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1. Introduction : photon-hadron scattering

Consider the electromagnetic scattering

e−(k) + H(p) → e−(k ′) + X (1)

The electron and hadron exchange a virtual photon with
momentum qµ = kµ − k′µ.

H

e−

X

e−

γ

1
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Kinematical variables

I Mass of the initial hadron and lepton : M , m ,

I Virtuality : q2 = −q2
0 + ~q2 > 0 ,

I Energy transfer : ν = (p · q)/M ,

I Bjorken variable : x = −q2/(2p · q) = −q2/(2Mν) .
I Photon-hadron center of mass energy squared :

W 2 = −(p + q)2 = M2 + q2

(
1

x
− 1

)
.

The scattering physical region is given by 0 < x ≤ 1.

An elastic (inelastic) scattering corresponds to x = 1 ( x < 1) .
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Unpolarized cross section and the hadronic tensor

dσ =

(
1

4ME

)
d3~k

(2π)32E ′

1

2

∑
σ,σ′

( 1

2sH + 1

∑
σH

∑
X

)
× (2π)4δ4(p + q − pX )|M|2 , (2)

where M is the scattering amplitude :

M = e2ū(k ′, σ′)γµu(k, σ)
ηµν

q2
〈X |Jν

H(0)|p, σH〉 . (3)

∑
X : sum over final states X (inclusive cross section) ,

pX : final momentum for each state X .

σ, σ′ : lepton polarizations ,
sH , σH : spin and polarization of the initial hadron .
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It is convenient to write the cross section as

dσ =

(
1

4ME

)
d3~k

(2π)32E ′
e4

q4
(4π) Lµν W µν , (4)

where
Lµν =

1

2

∑
σ,σ′

ū(k, σ)γµu(k ′, σ′) ū(k ′, σ′)γνu(k, σ)

= 2
[
kµk ′ν + kνk ′µ + (m2 − k · k ′)ηµν

]
, (5)

is the leptonic tensor and

W µν =
1

4π

(
1

2sH + 1

)∑
σH

∑
X

(2π)4δ4(p + q − pX )

× 〈p, σH |Jµ
H(0)|X 〉〈X |Jν

H(0)|p, σH〉 , (6)

is the hadronic tensor.
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Structure functions

We can use current conservation, P, T and Lorentz invariance
to decompose the hadronic tensor.

In the unpolarized case it takes the form

W µν = F1(x , q
2)
(
ηµν − qµqν

q2

)
+

2x

q2
F2(x , q

2)
(
pµ +

qµ

2x

)(
pν +

qν

2x

)
, (7)

where F1(x , q
2) and F2(x , q

2) are known as the structure
functions of the hadron.

To calculate the structure functions we need to sum over all
possible final states.
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Form factors

In the hadronic tensor, each final state X contributes through the
current element 〈p, σH |Jµ

H(0)|X 〉. The final state X can be one
particle or many particles.

Here we are interested in the case X = H, where the final state is
one hadron with the same mass and spin as the initial hadron.
In that case the current matrix element can be decomposed as

〈p, n, σH |Jµ
H(0)|p + q, nX , σX 〉 =

∑
i

Γµ
i (p, q) F i

n,nX
(q2) , (8)

where n (nX ) is an index associated to the mass of the initial
(final) hadron. The functions Fi

n,nX
(q2) are the hadronic form

factors.
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Example : The elastic ρ meson form factor

In this case we have that nX = n = 1 and the current can be
decomposed as

〈p, ε|Jµ(0)|p + q, ε′〉 = ε · ε′(2p + q)µF1(q
2)

+
[
εµε′ · q − ε′

µ
ε · q

] [
F1(q

2) + F2(q
2)
]
− q · ε′q · ε

M2
(2p + q)µF3(q

2) .

(9)

It is also convenient to define the electric, magnetic, and
quadrupole form factors

GE = F1 −
q2

6M2

[
F2 − (1 +

q2

4M2
)F3

]
, GM = F1 + F2 ,

GQ = −F2 +

(
1 +

q2

4M2

)
F3 . (10)
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2. The Sakai-Sugimoto model

Motivation

I In the regime of low momentum transfer (
√

q2 lower than
some GeVs) soft processes become dominant and
perturbative QCD fails.

I In this region we need to construct non-perturbative models
since the precision of lattice QCD is still very far from the
experiments.

I The AdS/QCD models provide new insights into this old
problem. These models are motivated by the AdS/CFT
correspondence.
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The D4-brane background (Witten 1998 )

Nc coincident D4-branes in type IIA Supergravity generate the
metric

ds2 =
u3/2

R 3/2
ηµνdxµdxν +

u3/2

R 3/2
f (u)dτ 2 +

R 3/2

u3/2

du2

f (u)
+ R 3/2u1/2dΩ2

4 ,

f (u) = 1− u3
Λ

u3
, (11)

where R = (πgsNc)
1/3
√
α′.

In addition, we have a dilaton and a four-form

eφ = gs
u3/4

R3/4
, F4 =

(2πls)
3Nc

VS4

ε4 . (12)
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The τ coordinate is compactified in a circle with period

δτ =
4π

3

R3/2

U
1/2
Λ

≡ 2π

MΛ
, (13)

where MΛ is a 4-d mass scale.

Imposing anti-periodic conditions for the fermionic states we arrive
to a 4-d non-supersymmetric strongly coupled U(Nc) theory
at large Nc .

The 4-d ’t Hooft constant is given by

λ = g2
YMNc = (2πMΛ) gsNc ls . (14)
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The D4-D8 brane intersection (Sakai & Sugimoto 2004)

Consider Nf coincident D8-D8 probe branes living in the
background generated by the Nc D4-branes. The probe
approximation is guaranteed by the condition Nf � Nc .

The D8 and D8 branes separated in the UV region merge in the
infrared. This is a geometrical realization of chiral symmetry
breaking

U(Nf )× U(Nf ) → U(Nf )
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The DBI action describing 9-d gauge field fluctuations in the
D8-D8 branes can be integrated in S4 leading to

SYM = −κ
∫

d4xdzTr
[
1

2
K−1/3

z ηµρηνσFµνFρσ + M2
Λ Kzη

µνFµzFνz

]
(15)

where Kz = 1 + z2 and κ = λNc/(216π3).

The 5-d gauge field can be expanded, in the Az = 0 gauge, as

Aµ(x , z) = V̂µ(x) + Âµ(x)ψ0(z) +
∞∑

n=1

vn
µ(x)ψ2n−1(z) +

∞∑
n=1

an
µ(x)ψ2n(z) ,

where the ψn(z) modes satisfy

κ

∫
dz K−1/3

z ψn(z)ψm(z) = δnm , −K 1/3
z ∂z [Kz∂zψn(z)] = λn ψn(z) . (16)
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Integrating the z coordinate we get a 4-d effective lagrangian. The
vector (axial) fields vn

µ(x) (an
µ(x)) correspond to the modes

ψ2n−1(z) (ψ2n(z)) and the pion π(x) is related to ψ0(z).

The 4-d fields V̂µ(x) and Âµ(x) can be expressed in terms of the

V̂µ(x) =
1

2
U−1

[
AL

µ + ∂µ

]
U +

1

2
U
[
AR

µ + ∂µ

]
U−1

Âµ(x) =
1

2
U−1

[
AL

µ + ∂µ

]
U − 1

2
U
[
AR

µ + ∂µ

]
U−1

where

U(x) = e
iπ(x)
fπ , AL(R)

µ = Vµ ±Aµ (17)

with V interpreted as the photon.
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In order to have a diagonal kinetic term, the vector mesons are
redefined as ṽn

µ = vn
µ + (gvn/M2

vn)Vµ (similarly for the axial
mesons).

The quadratic terms in the vector sector take the form

L2 =
1

2

∑
n

[
Tr
(
∂µṽn

ν − ∂ν ṽn
µ

)2
+ 2M2

vnTr
(

ṽn
µ −

gvn

M2
vn

Vµ

)2
]
,

where

M2
vn = λ2n−1M

2
Λ , gvn = κM2

vn

∫
dz K−1/3

z ψ2n−1(z) .

The term gvn ṽn
µVµ represents the decay of the photon into

vector mesons realizing vector meson dominance.
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3. The ρ meson form factors in the Sakai-Sugimoto model

(BB, Boschi-Filho, Braga, Torres 2009)

From the cubic terms in the 4-d effective meson theory discussed
above we can extract the vector meson interaction term

Lvvv =
∑
n,`,m

gvnv`vmTr
{

(∂µṽν n − ∂ν ṽµ n) [ṽ `
µ, ṽ

m
ν ]
}

(18)

where gvnv`vm are 4-d effective couplings given by the integral

gvnv`vm = κ

∫
dz K

−1/3
z ψ2n−1(z)ψ2`−1(z)ψ2m−1(z) . (19)
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Using the Feynman rules associated to the interaction term we find
the current matrix element for vector mesons

〈vm(p), ε|Jµ(0)|v `(p + q), ε′〉 =

[ ∞∑
n=1

gvngvmvnv`∆µσ(q,m2
n)

]
ενε′

ρ
[
ησν(q − p)ρ + ηνρ(2p + q)σ − ηρσ(p + 2q)ν

]
(20)

where ∆µσ(q,m2
n) is the propagator of a massive vector particle

with momentum q and mass m2
n.

vm : initial vector meson

v ` : final vector meson
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Using the holographic sum rule

∞∑
n=1

gvngvnvmv`

M2
vn

= δm` (21)

and the transversality of the initial and final polarizations we get
the simple expression

〈vm(p), ε|Jµ(0)|v `(p + q), ε′〉 = ενε′
ρ
[
ηνρ(2p + q)σ

+ 2(ησνqρ − ηρσqν)
](

ηµσ − qµqσ

q2

)
Fvmv`(q2) . (22)

where

Fvmv`(q2) =
∞∑

n=1

gvngvnvmv`

q2 + M2
vn

. (23)

is a generalized vector meson form factor.
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The elastic ρ meson form factors can be extracted from the case
m = ` = 1 :

〈v1(p), ε|Jµ(0)|v1(p + q), ε′〉 =
{

(ε · ε′)(2p + q)µ

+ 2
[
εµ(ε′ · q)− ε′

µ
(ε · q)

] }
Fv1v1(q2) , (24)

Comparing this result with the expansion (9) we find the ρ meson
form factors:

F1(q
2) = F2(q

2) = Fv1v1(q2) , F3(q
2) = 0 , (25)

0.0 0.5 1.0 1.5 2.0
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2
L
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2L
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2
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q4
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Hence the electric, magnetic and quadrupole form factors predicted
by the D4-D8 brane model for the ρ meson are

GE = (1 +
q2

6M2
)F1 , GM = 2F1 , GQ = −F1 . (26)

From these form factors, we can extract the ρ meson electric radius

〈r2
ρ 〉 = −6

d
dq2

GE (q2)|q2=0 = 0.5739 , (27)

and the magnetic and quadrupole moments

µ =
1

2M
GM(q2)|q2=0 =

1

M
, D ≡ 1

M2
GQ(q2)|q2=0 = − 1

M2
.

(28)
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4. The ρ meson structure functions

(BB, Boschi-Filho, Braga, Torres 2010)

The optical theorem relates the hadronic tensor to the imaginary
part of the tensor associated to the Compton forward scattering.
We consider the case where the final state is one vector meson.
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Using the Feynman rules corresponding to this diagram, we find

ImTµν =
1

3

∑
ε

ελ1ελ2

∑
nx

∑
n

gvngv1vnxvn

[
ηµσ1 + qµqσ1

M2
vn

]
q2 + M2

vn


×

∑
m

gvmgv1vnxvm

[
ηνσ2 + qνqσ2

M2
vm

]
q2 + M2

vm


× f 0ab [ησ1λ1(2q)ρ1 + ηλ1ρ1(2p)σ1 + ησ1ρ1(−2q)λ1 ]

× f 0ab [ησ2λ2(2q)ρ2 + ηλ2ρ2(2p)σ2 + ησ2ρ2(−2q)λ2 ]

×
∫

d4p
X

2π4
(2π)δ(p2

X
+ M2

vnx )

[
ηρ1ρ2 +

pρ1
X

pρ2
X

M2
vnx

]
(2π)4δ4(p + q − p

X
)

(29)
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The polarization vectors satisfy

∑
ε

ελ1ελ2 = ηλ1λ2 +
pλ1pλ2

M2
v1

. (30)

After some algebra we obtain

ImTµν =
Nf

3

[
ηµσ1 − qµqσ1

q2

] [
ηνσ2 − qνqσ2

q2

]
×

[
ηλ1λ2 +

pλ1pλ2

M2
v1

] [
ηρ1ρ2 +

(p + q)ρ1(p + q)ρ2

W 2

]
× [ησ1λ1(2q)ρ1 + ηλ1ρ1(2p)σ1 + ησ1ρ1(−2q)λ1 ]

× [ησ2λ2(2q)ρ2 + ηλ2ρ2(2p)σ2 + ησ2ρ2(−2q)λ2 ]

×
∑
nx

[
Fv1vnx (q2)

]2
(2π)δ[M2

vnx −W 2] (31)
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We can approximate the sum over the delta functions by an
integral

∑
nx

δ[M2
vnx −W 2] ≡

∑
nx

δ[M2
vnx −M2

v n̄ ] =

∫
dnx

[∣∣∣∣∂M2
vnx

∂nx

∣∣∣∣]−1

δ(nx − n̄)

≡ f (n̄) . (32)

Then, the structure functions are

F1 =
4Nf

3
f (n̄)

[
Fv1v n̄(q2)

]2
q2

[
2 +

q2

4x2M2
v1

+
q2

W 2x2
(x − 1

2
)2
]

F2 =
4Nf

3
f (n̄)

[
Fv1v n̄(q2)

]2 q2

2x

[
3 +

q2

M2
v1

+
(q2)2

M2
v1W 2x2

(x − 1

2
)2
]
(33)
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Numerical results for Nf = 1 :
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Near x = 0.5 we find an
approximate Callan-Gross relation
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Conclusions and Perspectives

I The Sakai-Sugimoto model offers a new approach for the
non-perturbative regime of hadronic interactions. In
particular, it realizes in a simple way the property of vector
meson dominance.

I It would be interesting to investigate the regime of high
energies but low momentum transfer where the soft pomeron
is relevant.

I The perturbative QCD approach to hadron scattering involves
factorization between hard parton scattering and soft
parton distribution functions. It would be interesting to
understand this factorization in the AdS/QCD approach.
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