Institut Non Linéaire de Nice

On the QCD Effective Locality property
11th Workshop on non-perturbative QCD, Paris, 6-10 June
2011

B. CANDELPERGHER, T. GRANDOU

Laboratoire de Mathematiques Jacques Alexandre Dieudonne, LJMR— CNRS 6621. Insti-

tut Non Linéaire de Nice Sophia Antipolis, UMR- CNRS 6618 lm
[

stitut non I|nea|re de Nice
SOPHIA ANTIPOLIS

June 4, 2011
Slide 1/15



Université de Nice Sophia Antipolis - CNRS

QCD generating functional
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In order to display Effective Locality ..

.. Schwinger-Fradkin’s representations are used
(p|Gc[A]ly) = e PV / = ds e—ism2 e‘% Trin (2h)
0

< [ dlul{m =it [p - gA(y — u(s))]} &5 VI gpute

v (egf(fds'of(y—u(s')) e—fgf;ds’u’(s’)-A(y—u(s’)))

—+

with Fradkin’s (classical) fields

U(s) = /0 “dsvi(s) ) u(0)=0

)
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As a typical and most important part of a
4-point fermionic function, one gets in an
exponential the argument ..

+ég/d4w1/o dS1/0 dsy U,’;(S1)UQ(32) (1)
x Q3(s1)Q(s2) (F-x(wy)) " ZZ
x 8 (wr — y1 + u(s1)) 8 (ws — yo + U(s2))

as the generic structure.

)
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But how to think of ..

84 (w1 —y1 +u(s1)) 89 (11 — o+ U(s2) — u(s1)) (@)

That is, basically, how should we interpret

(g
O\ (u(sz) — u(s1)) ? 3)

i
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A heuristic manipulation suggests that ..

5(s1)8(s2)

8(‘_10(32) - UO(S1 ))S(DL(SZ) - UL(S1 )) = Wm)(o)l

(4)

assuming C" ([0, s],[0,5] — R*) -u, & Fradkin’s fields, and
leading to the remaining (out of 8*)(&i(sz) — u(s1)))

8@ (F1 — 701 ) = 8@ (b)

where b is the impact parameter, or transverse distance
between the two scattering quarks.

)
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A physical stake .. (H.M. Fried’s talk)

the necessary change of 8(2)(b) into a transverse
‘Levy-flight’ distribution for bound quarks

- 21482 _ g
59) — o(e) = £ TS e g
1+8/2

.. so that .. starting from quark propagation as ordinarily
(perturbatively) conceived, a la G¢(x, y|A), in the
non-perturbative bound context, one could be lead to think
of quark propagation in terms of Levy-flights !

)
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But what mathematicians say ? ..

- ‘That it is crazy’
- What do physicists reply?
- ““That it works! The equation
8(s1)9(s2)
|ui.(0)[1T5(0)]

complies with an Eikonal approximation’ (u(s1) — s1p1,

u(s2) — s2p2, -.)
And so mathematicians skip to the most achieved
realization of a functional space they master:

8(Uo(s2) — uo(s1))d(uL(s2) —uL(s1)) =

The Wiener functional space ®
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Theorem

For all couple (s1,sz) € ]0,s]x]0, 5],
mom ({(u, 0) € G2 x &% | u(sy) = a(sg)}) ~0

m&m ({(u, u) € Cg"s X Cg’g | u(0) =1u(0) = 0}> =1

CS’S= €(]0, s],R") space of continuous functions u, &, from
]0,s] into R' / u(0) = 0. (the c-functions u, T, represent
either of the 2 possibilities up and uy).

m = Wiener measure on (p*°

m&m = Wiener measure on Co*° x o'° endowed with the
topology product (u, U independent). ®
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Proof ..
Let A be the set { (u, ) € Gp*° x Q% | u(sy) = u(sz) }-

One has A= (;,—1 An, where
Ap={(u,0) e < C°| —'1—1 < u(s1)—u(sp) < +:—7}
Because of the obvious inclusion,
Vn, Anpt1 CAp
one can write,

mem(A) = nlinw mem(Ap)

)
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Proof ..
Now, X, = m@m(A,) is given by

Xn = mam{(u,0) € C°x C&° | u(st) —

oo dx  _x2 pxtr o d
e / Y
X

1 _x2
—— e 254 f X <
| 2TS1 n( )| T 4/2Tsy

1
n

|
)

< t(sp) < U(S1)+:—7

2

_X=
e 254

one gets X, = 0, by the Dominated convergence theorem. @
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Equivalences

A long known abelian equivalence (~Wick’s theorem
underlying structure):

e 2/ 3105 F(A)y = N/d[A] e2 JADC'A g )

First: can be proven to extend to the non-abelian case with
‘some consequences’ for non-perturbative QCD:

- EL.

- ltself, EL, confirming the intrinsic perturbative character

of the QCD BRST generating functional .. as advocated by

B | http://www.scholarpedia.org/article/Becchi-Rouet-
Stora-Tyutin-symmetry.

- Shedding new light on the Gribov-Singer copies problem
(alternative? Work in progress ..) @
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Another non abelian simplification!

EL allows one to define:
The infinite dimensional functional integrations over
Halpern’s field xj\, configuration space:

[ ata-

reducing it to:
Ordinary Lebesgue integrations over finite-dimensional R"” spaces.

/ dx2,)(w) (5)

IGM a= 1 0_,U<V

Such a reduction is not possible in general:

Here a consequence of non-perturbative EL.

)
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Proof
w; — wy = O, a choosen origin of M.

Intuitively clear, a proof can be given in Wiener space
making use of an adapted form of ‘Wiener’s integration
formula’ :

(uj—uj
_ YY) — 1)
o 2(sj—sj_1)

/Wf(x(s1), . x(sn)) dm(x) = / n uCE - tn) & a0,

1..(8n — Sn—1)

a consequence of the ‘measure image theorem’.

Further on, the %, can be SU(3)- Lie-algebra valuated:
N2 —1

Xﬁv - Z Xﬁv T
a=1

the full power of ‘Random Matrix’ can be used, yielding .. @
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A short sequence of fruitful equalities ..

o5/ &0 F(A), A—NA N/d[A]eé [AD;'A FA)
[ TTab o)) ot Z600° Gy

— N A[H18(TFH) e " P G (H
[ o AT 7 G

H € M, (C), algebra of hermitian n’ x r’ traceless random

matrices
dH|=do; ..doy [] (©i—©;)?
1§i<j§n’
x f(p)dps .. dp
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