EN40: Dynamics and Vibrations

Homework 3: Solving equations of motion for particles
Solutions
MAX SCORE 57+24 EXTRA CREDIT

School of Engineering
Brown University

1. Suppose that you wish to throw a piece of
garbage into a garbage can. Is it better to use an
underarm or overarm throw? A detailed analysis of
this important question has been published by
Professor Mahadevan and his group at Harvard,
(who is evidently putting his MacArthur fellowship
to good use). You will work through a smplified
version of their caculations. To keep things
simple, we will make the following assumptions:

e You throw by rotating your arm at the
elbow, in a seated position. Your elbow has
the same height for both under- and over-
arm throws

e You throw the projectile with a speed of 5
my/s, for both over- and under-arm throws.

o Relevant dimensions are shown in the
figure.

Y our garbage will go into the basket only if you release the projectile at the right point. Specificaly,
there will be some range of release angles 6, <6 <6, for which the garbage will fall withinthe can. If

the rangeislarge, the shot is easy; if the range is small, the target is hard to hit.

1.1 Start by analyzing an overarm throw. Assume that the projectileis released with your arm at angle
0 tothevertica. Findaformulafor the position vector of the projectile at time t after release, using the
coordinate system shown in the figure.

Thetrgjectory formulasgive r =0.5sin0i + (1+ 0.5c0s6)j + (5cos0i —5sinHj)t — 9.81t% / 2j

[2 POINTS]

1.2 Hence, calculate the time that the projectile reaches height h=0.

When h=0, we have (1+ 0.5c0s0) —5sinot — 9.81t% /2=0
. . 2
—58N0 +4/(55N0)” + 2x9.81(1+ 0.5c0s60
Solvefor t= \/( ) n )
9.81

[1POINT]

1.3 Derive an equation for the release angle that will just hit the outside of the garbage can (don’t try to
solve the equation by hand). Using MAPLE, find two possible release angles that satisfy the equation. (if
you would like to stop MAPLE giving complex valued solutions, you can type with(Real Domain) at the
start of your MAPLE file.

The angle is computed by setting x=3 at the instant when y=h, giving



[—SSine + \/(53in 0)% +2x9.81(1+ o.5cos9)}
3=0.5sin6 +5cosb

_ 9.81
[> with(RealDomain) :
> 3=0.5%sin(qg) +5%cos (q) * (-5*sin(q)+sqgrt( (5*sin(qg) )2 +
[ 2%9 _81*(1+0.5%cos(q)) ) )/9.81:
> evalf (180*solve (%,q) /P1) ; # Angle in degrees

-6.828407800, -49.15139072

[3POINTS]
1.4 Derive an equation for the release angle that will just hit the inside of the garbage can, and once again,
use MAPLE to find the two possible rel ease angl es satisfying the equation.

The only change necessary isto switch 3 to 2.75 in the preceding eguation, so that

E> with (RealDomain) :

> 2.75=0.5%*sin(q) +b*cos(q) *(-5*sin(q)+sqrt( (5*sin(q))"2 +
[ 2*9 . 81*(1+0.5%cos(q)) ) )/9.81:

> evalf (180*solve (%,q) /P1) ; # Angle in degrees

-53.88193924, 04190988467

There are two possible ranges of angles that would hit the target
[2POINTS]
1.5 Hence, calculate A6 =6, — 6, for the overarm throw.

-53<0<-49

-6.8<60<0.42
The second of these is preferable (it is larger, and would be much more comfortabl e than bending your
armway back). Therangeis 7.22 degrees.
[1POINT]
1.6 Repeat 1.1-1.5 for an underarm throw.

The underarm case can be calculated immediately by simply changing the sign of the throwing speed.
Here are the predicted angles, for the two cases

[> with (RealDomain) :

[» 3=0.5*sin(q) -5*cos (q) * (5*sin(q) +sgrt({ (5*sin(q))*2 +
| 2*9.81*(1+0.5*cos(qg)) ) y/9.81:

[» evalf (180*solve (%,q) /Pi) ; # Angle in degrees

i 154 7376193, 1197899411

[} with (RealDomain) : ;Eﬁ%éﬂﬁf

[» 2.75=0.58*sin(qg) -5*cos (q) * (5*sin(q) +sqrt( (5*sin(q))*2 +
2*9 81* (1+0.5*%cos(q)) ) )/9.81:

(> evalf (180*solve (%, q) /P1) ; # Angle in degrees
1597830894, 115 4407286




Now we have
154.74 < 6 <159.78

115.44< 6 <119.790
Thefirst of these has the bigger range —just over 5 degrees
[5POINTS]
Which throwing styleis preferable?

Overarm is better — but not by very much, for the particular choice of parameters used here.
[1 POINT]

2. The figure illustrates a ssimple screening test for anemia
(known as the CuS0O4 test — see, e.g. Rudmann “ Handbook
of blood banking and transfusion medicine” ).  The
technician drops a blood specimen into a CuSO4 solution
with carefully controlled concentration, and observes the
drop for 15sec. If the drop floats, or sinks less than a
critical distance, the test indicates that the patient may
have anemia. The goal of this problem is to determine the
required concentration of the solution. Assume that

o A blood cell can beidealized as a sphere with radius R and mass density p

e The CuSO4 solution has mass density pg and viscosity i
e Thedrag force on a sphere radius R moving through a viscous fluid with speed v is 6znRv

Blood

2.1 Draw afree body diagram showing the forces acting on one of the blood cells within FoMFy
the blood droplet.

The drag, buoyancy and gravity forces are Fe
Fp =6mnRdx/dt Fg=p47R3g/3 Fg =p4nR3g/3
[2POINTS]

2.2 Write down Newton’s law of motion relating the depth x of the blood cell to relevant parameters.
Show that x satisfies the differential equation

47R3p d?x dx 4R
—Z=—6mnR— +
dt? dt 3

Rearranging this equation gives the ODE stated.

F=ma inthe vertical direction: (p—-ps)a

[2POINTS]
2.3 Assume that a representative blood cell starts at x=0 and has zero speed at time t=0. Hence, calculate
expressions for the speed, and depth, of the blood cell in terms of time and other relevant parameters.
Use the MAPLE ‘dsolve’ function to solve the differential equation.

Here'sthe solution. Wehaveset ps/ p=r /1=917/(2pR2) to simplify the solution


http://www.anemia.org/professionals/feature-articles/content.php?contentid=378

F%: Maple 11 - [Untitled {1) - [Server 1]] i =181 *]
@Eﬂe Edit Miew Insert Format ZSpreadshest Window Help -!E’IEI
D[RS R =] ETE EE =2 ©] [RRIR]] [1] 2] [@
L[] (@] /4]
[} with (ODETools) : :I
[} ODE := {diff(x(t) ,t52) + lambda*diff(x(t), t) + (r-1)*g=0}:
[> IC := {(x(0)=0,D(x) (0)=0)}:
> simplify(dsclve (ODE union IC,x(t)));
G=Digle” =1y
Foeis = e g
xWr)y=— 2 e
£
I :J
[ Time: 985 |Bytes: 494M | Available: 1,336 |

2.4 Use the following values for parameters: mass density of normal blood cells p =1.1399ramcm‘3

[3POINTS]

mass density of CuSO4 solution pg =(18.01+ 249.7c) / (18.01+ 69.28c) gram/ cm®, where ¢ is the
molar concentration of CuSO4 in the solution (the number of mols of CuS04 pentahydrate divided by the
number of mols of water), viscosity of water n =10 Nsm™, radius of a blood cell R=35 um.
Determine the concentration c that will result in blood sinking by 4cm during the 15 second test period.

We just need to substitute numbers into the formulafor x and solve for ¢. Here’ saMAPLE solution

I Maple 11 - [Untitled (1) - [Server 1]] =1ol |
@Eﬂe Edit View Insert Format Spreadshest Window Help ;[ilﬂ
[Ol=REE] [ =@ o] ZTE] [ FE [=[2] [©] [B=]] [1] [F] |
[ =[] (0] § [
[ =
[> lambda := 9*10*(-6)/(2%1.139*10" (-3) *100~3*(3.65*10"(-6})"2) :
[> 0.04=({1-r)*9.81* (exp(-lambda*15)+lambda*15-1) /lambda*2:
[> solve(%,r):
[> %$=(18.01+249.7*c} /(18.01+69.28*c) f1.139:
> solve(%,a);
0.003964915443 i
[>]
pd
|[Time: 1135 | Bytes: 5.37M | Available: 1,145 |

[3POINTS]



3. The figure shows a rocket, which may be idedized as a
particle with mass m, and which travels close to the earth’s
surface. It is launched from the origin with initial velocity
vector Vg =Vyi+Vyj+Vk . The projectileis subjected to the

force of gravity (acting in the negative k direction), a drag

force F

D
mg ja\

FD = —% pCD AW

where V =, /v)% + VBZ/ + v§ is the magnitude of the rocket’s velocity, v =vyi+vyj+V,K is the projectile

velocity, C, isthe drag coefficient, and p isthe air density. In addition, athrust force Fr =Fpv/V is
exerted on the rocket by its motor (the thrust actsin the direction of motion of the rocket).

3.1 The motion of the system will be described using the (x,y,2) coordinates of the particle. Write down
the acceleration vector in terms of time derivatives of these variables.
2 2 2
a=d 2Xi+d 2}’j+0' 2k
dt dt dt

[1 POINT]
3.2 Write down the vector equation of motion for the particle (F=ma).
Vil +Vyj + VK 2 2 2
F=ma:>(FO—1pAV2j$— =0, 0y, g7,
2 dt dt dt
[2POINTS]
3.3 Show that the equation of motion can be expressed in MATLAB form as
. v
y Vy
d| 2| _ vy
dt| Ve | |~y +Cov IV
Vy — Wy +Cpvy [V
V2] |[-9-CW, +Cpv, 1V |

and give formulas for the constants ¢; and ¢, interms of relevant parameters.

Asusua we introduce (vy,Vy,V,) asadditional unknowns. Using the definitions of the velocity
components, and writing F=ma in terms of (X,y,z) and these variables, we have

WOl de
XTdt Y dt 2t
dvy, Fovy 1 dvy FRyVvy 1 dv. Fov, 1
X 0X_ = HA — Y0 = AW —Z-_g+-0Z__= HAW
& mv 2mP @t mv 2mP = 3 v amP YV
If we define
PA Fo
[ — C:_
9 2m 2 m

and write the differential equationsin vector form, we get the result stated.
[2 POINTS]



3.4 Modify the MATLAB code discussed in class (or the online notes, or the MATLAB tutorial, or last
year's HW3) to calculate and plot the trgjectory. Add an ‘Event’ function to your code that will stop
the calculation when the rocket reaches the ground (THERE IS NO NEED TO SUBMIT A

SOLUTION TO THIS PROBLEM).
function rocket

A = 0.015; % Proj ected area of rocket, nt2
rho = 1.02; % Air density, kg/m3

CD = 0.1; % Drag coeft

g = 9.81; % Gravitational accel

m= 1; % Mass

FO = 20; % Motor thrust, N

cl = 0.5*rho*CD*A/ m

c2 = FO/'m

t heta 0. 001*pi /180; % Angle of |aunch

w0 [0,0,0,0.0001*sin(theta), 0.,0.0001*cos(theta)];
options = odeset (' Events', @vent);

[times, sols] = ode45(@q_of not, [0, 200], w0, opti ons);
ti mes(end)

sol s(end, 1)

plot(sols(:,1),sols(:,3));

function dwdt = eq_of _not(t,w)
X=W(1); y=w(2);z=W(3); vX=W(4); vy=W(5) ; vz=W(6) ;
V=sqrt (vx"2+vyr2+vz~2);
dwdt = [vX;vy;vz;...
-cl*VFyx+c2*vx/ V. ..
-cl*V*Fvy+c2*vy/ V; . ..
-g-cl*V*vz+c2*vz/ V] ;
end
function [ev,stop,dir] = event(t,w)
ev = W(3); %3) is the height
stop = 1;
dir = -1;
end
end
[OPOINTS]

3.5 Findly, run simulations with parameters representing a (large) model rocket (m=1kg, Cp =0.1,
A=0.015m", air density 1.02 kg/m®, Fy = 20N ) launched in the (x-2) plane at 0.0001 m/s at an angle of

0.001 degreesto the verticd. Plot the trgjectory of the missilein the (x,2) plane, and determine the time of
flight, and the total horizontal distance traveled.

Height (z) m

0 20 40 60 80 100 120
Horizontal position (x) m



With ode45 and default tolerance the time of flight is 3.98 sec and the distance traveled is 112.16 m — but
thisis not very accurate so anything close to these values is OK.

[4 POINTS]

3.6 Optional — for extra credit. Suppose the rocket motor has a 5sec burn (i.e. the thrust is zero after
Bsec). With the same initial velocity, find the initial launch angle that maximizes the horizontal range of
the rocket, and find the corresponding range. NOTE — ode45 is not accurate enough for this problem —
you should use odel113 instead. Also, set the ‘Reltol” parameter to 107 or better.

The simplest way to do this is just to plot a graph of range as a function of angle and read off the
maximum.

450 T T =
X: 5.289e-005
400+ Y: 4457 i
350+ B
~~ 300 -
E
250+ B
Q
? 200+ 8
©
Y 150+ i
100+ B
50 B
0 I I I 1 I I I 1
0 0.2 04 0.6 0.8 1 12 14 1.6 18
Launch angle (degrees) x10"

The max range is 446m and the angle is 5.3 10° degrees. A MATLAB code s listed below.

[5POINTS]
function rocket
A = 0.015; % Proj ected area of rocket, nt2
rho = 1.02; % Air density, kg/m3
CD = 0.1; % Drag coeft
g = 9.81; % Gravitational accel
m= 1, % Mass
FO = 20; % Motor thrust, N
cl = 0.5*rho*CD*A/ m
c2 = FO/'m
for i = 1:100
theta(i) 0.01*(i-1)*pi/(180*99.);

range(i) conpute_range(theta(i));
end
pl ot (t het a, range)
function range = conpute_range(angle)
w0 = [0,0,0,0.0001*si n(angl e), 0., 0. 0001*cos(angl e)];
options = odeset (' Events', @vent,' Rel Tol ', 1.e-10);
[times,sols] = odell3(@q_of notl,[0,5],w0,options); % Flrst 5 secs
w0 = sols(end,:); % Solution at end give initial conditions
range = sol s(end, 1);
if (sols(end, 3)>0) %continue with no thrust if not yet on the ground
[times, sols] = odell3(@q_of not2,[5,200], w0, options);



range = sols(end, 1);
end
end
function dwt = eq_of _not1(t,w) % EOM wi th thrust
Xx=W(1); y=w(2); z=W(3); vXx=W(4) ; vy=W(5) ; vZ=wW(6) ;
V=sqrt (vx"2+vyr2+vz~2);
dwdt = [vX;vy;vz;...
-cl*VFvx+c2*vx/ V; . ..
-cl*V*Fvy+c2*vy/ V; . ..
-g-cl*V*vz+c2*vz/ V];
end
function dwdt = eq_of _not2(t,w) % EOM with no thrust
X=W(1);y=w(2);z=W(3); vX=W(4); vy=W(5) ; vz=W(6) ;
V=sqrt (vx"2+vy"2+vz"2);
dwdt = [vX;vy;vz;...
-cl*Vrvx; . ..
-cl*Vrvy; ...
-g-cl*Vvz];
end
function [ev,stop,dir] = event(t,w)
ev = W(3); %(3) is the height
stop = 1;
dir = -1;
end
end
This is quite a tricky problem, and | am not convinced that the MATLAB solution is correct. The
solution appears to converge as Reltol is reduced, but reltol=10"° is an extremely small value, and may be
pushing the ODE solver beyond the limits of floating point precision. Using reltol=10" gives a similar
max range, but the optimal angle is a factor of 10 smaller. Ode45 gives complete garbage. For design
purposes, the solution is redlly telling you that this approach to controlling the rocket’s trgjectory is not
going to work — there is no way you would be able to design a system that sets the launch angle
sufficiently accurately, and tiny fluctuations in air flow etc early on in the launch would give huge
variationsin trgjectory. A guidance system that controlsthe rocket path in flight would be essential.

4. A ‘Paul Trap’' is one of several devices that use

specialy shaped electrostatic and electromagnetic fields k
to trap charged particles (or ‘ions’) (see, e.g. Maor et al T
(2005) for more information). It has a number of ,
applications: for example, as a mass spectrometer (used in - __
chemical and biochemical analysis); or as a component in - C ;.
experimental quantum computers. The ions inside a i L _ :
particle trap are continuously moving, and follow very \\_’/
complicated orbits.  The goa of this problem is to

analyze the motion of a single charged particle inside a

Paul trap.

4.1 The motion of the ion will be described by the components of its position vector (x,y,z). Write down
the velocity and acceleration of theion in terms of these variables.

2 2 2
_OG Wy 2 d7 Ay, dTzy

V —_— -
dt  dt’ dt g2  dt?  dt?

[1 POINT]
4.2 Theion has mass m, and is subjected to aforce


http://books.google.com/books?id=UIESxguW1nAC&printsec=frontcover&dq=charged+particle+traps&cd=1#v=onepage&q=&f=false
http://books.google.com/books?id=UIESxguW1nAC&printsec=frontcover&dq=charged+particle+traps&cd=1#v=onepage&q=&f=false

F=QE
where Q isits charge, and

E=w(xi+yj—2ﬂ<)

is a time dependent electric field vector. Here, Ey,d, are constants that specify the magnitude and

geometry of the electric and magnetic fields. Use Newton's law to show that the components of the
position vector of theion satisfies the following equations of motion

2 2 2
% = Q?(1+ B cos(mt)) X % =021+ Bcos(wt))y d7z _ 2021+ Bcos(at))z

dt?
o- [
md

is a parameter (which has units of frequency).

where

_l’_
d dt?  dt? dt?
Thel,j,k components of this expression reduce to the expression given.

Newton's law F=ma gives
2 2 2
QEg(1+ B coswt) i+ Vi — 27k )= m d Xi+d y. d Zk
Y

[2 POINTS]

4.3 Re-write the eguations of motion as 6 first-order differential equations that can be integrated using
MATLAB.

dt| vy | | Q2L+ Beos(wt))x

y| | Q%@+ Bcos(wt)y
V2] | —20%(1+ B cos(at))z |
Introducing vy, vy, V, asnew unknowns and substituting into F=ma in the usual way gives this result

[1 POINT]

4.4 WriteaMATLAB script that will solve the equations of motion to determine X,y,z, vy, v

y:Vz asa
function of time. You need not submit a solution to this problem.
A MATLAB script islisted below
function paul _trap

cl ose all

Onega = 1;

beta = 0;

onega = 2;



end

w0 =[0.1,0,0.1,0,0.100,0]; %lInitia
[t,s] = oded45(@q_of not,[0, 60],w0);
figurel = figure;

axes(' Parent',figurel,' FontSize', 14);
plot3(s(:,1),s(:,2),s(:,3));

grid('on");

x|l abel ({' x'},' Font Si ze', 14);
yl abel ({'y'}, ' FontSize', 14);
zlabel ({"z'},"' Font Si ze', 14);
beta = 30;

onega = 12;

[t,s] = oded5(@qg_of _not, [0, 60], w0);
figure2 = figure;

axes(' Parent', figure2,' FontSize', 14);
plot3(s(:,1),s(:,2),s(:,3));
grid('on");

xl abel ({' x'}, ' Font Si ze', 14);

yl abel ({'y'},' FontSize', 14);

zlabel ({"z'},' FontSi ze', 14);

beta = 30;

onega 11

[t,s] = oded5(@q_of _not, [0, 60], w0);
figure3 = figure;

axes(' Parent', figure3,' FontSize', 14);
plot3(s(:,1),s(:,2),s(:,3));
grid('on");

x|l abel ({' x'}, ' Font Si ze', 14);

yl abel ({'y'}, ' FontSize', 14);

zlabel ({"z'},' FontSi ze', 14);

beta = 30;
onega = 21;
[t,s] = oded45(@q_of not,[0, 60],w0);

figure4 = figure;

axes(' Parent', figure4,' FontSize', 14);
plot3(s(:,1),s(:,2),s(:,3));
grid('on");

xl abel ({' x'},' Font Si ze', 14);

yl abel ({'y'}, ' FontSize', 14);

zlabel ({"z'},' FontSi ze', 14);

function dwdt = eq_of _not(t,w)

condition [X,Y, z, VX, Vy, Vvz]

X=W(1); y=w(2); z=W(3); vX=W(4); vy=W(5) ; vz=W(6) ;

¢ = Orega™2*(1+beta*cos(onega*t));

dwdt = [vX;Vy;Vvz; c*X;c*y; -2*c*z];

end

[0 POINTS]



4.5 Anion will be trapped if the frequency of the electric field o isrelatedto Q correctly, and if the
amplitude of the oscillation g liesin the correct range. Demonstrate this behavior by running

computations with the following parameters (the units are arbitrary — in actual designs the frequencies are
very high; typically radio frequencies).
(@ x=z=01 y=0 v=v,=0 vy=01 Q=1 =0 0=0

(b) x=2=01 y=0 vy=v,=0 vy, =01 Q=1 =30 0=12
() x=z=01 y=0 v=Vv,=0 vy=01 Q=1 =30 w=11
(d) x=2z=01 y=0 vy=v,=0 vy, =01 Q=1 =30 0=22

Run the tests for atime interval of 60 units. Hand in a graph showing the predicted trajectory for each
case.

Graphs are shown below. Case (b) traps the particle — the particle escapes for al the other conditions.

[5 POINTS]



5. The figure shows a schematic of the parametrically excited inverse pendulum
discussed on the first day of class. The pivot point moves vertically with a
displacement x= XysinQt. The goa of this problem is to show that at an

appropriate frequency Q theinverted pendulum is stable.

5.1 Write down the position vector of the mass m. Hence, calculate an expression
for the acceleration of the mass, in terms of Q,Xy,L aswell as 6 and its time
derivatives.

r =—Lsin@i +(XysinQt + Lcosh)j

v=—Lcos¢9%i + (XpQ2cosQt — Lsin@dd—f)j

2 2 2 5
azlLsinO(ccll—fj - Lcos@d—e}i +[—x092sjn9t— Lcos@(ccll—fj - Lsin@d—e}j

t? dt?
[3POINTS]
5.2 Draw afree body diagram showing the forces acting on the mass m Ij
— i
[2 POINTS]

5.3 Write down Newton’s law of motion of the mass, and hence show that the angle 6 satisfies the
equation

0?X,

sinQt)sind =0

F=ma gives
TsinBi —T cosfj —mgj

2 2 2 2
=m Lsin@(d—ej —Lcos@d—e i+m —XOstith—Lcose(d—ej —Lsin@d—e ]
dt at2 dt dt?

Thei and j components of this equation yield two equations. We can eliminate T by multiplying the i
component by sin@ and thej component by cos@ and adding the two equations. This gives
. [ 2 d20:| |: 2 . . ) d20:|
—-mgsind =m| —L cos 0—2 +m| - X sinQtsind - Lsin 0—2
dt dt
This equation can be rearranged into the form required.

[2 POINTS]



5.4 Arrange the equation of motion for 6 into avector form that MATLAB can solve.
Asawayswe introduce o = ?j—f as an additional unknown. Then, in vector form we can write

(o

dt|o| | 90— "0gn0t)sing
L g
[1POINT]

5.5 WriteaMATLAB program to calculate and plot the angle 6 asafunction of time. Show the anglein
degrees. Use arelative tolerance of 0. 00001 inthe ODE solver (You don’'t need to submit a solution to
this problem)

function inverted_pendul um

cl ose al

L = 0.25;

g=9. 81,

X0=0. 015;

Orega = pi *60;

w0 = [5*pi/ 180, 0];

options = odeset (' Rel Tol ', 0.00001);

[times, sols] = ode45(@om [0, 30], w0, options);
plot(tinmes,sols(:,1)*180/pi)

Orega = pi *50;

[tinmes, sols] = ode45(@om [0, 30], w0, options);
figure

plot(tinmes,sols(:,1)*180/pi)

L =0.5;

Orega = pi *60;

[times, sols] = ode45(@om [0, 30], w0, options);
figure

plot(tinmes,sols(:,1)*180/pi)

L =0.5;

Orega = pi *73;

[times, sols] = ode45(@om [0, 30], w0, options);
figure

plot(tines,sols(:,1)*180/pi)

function dwdt = eom(t,w)
t heta=w( 1) ; omega=w2) ;
dwdt = [onega; g*(1- Onega”2* X0*si n(Onega*t)/g)*sin(theta)/L];
end
end

[0POINTS]



5.6 Plot graphs of 6 as afunction of time for the following parameters. Run each simulation for 30 sec,
and initial conditions 6 =5deg w =0

(a) Q=607 (30cycles/sec) L=0.25m Xg=0.015m

(b) Q=507 (25cycles/sec) L=0.25m Xg=0.015m

(c) Q=607 (30cycles/sec) L=0.5m Xg=0.015m

(d) Q=731 (36.5cycles/sec) L=0.5m Xg=0.015m
(& and (c) turn out to be stable... Seethe figs. The graphs might look slightly different if people run
with different tolerances, but anything that looks sensible should get credit.

e L=0.25, Omega=60r L=0.25, Omega=50x
: j ' ' ‘ 500 : ‘ ‘ . .
10} 0
W 5f —~ -500f
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o ® -1000¢
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k= B -1500¢
5 =
@ @ 2000}
-10 -2500+
-15 L L L L I R ! ! ! L L
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L=0.5, Omega=60n 30 ‘ ‘ :
1000 : ; . ‘ ‘
O —_
—_ 73]
2 g
-1000} 2
5 2
[0
T -2000f =
D D
-3000}
-4000, 5 10 15 20 25 30 =% 5 10 _ 15 20 25 30
Time (s) Time (s)

[5 POINTS]

6. OPTIONAL - For extra credit: The figure shows a
conceptual design for a ‘space elevator’ which (if
materials scientists and electrical engineers are able to
achieve several technological miracles) offers a very
low-cost approach to launching payloads into orbit. It
consists of a satellite with mass M, which lies in the
equatorial plane and is in geostationary orbit.  The
satellite is tethered to the earth by a cable. A ‘crawler’
with mass m rides up and down this cable transporting
freight and passengers from the earth’s surface to orbit. ¥
The goal of this problem is to analyze the motion of this [

system. For simplicity, we will
e Assume that the system remainsin the equatorial %
plane, so that the position of the satellite and




crawler can be described by their coordinates in a fixed Cartesian basis 1y =Xi+Vyj,

Fp =Xl + ¥5j
o Neglect the mass of the cables
o Idealize the cables below and above the crawler as a combination of a spring and damper, which
exert forces
T1=k2(|-1—al)+/11(%—%j T2=k2(L2—a2)+/12(dd%—%J
to the objects attached to their ends, where Ly, L, are the stretched lengths of the cables, a,a,
are the un-stretched cable lengths, and kq,k, and 41,4, are cable stiffnesses and damping

coefficients.

6.1 The point X where the cable is attached to the surface of the earth moves as the earth rotates.
Assume that at time t=0 this point has position vector ry = Ri , where Risthe radius of the earth. Write

down (&) the position vector of X as a function of time, and (b) the velocity vector vy of point X, in

terms of R and the angular speed of the earth Q
rx = RcosQti + RsinQtj Vy =—RsinQti + RcosQtj
[1 POINT]

6.2 Write down formulas for (@) the cable lengths; (b) unit vectors paralld to each cable; (c) unit vectors
parallel to the gravitational forces acting on the crawler and satellite interms of (xq,y1), (Xo,Y,) . Also,

find expressionsfor dL; / dt and dL, /dt intermsof (x,y;), (Xo,Y,) and their time derivatives.

Ly =\/(x1— Rcoth)2 +(y1 - Rsith)2 L, = \/(xz - xl)2 +(yp — y1)2
dy (% —RcosQt) (v + RQsINQL) + (y; — RsinQt)(vyy — RQcosQt)

dt Ly
dly _ (%2 —%)(Vxa —Vsa) + (Y2 — Y1) (Vy2 —Vy1)
dt L

[3POINTS]

6.3 Write down the acceleration vectors for the crawler and the satellite, in terms of derivatives of
(%, 1), (%2, Y2)

d?x . d?%y . d?x, . d2y,.
a = 21I )2/1 , = 22|+ 32/2J
dt dt dt dt
[1 POINT]
6.3 Draw two free body diagrams showing (a) the forces acting on T
the satellite, and (b) the forces acting on the crawler. T 2 T
&« /"m
GMmr,2 GMm/r;?
(the exact directions of the arrows aren’t critical, of course)
[3POINTS]

6.4 Show that the equations of motion for the crawler and satellite can be expressed as



- X _ Vyq
v
Y1 a
Xo Vx2
dl Y2 | Yy2
at| Ve || —pxg /12 + Tp(ReosQt —xq) 1 mly + Ty (X — %) / My
VWi ||~y R+ T (RSINOt - yg) [ mly +To(y2 — 1) / iy
Vx2 —UXy / r23 +T2(Xl - X2) / ML2
Vy2 3
-0 Y2 113 +To (Y1~ ¥2) I ML,

where u is the product of the eath’'s mass and the gravitationa constant and

[2 2 [2 2
=X tY1 h=yXt+¥2

Let Vi +Vygj, Vyol +Vyoj denote the velocity of the car and the satellite, with respect to fixed axes.
The position-velocity relation gives
: .od, . : . od, o :
Vgl + Vg = a(xll + Y1) Vol +Vyo] ZE(XZI +Yi)
Newton's law F=ma gives

m%(vxli +Vy) ):

_/l_mr_1+-|-l (rx =1y T, (ra-r9)

2 L L
nn 1 2
_uM 2,1, (r1—rp)

2 L

rs 12 2

M %(vxzi +Vyo ):

The eight equations in the vector ODE are the | and j components of these two equations.
[2 POINTS]

6.5 Write aMATLAB script that will calculate the position and velocity of the satellite and crawler as a
function of time. Use the following values for parameters in the problem

e Thegravitational parameter u = 3.9812x10° km®s™?

o Theearth'sradius Ris 6472km
o Theearth’sangular velocity is Q =z / 43200 rad/s
e The cables have constant stiffness k; = k, =1kN / km and damping 7 =71, =1kNs/ km

e Thesatellite hasinitial position and velocity rg =42241.12i km v =3.0719j knv/s
e Thecrawler hasinitia position and velocity rg=7015.1 km vy =0.5102j knv/s

o Asthe crawler climbs the cable, the un-stretched lengths of the two cables vary with time. Take
the un-stretched lengths (in km) to be
_ { 637.8+5362.6(22t /T —sin2zt/T) t<T

34332 t>T
ay =35863 - &

where T isthe time of ascent. Thereisno need to submit a solution to this problem. Note that thisisan
intensive computation, — MATLAB will take afew minutes to complete the calculation.



Function space_el evat or

cl ose al

format | ong

mu = 3.986012e05; % Gravitational paraneter km3/s
spi nearth = 2*pi/ (24*3600); % Angul ar velocity of earth (rad/s)
radearth = 6378. 1; % Earths radius (km

nmsat = 5000000; % Mass of satellite (kg)

ncar = 500; % Mass of car (kg)

ki = 1; % Stiffness of cable 1 (kN k)
k2 = 1; % Stiffness of cable 2 (kN kn
etal = 1, % Danpi ng of cable 1 (kN s/km
eta2 = 1, % Danpi ng of cable 1 (kN s/km

T = 5*24*3600; % Ascent tine (sec)

% Ilnitial conditions [xcar,ycar,vxcar, icar,xsat,ysat,vxsat, vysat]
w0 = [7015.1, 0, 42241. 12, 0,0, 0. 5102, 0, 3. 0719] ;

options = odeset (‘ Rel Tol’,0.001);

[tsol ,wsol] = oded45(@om ][0, 8*24*3600], w0, opti ons);

pl ot (wsol (:,1),wsol (:,2), Color’,[0 0 1]);

hol d on

pl ot (wsol (:,3),wsol (:,4), Color’,[1 0 0]);

% cal cul ati on of tensions

for i = 1:1length(tsol)
t =tsol (i);
x1 = wsol (i,1); yl = wsol (i,2); x2 = wsol (i,3); y2 = wsol (i, 4);
xt = radearth*cos(spi nearth*t);
yt = radeart h*si n(spi nearth*t);
L1 = sgrt((x1-xt)"2 + (yl-yt)"2);
L2 = sqgrt((x1-x2)"2 + (yl-y2)"2);

dL1idt = ((x1-xt)*(vxl-vxt) + (yl-yt)*(vyl-vyt))/L1;
dL2dt = ((x2-x1)*(vx2-vx1l) + (y2-yl)*(vy2-vyl))/L2;
al = 637.8 + 5362.6*(2*pi *t/T-sin(2*pi *t/T));

daldt = 5362.6*(2*pi/T-2*pi *cos(2*pi *t/T)/T);

if (t>T) al= 34332; daldt=0; end

a2 = 35863-al

da2dt = -daldt;

Tl = k1*(L1-al)+etal*(dL1dt-daldt);

T2 = k2*(L2-a2)+et a2*(dL2dt-da2dt);

ttl1(i) = T1;
tt2(i) = T2;
end
figure
plot(tsol,tt1)
hol d on

plot(tsol,tt2,  Color’,[1 0 0])

function dwdt = eom(t,w)

x1 =w1); yl =w2); x2 =wW3); y2 = W4);
vxl = W(5); vyl = W(6); vx2 = W7); vy2 = W(8);
ri sqrt(x1r2 + yin2);

r2 sqrt(x2n2 + y2nr2);



end
end

xt
yt
vxt
vyt

radeart h*cos(spi nearth*t);
radeart h*si n(spi nearth*t);
-radeart h*spi neart h*si n(spi neart h*t);
radeart h*spi neart h*cos(spi nearth*t);

L1 = sgrt((x1-xt)"2 + (yl-yt)"2);

L2 = sgrt((x1-x2)"2 + (yl-y2)"2)

dL1idt = ((x1-xt)*(vxl-vxt) + (yl-yt)*(vyl-vyt))/L1;
dL2dt = ((x2-x1)*(vx2-vx1l) + (y2-yl)*(vy2-vyl))/L2;
al = 637.8 + 5362.6*(2*pi *t/T-sin(2*pi *t/T));

daldt = 5362.6*(2*pi/T-2*pi *cos(2*pi *t/T)/T);

if (t>T) al= 34332; daldt=0; end

a2 = 35863-al
da2dt = -daldt;

Tl = k1*(L1-al)+etal*(dL1dt-daldt);

T2 = k2*(L2-a2)+et a2*(dL2dt-da2dt);

dwdt = [vx1;vyl;vx2;vy2; ..

-mu*x1/r173+ (T2*(x2-x1)/L2 + T1*(xt-x1)/L1)/nctar ;..
-mu*y1l/r 173+ (T2*(y2-yl)/L2 + T1*(yt-yl)/L1)/ncar
-mu*x2/r2°"3 + T2*(x1-x2)/L2/ nsat; ...

-mu*y2/r2°"3 + T2*(yl-y2)/L2/ nsat];

[0POINTS]

6.6 Plot a graph showing the trajectory (x-v-y) of the crawler and satellite as the crawler ascends the
Plot both trgjectories on the same graph, but show them in different colors. Try the following
parameters

M =5000000kg  m=500kg
M =50000kg m=500kg

system crashes with asmall satellite mass)
M = 5000000kg m = 500kg

cable.

y (km)

T =5days
T =5days (this was a typo — it should have said 500000. The

T =1day

10 M=5000000kg, T=5 days

+10¢ M=50000kg, T=3 days
6 .

—— Crawler

; — Crawler
— Satellite

— Satellite

y (km)




5)(10

. M=500000kg, T=5 days

e, | CraWler
=8 — Satellite

10 M=5000000kg, T=1 days

y (km)

0 5
x (km) x 10°

Plot a graphs showing the tension in each of the cables as afunction of time.

Tension (kN)

Tension (kN)

80

M=5000000kg, T=5 days

—— Cable 1
—Cable 2]

Time (sec) x 107

M=500000kg, T=5 days

601

401

201

201

40}

-60
0

— Cable 1
—Cable 2

— ; 5
Time (sec) x 10°

Tension (kN)

Tension (KN)

1.5

20

x10

s M=50000kg, T=5 days

[5POINTS]

—Cable 1
—Cable 2 ||

Time (sec)

M=5000000kg, T=1 days
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h o o;
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