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1. The rigid body shown in the figure is at rest at time t=0, 
and rotates counterclockwise with constant angular 
acceleration of 8 rad/s2.  At the instant shown in the figure, 
find 
  
 
1.1 The angular velocity vector  
 
The block has rotated through / 4π  radians and the angular 
acceleration is constant.   The constant acceleration formula 
tells us that the time taken to reach the configuration shown is 

21 2 / / 4
2

t tθ α θ α π= ⇒ = =   

 
Since the angular acceleration is constant, the angular velocity 
is 8 2t t π= = =ω α k k   

[1 POINT] 
 
1.2 The spin tensor W (as a 2x2 matrix) 
 
Using the formula 
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[1 POINT] 
 
1.3 The rotation tensor (a 2x2 matrix for a 2D problem) R that rotates the rectangle from its initial to its 

position at 2 sec.  
 
The 2D rotation matrix is  
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[1 POINT] 
 
1.4 Hence, find a formula for the vector B A−r r  in (i,j) components 
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[1 POINT] 
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2. “Codman’s paradox” is described in a 1935 medical textbook (p43).   It’s not really a paradox – but it 
does demonstrate the counter-intuitive nature of sequences of rotations.   This paper has a clearer 
statement of the ‘paradox,’ than the original book, as follows: “first place your right arm hanging down 
along your side with your thumb pointing forward and your fingers pointing toward the ground. Next, 
elevate your arm horizontally so that your fingers point to the right, and then rotate your arm in the 
horizontal plane so that your fingers now point forward. Finally, rotate your arm downward so that your 
fingers eventually point toward the ground. After these three rotations, you will notice that your thumb 
points to the left. That is, your arm rotated by 90 degrees. The fact that you get this rotation without 
having performed a rotation about the longitudinal axis of your arm is known as Codman’s paradox”. 
 
2.1 Take the i,j,k directions to be i: horizontal, pointing to your right; j: horizontal, pointing in front of 
you, and k: vertically upwards.   Using this basis, write down the rotation matrices for the three rotations 
involved in the Codman maneuver. 
 
The general formula for the rotation matrix corresponding to a rotation through θ  about an axis parallel 
to n is 
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The first rotation is a 90 degree rotation with axis –j, which gives (1)
0 0 1
0 1 0
1 0 0

− 
 =  
  

R  

The second rotation is a 90 degree rotation with axis k, which gives (2)
0 1 0
1 0 0
0 0 1

− 
 =  
  

R  

The third rotation is a 90 degree rotation with axis –i, which gives (3)
1 0 0
0 0 1
0 1 0

 
 =  
 − 

R  

[3 POINTS] 
 
2.2 Find the rotation matrix resulting from the sequence of three rotations. 
 
The result of the sequence of three rotations is (you can use MATLAB) 

(3) (2) (1)
0 1 0
1 0 0
0 0 1

− 
 =  
  
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[1 POINT] 
2.3 Show that 2.2 is equivalent to a 90 degree rotation about the k direction (the paradox) 
 
We can see that 2.2 is identical to (2)R  and therefore is a 90 degree rotation with axis k.   This is parallel 
to your arm (when it points down) and is therefore a rotation about the arm’s axis.     
 

[1 POINT] 

https://archive.org/details/b29812161/page/42
https://www.sciencedirect.com/science/article/pii/S1350453398000204?via%3Dihub


3. Find a (single) rotation 
matrix that will rotate the 
prism from its initial to its 
final configuration shown in 
the figure.    Find the axis 
and angle of the rotation. 
 
 
 
 
We can accomplish the rotation in various ways – eg a 90 degree rotation about i followed by a 90 degree 
rotation about k.   (you could do k first and then j as well).    
 
 
From problem 2 we know a rotation about i is 

(1)
1 0 0
0 0 1
0 1 0
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and similarly a rotation about k is  

(2)
0 1 0
1 0 0
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The combined effect is  
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[3 POINTS] 
 

We can use the formula to find the axis and angle 
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This gives 0cos (1/ 2) 120θ θ= − ⇒ =    [ ]1
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= + +n i j k   

[2 POINTS] 
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4. The figure shows a four-bar chain mechanism.   Joint B moves 
horizontally with constant speed V.   Calculate the angular velocities and 
angular accelerations of members OC and AB, and find the velocity and 
acceleration of C. 
 
We can use the standard procedure – start at O and work around. 
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Hence using the i,j components give two equations 
0 / / 2OC AB AB OC AB OCV L V Lω ω ω ω ω ω+ = − = ⇒ = − =  

[3 POINTS] 
 
 

And finally 
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 [1 POINT] 
We can repeat the process for accelerations 
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Hence using the i,j components give two equations 
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[3 POINTS] 
 
 

And finally 
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[2 POINTS] 
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5. This paper describes a planetary gear system in a helicopter (see the figure).   The ring gear in both 
epicyclic gears are stationary.   The figure shows the angular speeds of the sun and planet carrier on the 
two systems.   Select numbers of teeth for the ring, sun and planet gears in the two epicyclics (find the 
lowest possible numbers of teeth on each gear). 
 
The formulas relating angular speeds to numbers of teeth on the gears are 

2zP zPC S zR zPC S
R S P

zS zPC P zS zPC R

N N N N N
N N

ω ω ω ω
ω ω ω ω

− −
= − = − = +

− −
 

The gears must have integer numbers of teeth. 
 
For the upper epicyclic 265 820 0ZPC zS Rω ω ω= = =  rpm, so 

265 2
820 265

S
R S P

R

N N N N
N

−
= − = +

−
 

So we can choose 555, 265, 145R S PN N N= = =  these are all divisible by 5 so  
111, 53, 29R S PN N N= = =  ; 29 is prime so this is the lowest possible # teeth. 

[3 POINTS] 
 
For the lower epicyclic 820 2405 0ZPC zS Rω ω ω= = =  rpm, so 

820 2
2405 820

S
R S P

R

N N N N
N

−
= − = +

−
 

So we can choose 3170, 1640, 765R S PN N N= = =  these are all divisible by 5 so  
634, 328, 153R S PN N N= = =  ; these have no common factors so are the lowest possible # teeth. 

 
 

[3 POINTS] 
 

https://reader.elsevier.com/reader/sd/pii/S0003682X17306552?token=7168A55F9275C274C49024873620EC0109EC605DFF0DE552DC34AA93188B39C9F16C8FFA0598851F4E293B14262D9E35


6 In the figure shown, the planet carrier (the bar) rotates 
counterclockwise with angular speed 0zPCω ω=  .    The planet gear 
has zero angular speed.    Find the angular speed of the sun gear. 
 
Use method from class – consider motion of system in a reference 
frame rotating with planet carrier.  This means we subtract the 
angular speed of the carrier off everything – the planet gear now 
has angular speed zP zPCω ω−   and the sun has angular speed 

zS zPCω ω− .    In our rotating reference frame the centers of the sun 
and planet gear are both stationary, and they look like a standard 
pair of gears.   We can use the usual gear ratio formula for two 
gears 
( ) / ( ) / (1 / ) /zP zPC zS zPC S zPC S zS SR r R r R rω ω ω ω ω ω− − = − ⇒ + =  and so 0 ( ) /zS S SR r Rω ω= +  
(positive, so counterclockwise) 
 

[3 POINTS] 
 
 
7. The figure shows three particles connected by rigid massless links.  The 
particle at A has mass 2m; those at B and C have mass m.   The assembly 
rotates at constant angular speed ω  about an axis parallel to k passing 
through the center of mass.  The point of this problem is to demonstrate that 
the rigid body formula for the kinetic energy of the system gives the same 
answer as calculating the kinetic energy of each mass separately, and 
summing them. The rigid body formulas for angular momentum and kinetic 
energy are just fast ways of summing the total angular momentum and KE 
of a system of particles. 
 
7.1 Calculate the position of the center of mass of the assembly 
 

( )1 1 ( ) ( )
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i
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= = + + = +∑r r j i j i j     

[1 POINT] 
 
7.2 Calculate the 2D mass moment of inertia of the system about the center of mass 

( )2 2
Gzz i xi yi

i
I m d d= +∑  

 where i xi yi i Gd d= + = −d i j r r  is the position vector of the ith particle with respect to the center of mass.  
 
Use the formula 
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[1 POINT] 
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7.3 Suppose that the assembly rotates about its center of mass with angular velocity ωk  (the center of 
mass is stationary).  What are the speeds of the particles A,B and C? 
 
We can use the circular motion formula.   The distances of A, B and C from the COM are 
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The speeds are 
5 13 5
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[3 POINTS] 

 
 

7.4 Calculate the total kinetic energy of the system (a) using your answer to 6.2; and (b) using your 
answer to 6.3.  (The point of this problem is to demonstrate that the rigid body formula 2(1/ 2)Iω  is just 
a quick way of summing the kinetic energies of the 3 masses.    For the simple 2D system here it is quite 
simple to prove the equivalence for any arrangement of masses.    For 3D the derivation is more 
complicated, but the idea is the same.) 
 

We can use the rigid body formula: KE = 2 2 21 7
2 8GI mLω ω=   

 
Or we can sum the KEs of the three masses  
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[2 POINTS] 



8. The figure shows a 1/4 segment of a cone with radius a, height 
h  and uniform mass density ρ  Using a Matlab ‘Live Script’, 
calculate 
  
8.1 The total mass M (you will need to do the relevant integrals 
using cylindrical-polar coordinates) 

(1 / )/2
2

0 0 0

/12
a z hh

M RdRd dz a h
π

ρ θ ρπ
−

= =∫ ∫ ∫      

You can do the integrals in different orders, of course, but the 
limits may change. 
 
(see below for Live Script) 
 

[1 POINT] 
 
 
 
8.2 The position vector of the center of mass (with respect to the origin shown in the figure) 
 

(1 / )/2
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1 ( cos sin ) ( / ) ( / ) ( / 4)
a z hh

COM R R z RdRd dz a a h
M

π
ρ θ θ θ π π

−

= + + = + +∫ ∫ ∫r i j k i j k     (see below for 

Live Script) 
 

[2 POINTS] 
8.3 The inertia tensor (matrix) about the center of mass, in the basis shown 
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(See live script for the solution – it’s messy) 

[3 POINTS] 
 
8.4 Using the parallel axis theorem, calculate the mass moment of inertia about the origin O. 
 
The general formula is 
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[2 POINTS] 
 
Please upload your ‘Live script’ solution to Canvas. 
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Graders – only the Live Script upload is required…. 
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