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1 The ‘Inertia constant’ of a grid scale electric generator 
(or the combined generator and turbine) is the ratio of the 
kinetic energy stored in the spinning generator to the 
power output of the generator.  It is an important metric 
in the design of control systems that synchronize AC 
generators connected to the grid.  This NREL report has 
a nice overview of the challenges involved. 
 
(In this problem the prefix G on a unit is ‘Giga’ or 109 – 
and the prefix M is ‘Mega’ or 106) 
 
1.1 Calculate the mass moment of inertia of a 3000rpm, 1GW generator with an inertia constant of 5 

seconds 
 
1.2 If the generator is driven by a turbine that provides a constant torque (unlikely in reality!) how long 

will it take for the (unloaded) generator to spin up from rest to 3000rpm? 
 
1.3 The grid frequency is required to stay within +/-0.5% of 60Hz (the frequency of an AC generator is 
proportional to its angular speed).   Suppose that a 750MW load is connected to the generator while it 
runs at 3000rpm.   If the turbine driving the generator loses power, and the load power remains constant, 
how long will it take for the generator’s angular speed to drop by 0.5%? 
 
 
 
 
 2.  A pencil with length L starts at rest with a vertical orientation 
( / 2θ π= ) on a surface with friction coefficient µ .  A small 
disturbance causes it to tip over.   The goal of this problem is to calculate 
the critical angle θ  at the instant that the contact starts to slip. 
 
2.1 Draw a free body diagram showing the forces acting on the pencil.  
Assume no slip. 
 
2.2 Write down the equations of translational and rotational motion for 
the pencil (i.e. ,G G G Gzzm m I α= × = × +∑F a r F r a k   or if you 

prefer  CzzI α× =∑r F k ).   Please state which point you choose to use to calculate the moment and 
angular momentum.   Any choice will work, but some choices make the algebra simpler than others.  You 
could try several points and then use the one that you find most helpful. 

2.3 Write down the kinematics equation relating the angular acceleration, angular velocity, and linear 
acceleration at the COM of the pencil (assume no slip). 
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https://www.nrel.gov/docs/fy20osti/73856.pdf


2.4 Use 2.2 (and if need be 2.3) to show that the angular speed of the pencil is related to the angle θ  by  
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By separating variables and integrating, find an expression for the angular velocity as a function of θ .   
Check your answer using energy. 
 
2.5 Use 2.2-2.4 to find formulas for the reaction forces at the contact as functions of θ .   Hence, show 
that the contact will slip if 
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Hence, plot a graph showing the critical angle θ  as a function of µ  (assume 0 1µ< < ).   It is easiest to 
do the plot by choosing a value of θ  and then calculating the corresponding value of µ .  You may find it 
helpful to plot T and N (and possibly |T|/N) as functions of θ  to help understand the plot.   Show that if 
µ is larger than a critical value, the slip direction of the pencil over the paper will be to the right (in the +i 
direction), while for µ below the critical value the pencil will slip to the left (in the –i direction).  You 
should be able to verify this experimentally! 
 
2.6 Would a pencil on a frictionless surface fall over more quickly than a pencil on a surface with a high 
friction coefficient? 
 
 
 
 
 
 
 
 
 
3. The figure shows a wheel with mass m and radius R attached 
by a spring and damper to a vibrating platform. The base vibrates 
horizontally with a harmonic displacement 

0( ) siny t Y tω=  

The wheel rolls without slip.   The goal of this problem is to find 
a formula for the steady state amplitude of vibration 0X  of the 
wheel.    

3.1 Draw a free body diagram showing the forces acting on the wheel. Assume no slip at the contact at C. 

3.2 Write down the equations of translational and rotational motion for the wheel (i.e. 
,G G G Gzzm m I α= × = × +∑F a r F r a k  ).   Please state which point you choose to use to calculate 

the moment and angular momentum. 

3.3 Write down the kinematic equation relating the acceleration of the platform 2 2/platforma d y dt= , the 
acceleration of the wheel, and  the angular acceleration of the wheel. 
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3.4 Use the results of 3.1-3.3 to show that the equation of motion for x can be arranged in the form 
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and find formulas for , , , ,nK C ω ζ λ  
 
3.5 Hence, write down a formula for the steady-state amplitude of vibration of the wheel in terms of 

, , , ,nK C ω ζ λ  and 0Y .   Find an approximate formula for the anti-resonant frequency for smallζ . 
 

 
 

4. The figure (from this NASA report) shows an experiment designed to measure the mass moment of 
inertia (about the yaw axis) of a prototype for a crew 
return vehicle for the international space station.  In 
the experiment, the vehicle and test stand vibrate 
through a small angle about the yaw axis, and the 
natural frequency is measured. The mass moment of 
inertia about the yaw axis can be calculated from the 
measured frequency.   Our goal in this problem is to 
derive the relevant equation needed to do this. 
 
In the real experiment the angle δ  of the springs is 
adjusted until the vehicle vibrates only in yaw, with 
no pitch or roll, since the principal axes of inertia 
may not be perfectly aligned with the vertical.   To 
keep things simple, assume that the principal axis is 
vertical, and 0δ = .   Assume also that the four 
springs have the same stiffness k, and that all the 
dimensions marked as 144 inches (or greater) are 
equal (denote the 144 inches by L in your 
calculation). 
 
Suppose that the vehicle and test stand rotate 
through an angle θ  about the vertical axis, with the 
COM of the vehicle fixed.     
 
Derive the equation of motion for θ .   
 
Linearize the equation for small θ , and hence find a formula relating the mass moment of inertia about 
the vertical axis to the natural frequency of vibration. 
 

 
 
 
 
 
 
 

https://ntrs.nasa.gov/api/citations/20110011625/downloads/20110011625.pdf


 
5 A disk of mass m and radius R is attached to a rod AB with mass M 
and length L, which is suspended from a frictionless pivot at A. For 
time t<0 the disk spins with angular speed ω and AB is stationary, 
with the center of the disk (B) vertically below the pivot (A).    The 
disk is then braked so that rod and disk rotate with the same angular 
speed.   The system is observed to come to rest with B vertically 
above A (both AB and the disk are stationary).   The goal of this 
problem is to find the critical value of the angular speed ω  necessary 
to achieve this. 

5.1 Write down the initial angular momentum of the system about the 
pivot at A 

5.2 Find a formula for the total mass moment of inertia AI about O of 
the rigidly connected disk and link (after the wheel is braked)  

5.3 Let Ω denote the angular speed of link and disk just after the disk is braked.   Write down the total 
angular momentum about A and energy of the system at this instant, in terms of Ω , AI , M, L and m. 

5.4 Hence, use angular momentum and energy conservation after braking to show that the critical speed is 
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