d at the base, and its center of mass is a height h
above the table. The coefficient of friction between cloth and bottle is
. Thecloth is pulled horizontally with an acceleration a> ug so the

cloth dips under the bottle.

1.1 Draw the forces acting on the bottle on the figure below.

[2POINTS]
1.2 Assuming that the bottle does not tip, calculate its horizontal acceleration.
Newton’s law gives (Tp +Tg)i + (Na + Ng —mQ)j = maggyel
Thecloth slips, so Ty = uNay Tg =uNpg
Hence Np + Ng =mg (Ta +Tg) =magge  =H(Na +Ng)=pmg
The acceleration is therefore agyje = 10
[2 POINTS]

1.3 Show that the bottle will tip over if h/d exceeds acritical value, and give an expression for the maximum
allowable value of h/d for the trick to work.

Moments about the COM gives
(TA+Tg)h+(Ng —Np)d/2=0
=2umgh/d+(Ng —Np)=0
Recall that Ny + Ng =mg and solvefor Ny,Ng : Ng=mg/2—-umgh/d Np=mg/2+ umgh/d
Noticethat Ng =0 if h/d>1/2u which meansthe bottle will tip. So makesurethat h/d <1/2u
[3POINTS]



2. An unbaanced rotor that is spun at constant speed by a motor attached to
its hub can be idedlized as a particle with mass m located at the center of
mass of therotor, which isadistance L from the hub as shown in the figure.

2.1 Write down the position vector of the particle (i.e. center of mass) in
terms of L and and the angle 6. Hence, derive expressions for its
acceleration in terms of 6, w=d6/dt and L. Use the basis shown, and
assumethat o isconstant.

r =Lcos6Oi +Lsingj

v :% =Lw(-sndi +coshj) [3POINTS
az%:—La)Z(cosOi +sino@j)

2.2 Draw the forces and moments acting on the rotor
on thefigure provided. Gravity should be included.

[3POINTS]

2.3 Hence, calculate expressions for the horizontal and vertical reaction forces acting at the rotor hub as
functions of time.

R¢i + (Ry —mg)j = -mLo? (cosfi +sin b))

Newton’s law gives )

[3POINTS]
= Ry = —Lmo? cosot Ry =mg - Lmo® sinwt

2.4 The graphs show reaction forces measured experimentally. Determine the mass of the rotor, and the
distance of the center of mass from the axis of rotation. Use Sl units.
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The mean value of Ry is200N and (from 2.3) must equal mg. Therefore m= 200/ 9.81= 20.39%g

Note that Rx and Ry are both harmonic (as predicted in 2.3), with amplitude 300N. The period is 0.05sec.
Therefore 0 =27 /T =407 rad/s.

From2.3weseethat Lmw? =300N = L =300/ (mw?)=0.93x10">m (0.93mm) [5POINTS]



3. A gymnast swinging on a high horizontal bar can be idedlized as a
pendulum shown in the figure, with a point mass at B and pin joint at A. The A
length of member AB varies with time according to the equation
L(t)=Lg+ALSnQt, were, Lo and AL are constants, and Q is the

(constant) frequency at which the athlete ‘ pumps’ to start swinging.

3.1 Find the acceleration vector of the mass at B, in terms of the angle 8 and
its time derivatives, Ly, AL and Q. Express your answer using the polar

) . . . B
coordinate basis vectors shown in the figure. \ e

From class notes the acceleration in polar-coordsis

d?r (dejz dr do  d%6
a=|—0-—r|—| | +|2——+I— |&
dt? dt dt dt dt?
For thisproblem r =Ly + ALSInQt  dr / dt = ALQ cosQt d?r / dt? =—ALQ? sin Ot
Therefore

» . . do\? deo _.d%
a=| -ALQ“sinQt —(Ly + ALSInQt) o) &t 2ALQcothE+(LO +ALSNOt)—- |&y

it
[2POINTS]
3.2 Draw afree body diagram showing the force acting on the mass at B.
€o
[3POINTS] e
3.3 Using Newton'’s law, show that the equation of motion for the angle 6 g is
2
(Lo + ALsith)d—29+ 2ALQcoth:|—f+ gsind=0
dt

Newton'slaw is
(mgcosf —T)e, —mgsinfey =

5 . do\? do _.d%
m| —ALQ? sinQt — (Lo + ALSInQt) o) [erm 2ALQcothE+(LO +ALstt)—2 €
at

The ey component of this equation gives the answer stated.

[2POINTS]
3.5 Rearrange the equation of motion into aform that MATLAB could solve.
We turn the 2™ order ODE into two first order ODEs in the usual way
[0
dio_ do
dt| | (—ZALQcothE— gsin@Jl(Lo +ALSInQt)
[2 POINTS]



4. The figure shows an apparatus to measure the impulse exerted by a sub-surface explosive device. It
consists of a piston with mass m supported by a frame. The system is initially at rest. The explosion then
propels the piston vertically, and its maximum height h is measured. Derive an expression that relates the

piston mass m and the height h to the impulse | exerted on the piston by the explosion. Friction can be
neglected.

m

h

(Figure from Ehrgott, et al Experimental Techniques, doi: 10.1111/j.1747-1567.2009.00604.x)

Just after the explosion, the massis traveling vertically with speed V. During subsequent flight, energy is
conserved, so mv? /2= mgh=V =,/2gh.

The impul se-momentum equation then gives | =p; —pg = lj =mVj = | =m,/2gh.

[5POINTS]



5. The figure shows a collision between two spheres with identica mass. Before the collision, sphere A
moves at 45° to the i direction while sphere B isat rest. The coefficient of restitution between the spheresis
e=0. One of figures (a)-(e) shows correctly the position of the spheres a short time after the collision (the
dashed circles show the positions of the spheres at the instant the collision
occurs, for reference). By answering the true/fase questions below,

identify the correct figure.
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For momentum to be conserved, Vg =V a1 + Vg
With e=0, n=1i the restitution formulais Vi) -V =—Vag +[Vag 1]

Dot this with i (Vg3 —Vag)-i =0 i.e. the spheres must have the same i
component of velocity after impact. Dot it with j and note that B moves
paralel toi inall the figuresto seethat Vo - j=Vpg -] . This means that

A must have the same j velocity before and after impact to satisfy the
restitution formula. Recall the animation of this problem shown in class...

(@ Momentumisconserved T @ (no i momentum
The restitution coefficient formulais satisfied
(both answers were accepted - the I component 0
restitution is satisfied, but the j component can’t be
determined. F is a better answer if we assume al figsare
for the same time.

(b) Momentum is conserved F
The restitution coefficient formulais satisfied @ F

(c) Momentumisconserved T @ (no j momentu
Therestitution coefficient formulais satisfied T
(A hasnoj velocity)

(d) Momentum is conserved @ F
The restitution coefficient formulais satisfied T @i
velocities of A and B not equal)

(e) Momentumisconserved T @ (i momentum exceeds
j momentum)
The restitution coefficient formulais satisfied T @(j
velocity of A issmaller than before impact)
[5 POINTS]
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