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1. Introduction and Motivation 

◆ Basic Question 

Is it possible to solve the confinement/deconfinement transition  
of pure Yang-Mills theory analytically in any special situation? 

A.  Yes. In some finite volume cases, we can solve it in large N limit. 

     ex) YM on                              (Aharony, Marsano, Minwalla Papadodimas, Raamsdonk 2005)  

           YM on                  (Papadodimas, Shieh, Raamsdonk 2006) 

(weak coupling) 
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◆ Confinement/deconfinement in SU(N) Large N YM theory 

◆  

◆ temporal Polyakov loop 
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◆ SU(N) Large N YM on 

D+2 Polyakov loops 

◆  

Sharp transition at large N 



◆ Large N SU(N) YM on           in small       limit 

2dim YM + D adjoint scalars on 

•  Richer phase structre (4+2 phases will appear) 
•  Large volume (              ) is possible. 
•  In D=8, Holographic dual can be constructed from D2 branes on a Scherk-Schwarz circle . 
      → Test of holography 
• Comparison with numerical studies.  

◆ Interesting features of this model 

We can solve this model by using a 1/D expansion. 
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◆ Large N SU(N) YM on           in small       limit 

Plan of this talk 

1.  Introduction and Motivation 
2.  1/D expansion 
3.  Small L limit 
4.  Large L limit 
5.  Conclusions 
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2dim YM + D adjoint scalars on 



2. 1/D expansion 

We can always find a non-trivial saddle point characterized by a condensation 

Integrate out Y 

In general p-dim YM + D adjoint scalars, Y can be integrated as follows 

(p=0: Hotta-Nishimura-Tsuchiya 1999, p=1: Mahato-Mandal-T.M. 2009, general p: T.M. 2010) 



2. 1/D expansion 

Integrate out Y 

In general p-dim YM + D adjoint scalars, Y can be integrated as follows 

This effective action is  



3. small L 

We computed the effective action up to O(1/D) 

We obtain a Landau-Ginzburg type effective action for Polyakov loops. 

(Mahato-Mandal-T.M. 2009) 

(Aharony, Marsano, Minwalla, Papadodimas, Raamsdonk 2003) 



3. small L Two phase transitions (2nd+3rd) occur. 

･Eigenvalue distribution of             

◆ Convenient quantity to investigate the phase structure 

Eigenvalue density 
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3. small L 

2nd order phase transition 

3rd order phase transition 
(Gross-Witten-Wadia type) 

Two phase transitions (2nd+3rd) occur. 



3. small L Comparison with numerical studies 

Kawahara, Nishimura,Takeuchi 2007 

Azeyanagi, Hanada, Hirata, Shimada 2009 



4. Large L 

We evaluate the leading term of the effective action in a weak coupling. 

We obtain a unitary matrix model as an effective theory. 

Semenoff, Tirkkonen, Zarembo 1996 

Basu, Ezhuthachan and Wadia 2005 

Mandal, T.M. 2011 



4. Large L 

GWW point 

stable 

meta-stable 

un-stable 

One 1st order transition occurs. 

This model also has three type of solutions. 

The free energies of these three solutions satisfy the following relation: 

critical 
pint 



4. Large L Whole phase structure 

1st 

2nd 

3rd 

?? 



4. Large L Whole phase structure 

1st 

2nd 

3rd 

cf. (weak coupling) 
YM on 
→ 1st order 
YM on 
→ 2nd+3rd order ?? 

The properties of the confinement/deconfinement transition 
in YM theories depend on the volume and topology. 



4. Large L Whole phase structure 

1st 

Prediction from 
Lattice and Holography 

2nd 

3rd 
Narayanan, Neuberger et al 

Hanada, Nishioka 2007 



5. Conclusion 

Analytic approach 
  e.g. 1/D expansion 

Holography Numerics 

Each approach has advantages and disadvantages. 
None of them can solve the whole phase structure. 

Interesting laboratory to understand the natures of YM theory! 



• Problems of  finite temperature holographic QCD. 
  AdS soliton/black brane transition does not correspond to the confinement/deconfinement  
  transition in QCD. (Aharony, Sonnenschein, Yankielowicz 2006, Aharony, Minwalla, Wiseman) 

  → We found a resolution of this issue. 
•  The 1/D expansion works even in finite N in some cases. 

Future Problems 

•  Understanding of the confinement/deconfinement transitions in holographic QCD and  
 chiral symmetry restoration in the Sakai-Sugimoto model (Mandal, T.M. work in progress) 
•  Toward the analytically understanding of the confinement/deconfinement transition  
   of the 4d Yang-Mills theory. 

Related progress 


