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1 Introduction

Geometric invariant theory (GIT) is motivated by the desire to construct a quotient of an algebraic
variety X by the action of a linear algebraic group G. We note that the naive quotient X/G is
almost always non-separated due to the existence of non-closed orbits. GIT gives a way of choos-
ing subsets of X such that the quotients are quasiprojective varieties. The Gelfand-MacPherson
construction is an isomorphism of two GIT quotients: the Grassmannian Gr(2,n) under the ac-
tion of the torus G?, and the n-fold product of projective space (P!)" under the action of SLy
. Understanding these quotients is particularly important due to connections to hypergeometric
functions , polylogarithms , and combinatorial formulas for Chern and Pontryagin classes
(additionally, see the references in [3] for discussion of these connections).

In the first part of this thesis, we introduce the Gelfand-MacPherson isomorphism, motivated
by a concrete invariant theory question. Specifically, our motivating question is to show that the
ring of invariants of the diagonal action of SLy on (P!)* of equal degree in each set of variables is
generated as a k-algebra by the polynomials —, which we note determine the cross ratio of
4 points in P!, modulo the relation . In proving this result, we also present a proof of the first
fundamental theorem of invariant theory for SLy(k), where k is any infinite field, using the theory
of standard monomials. We use the example of the Gelfand-MacPherson construction to introduce



in an accessible manner some of the central ideas of GIT such as linearization of algebraic group
actions and the notion of stability of points with respect to an action [7],[10],(27]. Additionally,
we compute explicitly what the conditions on the weights (dy, ..., d,) are for the invariant ring, or
equivalently the quotient under this action, to be non-empty.

It turns out that the invariant theory of subgroups of the general linear group is closely related
to the intersection theory of Grassmannians, which is the main topic in the second part of this
thesis. For example, the multiplicity of each representation in a direct sum decomposition of the
tensor product of irreducible representations of the general linear group is given the Littlewood-
Richardson coefficients |14]. In this section, we introduce Schubert calculus and explain how the
Schubert varieties generate the cohomology ring of the Grassmannian with the cup product given
by intersection. We prove a formula for computing the product of arbitrary Schubert cycles in
Gr(2,n), and additionally introduce Pieri’s formula and the Littlewood-Richardson rule for inter-
sections in an arbitrary Grassmannian. Finally, we consider the right action of the torus G}, on
the Grassmannian Gr(k,n) and torus orbit closures for generic subspaces under this action. In
particular, we explore further a formula stated by Klyachko in |23 for the decomposition of the
cohomology class of the torus orbit closure in terms of the Schubert classes.

2 Invariants in (P!)?

Let k be a field. We start by considering the diagonal action of SLa(k) on (P1)%, on which the coordi-
nates are labelled by (21, w1; 22, wa; 23, w3; 24, we). We now consider the ring k[z1, w1, 29, wa, 23, W3, 24, W)
and want to find invariants of equal degree in each set of (z;, w;). We call this an invariant of degree
(d,d,d,d) under this action.

Starting with the d = 1 case, we immediately see that the polynomials

(21w2 - Z2w1)(2’3w4 - Z4w3), (les - 23w1)(z2w4 - z4w2), (z1w4 - Z4w1)(z2w3 - Z3w3)

are invariants satisfying the equal degree condition. We label these polynomials as

X12,34 :(Zl’wz - 22w1)(23w4 - Z4w3)7 (2~1)
T13,24 :(les - z3w1)(zQw4 - Z4w2),

T14,23 =(21w4 — zaw1)(22w3 — 23W3).
One notices that they satisfy the relation
T12,34 — 13,24 + T14,23 = 0. (2.4)

A fundamental question in invariant theory, known as Hilbert’s 14th problem, asks whether the
ring of invariants of any linear algebraic group G acting on a finitely generated k-algebra is finitely
generated. It turns out that more assumptions need to be placed on G for this to be true, which
motivates the following definitions (see [4], [27] for more on algebraic groups).

Definition 1. An algebraic group is a group object in the category of varieties over an algebraically
closed field k. A linear algebraic group is an algebraic group that is an affine variety.



By this definiton, a morphism of algebraic groups is a group homomorphism that is also a morphism
of varieties. Additionally, a (rational) representation of a linear algebraic group G on a k-vector
space V is a morphism of algebraic groups p : G — GL(V).

Definition 2. Let k be an algebraically closed field. A linear algebraic group G is linearly reductive
if every rational representation of G is completely reducible.

It turns out that the answer to Hilbert’s 14th problem is positive if G is linearly reductive.

Theorem 1. [27, Theorem 4.51] Let G be linearly reductive algebraic group acting on a finitely
generated k-algebra A. Then, the ring of invariants AC is finitely generated.

In our case, we have that SLo(k) is linearly reductive if k is algebraically closed with characteristic
0, so the above theorem gives us that A5 is finitely generated in this case. However, it turns out
that ASL2 is finitely generated for any infinite field [26]. Specifically, we claim that if |k| = oo, then

I SLo(k)  K[r12,34, 213,24, T14,23]
[Zla Wy, 22, W2, 23, W3, 24, w4](d,d,d,d) - <

T12,34 — L1324 + T14,23)

2.1 First Fundamental Theorem of Invariant Theory

Theorem 2. The algebra of invariants under the action of SL,, (k) defined by left multiplication on
the set of n x m matrices M = {x;;} is generated by the determinants of the n x n minors of M.

Following the approach in [26], we now prove this for n = 2 in a characteristic independent manner
by utilizing the theory of standard monomials, which is an analog of Grobner bases for subalgebras
rather than ideals. Our reference for standard monomial theory is [29]. The general setting is as
follows: Let R be an A-algebra, and let S = {s1,...,s,} C R be a partially ordered set.

Definition 3. An ordered product s;, ...s;, of elements is a standard monomsial if the elements
of the product appear in nondecreasing order with respect to the partial ordering on S. We say that
R has a standard monomsial theory for S if the standard monomials form a basis for R over A.

We now consider the k-algebra k[x1,y1,...,2Zn, Y] = k[X,y], and define the polynomials
Jij = iy — yiy-
Clearly, f;; =0 and f; ; = —f;;. Additionally, the f; ; satisfy the Pliicker type relation:
Jigfep = fiplin — fiifin (2.5)

We now show that k[x,y]"2 = k[f; ;], which is the statement of the first fundamental theorem of
invariant theory for SLy(k).

We now consider the algebra k[f; ;]. Any product f;, j, fir.js - - fi,..j Can be associated with the

diagram
11 19 ... i
J1 o J2 - Jml’



Since f; ; = —f;,i, we can replace any non-decreasing indices in the f; j, so we require that 5 < ji
for all k£ in the above diagram. We define the standard monomials in k[f; ;] as the set of products
fi17j1fi2,j2 "'fim,,jm such that il S ig < § im and jl g ig < § jm7 We define a partial
ordering on the standard monomials by denoting

11 19...1m UL UL ... U,
. . <
Wi J2--Im U1 V2 ...Up
if and only if m < n, ix > ug, and jy > vy forall 1<k <mand 1 <l < n.

Lemma 1. The standard monomials form a k-basis of k[f; ;].

Proof. The relation (2.5) implies that the standard monomials span k[f; ;]. Additionally, if we fix

the monomial ordering 1 < y1 < %2 < Y2+ < Tp < Yn, all of the f; ; have pairwise distinct

leading terms and are hence linearly independent. O
k

Lemma 2. Let Fi,..., F} be any finite collection of standard monomials, and let p = ) ¢;F; be

j=1
a nonzero k-linear combination. If for some i, p|(z, yy=(0,0) = 0, then for each 1 < j < k, Fj is
divisible by f; ., for some r; € {1,...,n}.

Proof. We assume for the sake of contradiction that there exist standard monomials Fi, ..., Fj
which are not divisible by any f; , for r € {1,...,n}. It then follows that for each 1 < j < k,

Fj = Fj|(z;,y:)=(0,0)-

Then, evaluating p at (z;,y;) = (0,0) gives

k
0= chFj
j=1

for ¢; not all zero, which contradicts the fact that the F} are linearly independent. O
One more lemma will be useful before proving the first fundamental theorem for SLa (k).

Lemma 3. Let q € k[x,y] be a polynomial satisfying fi2-q € k[f;;]. Then q is also an element of
klfi;]-

Proof. We start by writing p = fi12 - ¢ as a k-linear combination of standard monomials, p =

>~ caFu. Our goal is to prove for all a € I, the standard monomial F,, is divisible by fi 2, which
ael
will imply that ¢ € k[f; ;] if p is. We note that

Pl(z1,y)=(0,0 =0 and pl(z, 45)=(0,0) =0,

since fi12|p, and fi 2| (zy ye)=(0,00 = 0 for & = 1,2. By the previous lemma, we have that for all
a € 1, F, is divisible by f1 , and fa s for some r, s € {1,...,n}. We claim that we can choose r = 2.



We assume for the sake of contradiction that there exist F,,,..., F,, which are not divisible by
fi,2. Then, we can write

k
p:f1,2.P+an1{Fa(7
=1

where P is a sum of standard monomials of degree less than deg(p). We now consider the k-

algebra k[x,y, A], where X is an indeterminate. We define the substitution x which maps (z1,y1) —
(Az2, Ay2) and note that

firg=Af2r foralk>2
1*] = fi,j if (2% 7é 1.
It follows that if a polynomial is divisible by fi 2, it is mapped to zero under this substitution.
Additionally, we have that * acts injectively on standard monomials not divisible by f; 2. We now

k
apply * top = f12P + > ¢o,Fa,.- We have that
=1

k
pr=0=> cu,F;,
(=1

However, « is injective on the F7; , and all of the F};, are non-zero, so we have reached a contradiction.
O

We are finally ready to prove the first fundamental theorem for SLy(k). By linearity of the SLy
action, it suffices to consider homogeneous polynomials in k[x,y]. We consider the matrix

5= (3 t01> € SLa(k) (2.6)

for t € k*. If p a homogeneous degree d polynomial invariant under the action of SLo, then, using
multi-indices for the x;, y;, we have that

p=Y cay't=S-p=" @)ty = Dty
iENn ieNn 1€N"™

Therefore, d = 2i, and we see that the polynomial has to be homogeneous degree m in both the
{z;} and {y;}. We now consider an arbitrary matrix G € GLy(k). We can write

Coa (clet((();)1 (1)) <detO(G) (1)> ’

det(@)™" 0
0 1
reduces to the action of the matrix

and since G ) € SLy(k), if p is invariant under the action, the action of G on p

& (detéG) (1)> .

We have that

G -p(zi,yi) = G - p(xi,y:) = p(det(G)zi, yi) = (det G)"p(x;, yi) = (ad — be)"p(zi, yi)-



Because the equality holds on GLy(k), which is a Zariski dense set of Matsyo(k), it holds on all of
Mataya(k) since |k| = co. We can therefore consider a,b, ¢, d as variables, and after substituting
a=—y1,b=1x1,c = —ys,d = 2, we have that

G -p(zi,yi) = fis - p(xi,yi) = p(fui, fai) € E[fi 5]

It follows by Lemma that p(z;,y:) € k[fi;], thereby completing the proof.

2.2 The Gelfand-MacPherson Correspondence

The first fundamental theorem of invariant theory shows that

sL, _ klp12, P13, P14, P2, P24, P3a]
(P12P34 — P13P24 + P1ap23)

k[zla w1, 22, W2, 237w37247w4]

where the p;; are the minors consisting of the 4, j rows of the matrix

z1 zZ9 z3 zZ4

w1, W2 W3 W4 ’
We note that this invariant ring is the homogeneous coordinate ring for the Grassmannian Gr(2,4)
under the Pliicker embedding into P5, and we denote this ring as k[p;;] from now on.

While we now know what the ring of invariants under the SLs action is, we are still specifically
interested in the invariants of degree (d,d,d,d). Motivated by this question, we now consider two
actions on the space of 2 x n matrices Mat(2,n): the left action by SLs given by

A-Mw— AM

and the right action by the torus G?,, where G, := Speckl[t, s]/(ts — 1) = Spec k[t,t~1]. The torus
action is given by right multiplication:

M - diag(ty,...,t,) = M(diag(ty,...,t,)).
By the first fundamental theorem of invariant theory, we have that
SLo\Mat(2,n) = Gr(2,n),
where the quotient SLo\Mat(2,n), is interpreted as Proj(Mat(2,n)5"2) = Proj(k[p;;]), the projec-

tive variety associated to the Z>( graded ring of invariants.

We may now consider the quotient with respect to the right action of the torus on the Grass-
mannian,

(SLa\Mat(2,n))/G, = Gr(2,n)/GP,.

Conversely, we have that
Mat(2,n)/Gy, = (B')",

and considering the leftover right action by SLo shows that

SLo\(Mat(2,n)/G",) = SLy\ (P*)™.



We therefore have the isomorphism
SLo\(PY)™ = Gr(2,n)/G™,. (2.7)
which is known as the Gelfand-MacPherson construction [15], [20].

We note that there is some constructive imprecision surrounding the definition of these quotients
(see [7],[13],[27] for more on the full definition of a GIT quotient). Although the action of G, on
Gr(k,n) is defined unambiguously, the lift to the homogeneous coordinate ring is ambiguous. We
consider the example of Gr(2,n) for simplicity. If we define the action

Pij = tit;pij,

we have that k[pij]mﬁ = k, so there are no non-trivial invariants. Therefore, we fix the character
X € Hom(GZ,, G,,,) given by
Xty tn) = t8 L tdn

and define
klpijlx = {f € klpij] : f(titipij) = x - f(pij)}-
In other words, we are looking for covariants (also called semiinvariants) with respect to x. We then
define the graded ring
R =D kpijlyn-

n=>0

We note that the lift of action to the coordinate ring R depends on the choice of embedding into
projective space, and additionally for choices of y that do not simply differ by an integer multiple
in the (di,...,d,), taking Proj(R) may lead to different quotients.

Because of this ambiguity, for X < P™ a projective variety, G a linearly reductive algebraic group,
and x € Hom(G, G,,,) a character, we define, following [27], the Proj quotient in the direction y as

X/ G = Proj @ RS,

n=0
where R is the homogeneous coordinate ring of X with respect to the chosen embedding into P™.

Definition 4. A point x € X satisfying f(x) # 0 for some semiinvariant f € R with weight x",
n > 0 is called semistable with respect to x. If no such f exists, then x is called unstable. The set
of points semistable with respect to x is the open set X3 C X.

We and consider the rational map X --» X/, G given by

x— (folz): fr(x) - fulx)) € Plag,...,an),

where fo,...,fn € D Rgm are generators for the ring of semiinvariants with weights y®, ..., x.
m=0
This rational map is called the Proj quotient map in the direction .

Going back to the case that k = 2,n = 4, the isomorphism ([2.7) implies that invariants under



the SLo action on k[z1,wy, 22, wa, 23, w3, 24, we] of degree (dy,ds,ds,ds) correspond to semiinvari-
ants under the G%, action on k[p;;] with respect to the character x(ti,to,ts,ts) = t9t52t35¢54.
Because we are interested in invariants of degree (d,d,d,d), we fix x(t1,t2,t3,t4) = t9t3tdtd. We
note that if f € k[p;;] is a semiinvariant of degree (d,d, d, d), then each monomial of f must be a
semiinvariant of degree (d,d,d,d). If

e I0 i
1<i<j<4
is a semiinvariant monomial of degree (d,d, d, d), then we require
m — t$t3tdtim (2.8)

under the G}, action. Now, let I, be the number of times the index a € [1,4] appears in the
expansion of m in terms of the p;;. For the condition to be satisfied, we see that I, = d for
each a € [1,4]. It follows that the semiinvariant monomials of degree (d,d,d,d) must be products
of the degree (1,1, 1,1) semiinvariants which are p1aps4, p13p24 and p1apes. Additionally, if m is a
semiinvariant monomial of degree (d, d,d, d) given by

m = (p12psa)“* (P13p24)*? (P1ap23)™?,

then 21 + 2o + 23 = d. Because any semiinvariant of degree (d,d, d,d) is a linear combination of
semiinvariant monomials, we have that the ring of semiinvariants of degree (d, d,d, d) is generated
as a k-algebra by p1aop34, pP13D24, and p14po3. This completes the proof that

klz12234, 213724, T14723]

(12,34 — T13,24 + T14,23)

. . . SL _ _
klz1, w13 22, w2 t 23, w33 24, Waly 7 g g = = k[r1423, T24,13)-

We note that Proj(k[z14w23, T24713]) = P!, and consider the rational map
(]P)l)4 N Pl

[(z1 :w1), (22 : wa), (23 : w3), (24 : wa)] = [(z1wWs—24w1) (22wW3—23wW4) : (22W4—24w2) (21 W3 —23W1)].

This map is defined on the locus where no three points coincide, which is exactly the semistable
locus of (P*)* under the action of SLy which shows that this is the Proj quotient map.

2.3 Counting Invariants

We are specifically interested in invariants of the graded ring k[z1,w1; 22, wo; 23, w3; 24, wy] of de-
gree (di,da,ds,ds), for which the isomorphism tells us that we should consider covariants of
the coordinate ring Gr(2,4) under the G, action with respect to the character x(t1,to,t3,t4) =
the32¢d5¢44 . We now attempt to answer the question: For what (dy,dy,ds,dy) are the invariant
rings (Pl)él,dg,dg,tﬂl non-constant? We start with the case (dy,ds,ds,ds) = (dyi,d1,dy,ds). We set
X(t1,to,t3,t4) = t‘fl tgltgl tZQ and note that it suffices to consider monomials in the p;; of which will
generically be of the form

(P12)"'2(P13)"*2 (p14) "™ (p23) ** (D24) *** (P34) 34



Therefore, if the monomial is covariant with respect to t{'¢3'#4¢$2  we require that the system of
equations

T12 + 713 + 714 = dy,
T12 + Tag + w23 = di,
T13 + oz + T34 = di,
T14 + Toq + T34 = do (2.9)

to have a solution in Q‘;O. Although the degrees have to be integers, the reason that we only require
solutions to this system of equations in Q‘;O is because the projective variety defined by the graded
ring

k[z1, w1, 22, wa, 23, W3, 24, w4}(SuIl412,<(iIZ),d3,d4)
is isomorphic to the projective variety defined by

SLa(k
k:[zl,w1,22,w2,23,w3,z4,w4]n(51(7d)2)d37d4)

for any n € N. To see this, suppose that X < P" is a projective variety with coordinate ring

R =Mool — y R and define for a fixed d € N, the ring R(? as

J
n=0

k[to - tr]nd
@ — = o
R PR =P J O klto, -y trlna

n=0 n=0

We consider the degree d Veronese map v4 : P* — P, where m = (T —5 d> — 1, which sends
[Zo: ... iz [xd s 2l ey o ).
In other words, [xo : ... : 2,] is sent to all possible degree d monomials in r + 1 variables. The

Veronese map is an embedding, so it is an isomorphism onto its image, which is exactly the projec-

tive variety defined by the graded ring € k[to,...,tr]na- Restricting the Veronese embedding to
n=0

the subvariety X shows that R and R(?) define isomorphic projective varieties.

Adding the first three equations of (2.9 and subtracting the last shows that
2$12 + 2%13 + 21’23 = 3d1 - dg.

Because the z;; are always positive, we must have that 3d; — da > 0.

Prop 1. The invariant ring k[zl,wl,zz,wg,zg,wg,z4,w4]§?2dl dyodo 18 non-trivial if and only if
3di —dy > 0.

Proof. We claim that if 3d; — da > 0, then the system of equations (2.9)) always has a positive
rational solution which defines a non-trivial invariant. This system of equations defines the matrix

11100 0 d
1001 1 0 d
010101 dJ)’
0 01 01 1 do



which is equal to

1 00 0 0 -1 1(d—d)
01 00 -1 0 %(dl—dQ)
0010 1 1 do

000 1 1 1 3(di+ds)

in reduced row echelon form (RREF). Therefore, the equations
1
T12 = T34 + §(d1 —dz),
1
T13 = T24 + §(d1 —dy),
T4 = —T24 — T34 +do,

1
To3 = —T24 — T34 + §(d1 +ds)

must have a solution in (@;0. In the case that d; — dy > 0, then setting x34 = x24 = 0 defines an
invariant. We note that in this case we always have that 3d; —ds > 0. In the case that dy —ds < 0,
setting x12 = 13 = 0 defines an invariant given by

12 = 0,

13 =0,
1
T34 = *§(d1 —da),

1
T4 = —§(d1 — dg),
r14 = (di — d2) + dg = dy,
1 1
w23 = (d1 = dp) + 5 (dy + d3) = 5(3dh — da).

Indeed, all of these values are positive since 3d; — dy > 0. O

We now consider the general case where x(t,ta,t3,t4) = t9t32¢9¢{4. For there to be an
invariant in this situation, we require a positive integral solution to the system of equations

12 + 213 + 214 = dy,
Z12 + Xo4 + x23 = da,
13 + To3 + T34 = d3,

T14 + T4 + T34 = dy.
Again, after adding the first three and subtracting the last, we see that
2212 + 2213 + 2w23 = dy +d2 + d3 — dy,

so we require that d; 4+ ds + ds — dq4 > 0. We can clearly add any three equations and subtract the
other to obtain similar constraints, which we claim are the only requirements necessary for there
to be a non-trivial invariant.

10



Prop 2. The invariant ring klz1, w1, 22, we, 23, W3, z47w4]§i'22 ds.d, s mon-trivial if and only if
do(1) t do2) + do(3)y — dg@) =0
for all permutations o € &y4.

Proof. The system of equations defines the following matrix in RREF form:

1 000 0 -1 Xd+dy—ds—dy)
01 00 =1 0 3(d—dy+ds—ds)
0010 1 1 dy

0001 1 1 i-di+d+ds+ds)

The invariants are defined by positive rational solutions to the following system of equations
1
T12 = T34 + §(d1 +dy — d3 —dy),

1
T13 = Toq + §(d1 —da +dz — da),
T14 = —To4 — T34 + dy,

1
Tog = —To4 — T34 + 5(—d1 +dy + d3 +dy).

Finding a non-trivial invariant breaks down into four cases: In the first case, suppose dy + do — d3 —
d4 >0 and dy — ds + d3 — dg > 0. Then, setting x34 = 224 = 0 defines an invariant given by

1
T1g = §(d1 +do —ds — dy),

1
i3 = §(d1 —dy + d3 — da),
T14 = da,

1
Io3 = 5(—d1 + d2 + dg + d4)

In the second case, suppose that dy +ds — ds —dy > 0 and dy — do + d3 — dg < 0. Then, setting
34 = 13 = 0 defines an invariant given by

1
T1p = 5(611 +dy —d3 — dy),
1
Tog = *i(dl —dy +d3 — d4),
1 1
T14 = §(d1 —do+dz—dy)+ds= i(dl +ds + ds — do),

1 1
To3 = §(d1 —dy+dz—ds)+ 5(—(11 +dy + d3 +ds) = ds,

11



where we recall that dy + ds + d4 — ds is always greater than zero. In the third case, suppose that
di+dy—ds—dg <0and dy —do+ds —dy > 0. Setting xo4 = 212 = 0 defines an invariant given by

1
fi(dl +dy — d3 — dy),

1
T13 = *i(dl —dy +d3 — d4),

X34 =

1 1
T14 = §(d1+d2*d3*d4)+d4: 5(d1+d2+d4*d3)’

1 1
T3 = §(d1 +dy —dz—ds) + 5(—611 +dy +d3 +ds) = do,

which is again an invariant as d; + do — d3 — d4 > 0. In the fourth and final case, suppose that
di +dy —ds —dy <0and d; —dy + ds — dg <0. Then, setting 12 = x13 = 0 defines an invariant
given by

T34 = _%(dl +dy — d3 — dy),

Ty = _%(dl —dy +d3 — dy),

T14 = %(dl +da — ds —d4)+%(d1 —dy+d3 —dy) +ds = dy,

T25 = %(d1 by — dy —dy) + %(d1 Cdy+ds—dy) = %(d1 +dy +ds — dy),

which is indeed an invariant as dy + do + d3 — dg > 0. O

In the most general case of invariants on (P1)317___7 4, » one will need to solve a system of n equations

in (TQL) variables:

Tig + 213+ ...+ Tip—1 =di,

Tnl + Tp2+ ...+ Tnun-1 :dn7
An analogous computation shows that the following:
n
Prop 3. [16] The invariant ring k[z1,w1, ..., Zn, wn]g?’?“’dn is non-empty if and only if 2d; < 3 d;

J=1
for all 1 <@ < n. Equivalently, this condition states that dy(1) + ... + dg(n—1) — don) = 0 for all
permutations o € G,,.

3 Cohomology of Grassmannians

3.1 Schubert Cells and Varieties

From this section onwards, we work solely over C, and the variable k£ no longer represents a field.
Let Gr(k,n) be the Grassmannian of k-dimensional subspaces of an n-dimesnional complex vector
space V. We now consider the collection of subvarieties of Gr(k,n) called Schubert varieties. Our
main reference is [11].
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Definition 5. Schubert varieties are defined in terms of a complete flag V in V, which is a
sequence of subspaces of V
oOocvic---CVuo1 CV =V,

with dim V; = 1.

The Grassmannian parameterizes the k-dimensional subspaces of an n-dimensional vector space, so
we can write the Grassmannian as the quotient

Gr(k,n) = {full rank k& x n matrices} \ GLy .

Each GLj orbit has a unique matrix representation in RREF, so a point in Gr(k, n) corresponds to
a full rank £ x n matrix in RREF. The Schubert cells index the subset of the Grassmannian whose
points have this particular form. To each matrix representing an element of Gr(k,n), we assign a
partition A = (A1,...,Ag) with n —k > Ay > Ay--- = Ay = 0, where \; is the number of entries
between the n — i + 1 entry to the 1 in the i*" row, including the endpoints. For example, if we

consider the RREF matrix
00 1 0
0/0 1 O

representing an element of Gr(2,4), the associated partition is A = (2,2). We note that the Young
tableaux associated to the partition A always fits into the k(n — k) ambient rectangle.
A subspace A € Gr(k,n) has the partition A if and only if

ANV prion, =1
forn—k+i=X\<r<n—k+i— X4 forall 1 <i< k. This leads to the following definitions:
Definition 6. The Schubert cell associated to a partition X\ is defined as

S ={A € Gr(k,n) : dim(ANVy_pti—x,) =1 for all i}.

and

Definition 7. The Schubert variety (also called a Schubert cycle) associated to the partition ),
denoted by Xy is defined as

(V) ={A € Gr(k,n) : dim(ANVy_1i—n,) =@ for all i}.

We note that the Schubert variety X, is the Zariski closure of X3, which can be seen through
examining the determinants of the minors of the RREF matrices representing the Schubert cells
[25].

We consider two special cases of A:

1. If A=(0,...,0), then dim(AN F,,—k4,;) = ¢ is trivially satisfied since dim(A) = k and k+ (n—
k+i) = n+i, and for any subspace ¥, we have that dim(ANY) = dim A+dim ¥ —dim(A+ ).
We have that dim(A + ) < n since they are subspaces of an n-dimensional vector space, and
hence the dimension of the intersection is at least i. Therefore, ¥g = Gr(n, k).

13



2. Suppose A= (n—k,...,n—k). If dim(ANF;) > for all 1 <4 < k, then we have that
dim(A) + ¢ — dim(A + F;) > 4.

Since dim(A + F;) > dim(A), we have that dim(A) +¢ — dim(A + F;) < ¢ unless F; C A for all
1 <4 < k, which occurs if and only if A = F;. Therefore ¥, _)- is a single point in Gr(k,n).

3.2 Cell Complex Structure

k
Definition 8. The size of the partition X is given by |A| = > A\;. We also define a partial ordering
i=1
on the set of partitions length k by saying pn < X if p; < X\ for 1 <i < k.

We can see by the structure of the reduced row echelon form matrices that each Schubert cell 3%
is isomorphic to A¥"=*F)=IAl "and that the closure of a Schubert cell

Ty=135 = U z°.
HCA

This means that if the closure of a cell intersects another cell, it in fact contains that cell. Hence,
the Schubert cells provide an affine stratification

Gr(k,n) = |_| ARM=R)=IAl

Furthermore, the Schubert cells give a cell complex structure on the Grassmannian with only even
dimensional cells. We define the 0-skeleton X° = %, where B is the k x (n — k) ambient rectangle.
We then define X2 = XU XS,y where Ay = (n—k,...,n—k—1). In general, the 2m-skeleton is
formed by attaching the cells with |A\| = k(n — k) — m to the previous cell. We see that Gr(k,n) is
a CW complex with even dimensional skeleta

XO g X2 g - g X2k(n7k})'

Example 1. We compute the cell decomposition of Gr(2,4). We have that there are (3) Schubert

cells corresponding to matrices in RREF form:

o _ (0 0 0 1
o2 = (O 01 0) ’
o _ (0 0 1 =
Y= (1 0 = *) ’
o (0 1 * =
20,0 = (1 0 = *) ’
s _ (0 0 0 1
X1 = <0 1 x 0) ’
o _ (0 0 0 1
Z2,0 - (1 % % 0) ’
o _ (0 0 1 =

O™\ % 0 x/°

14



Then, we have that X° = X3 ,, X? = X3, UX3, (note the boundary of X* is X°), X* is formed
by attaching ¥ | and 33 ,, X6 is formed by attaching 1.0, and finally X8 is formed by attaching
35.0-

We now note a few convenient properties of the Schubert variety indexing convention used:
1. It follows from the definition that ¥, C 3, if and only if p < A.
2. The codimension of a Schubert cycle ¥ C Gr(k,n) is given by |A|.

Because the Schubert cells give a cell decomposition of Gr(k, n) with only even dimensional cells, it
follows that they generate the homology of Gr(k,n) [12]. Therefore, the Schubert varieties define a
class [0] in homology, and Poincare duality gives a correspondence to classes in cohomology. We
define

oy = [Ea] € H2PM(Gr(k, n)).

Theorem 3. The classes oy form a Z-basis for the cohomology ring H*(Gr(k,n),Z), and under
sufficient conditions, such as Schubert varieties for generic flags (see definition @), the cup product
of two cohomology classes is equivalent to the intersection of the Schubert varieties defining these

classes:
oro, = [EanD,] € H2NFEDGr(k, n).

We note that GL,, acts transitively on the set of complete flags, so the cohomology class determined
by X, is independent of the choice of flag.

Example 2. With respect to the flagp € L C H C P2, the Schubert cycles of Gr(2,4) = G(1,3)
are given by

00,0 = {all of Gr(2,4)},

01,0 = {lines intersecting L},

01,1 = {lines contained in H},

09,0 = {lines containing p},

021 = {lines lying in H that contain p},
09,2 ={L}.

3.3 Transverse Intersections
Definition 9. The vector spaces L, M C C™ are called transverse if
dim(L N M) = max(0, dim(L) 4+ dim(M) — n).

We can extend the notion of transversality to flags F and G of an n-dimensional vector space V.
Theorem 4. Two flags F and G on V are transverse if F; N G, —; = {0} for all i.

We now state some equivalent conditions for two flags to intersect transversely.
Theorem 5. Let F and G be flags on V. The following conditions are equivalent:

1. F;NGp—; = {0} for alli.
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2. dim(F; N G;) = max(0,i+ j —n) for alli,j.
8. There exists a basis e1, ..., e, for V such that

F,={e1,...,e;) and Gj = (ent1—j,...,€n).

Because transverse flags form a dense open subset in the space of all pairs of flags, any statement
proved for a transverse pair of flags holds for a generic pair of flags. We now make precise the notion
of a “generic” flag. The complete flag variety F1(C") is the collection of all complete flags in C™.
We can represent a flag via a matrix by defining the span of the first i columns to be the i*" flag.
Additionally, suppose we fix an ordered basis for C™ and consider the standard flag associated to
this basis (meaning that the i*" subspace is spanned by the first i basis vectors). Then, the matrix
representing this flag is equivalent up to the action of B,, the subgroup of upper triangular matrices

in GL,,. Therefore, the complete flag variety F1(C™) has the structure of the homogeneous space
GL,, /Bp.

Definition 10. We say that property holds for a “generic” collection of flags if it holds for all
tuples of flags in some Zariski open subset of the product variety F1I(C™) x --- x FI(C").

We also define the notion of a generically transverse intersection, which will be used in the next
section.

Definition 11. Let A, B be two subvarieties of a variety X. We say that A and B intersect
trasversally at a point p € AN B if X, A, and B are smooth at p and T,A+T,B =T,X. We say
that A and B are generically transverse if they intersect transversally at a generic point of each
component of their intersection.

3.4 Intersection Formulas

The product of Schubert classes has a simple formula when one of the classes has the form
oy = 0p0,....0. Such classes are called special Schubert classes. Before proving a formula for such
intersections, we introduce the concept of specialization which will be used in the proof.

Example 3. Suppose we want to compute o3 in Gr(2,4). Recall that o1 is the set of lines in P>
passing through a point. Instead of intersecting two general lines L and L', the idea of specialization
is to choose L and L' special enough such that the intersection X1(L) NX1(L') is easily identifiable
but the intersection is still generically transverse. This is accomplished by choosing L and L' to be
distinct lines that intersect. Then the intersection consists of lines passing through p = LN L' or
lines lying on the plane spanned by L and L'. The first class of lines corresponds to oo and the
second class of lines corresponds to 01,1. We can then conclude that

0'% =02+ 01,1-
We now prove a formula for computing products of Schubert cycles in Gr(2,n).

Lemma 4. For any special Schubert class o, and oy

a+b
Oq " Op = Z Oc,atb—c- (31)

cza,b
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Proof. We give a proof by induction on n, following [30]. For the n = 2 case, the only choices for a
and b are 0, and
0o+ 00 = 00,

SO is trivially satisfied. Now, suppose n > 3 and the formula holds for all Gr(2,m) with
m < n. Because the Schubert classes are independent of the flag chosen, we let W be the standard
flag, meaning W; = C7, and V be any other transverse flag with respect to W. We now need to
determine the intersection of

Se(W) = {A € Gr(2,n) : ANC"™17 £ {0}}

and
(V) ={A e Gr(2,n) : ANV,_1_p # {0}}.

We split the argument into two cases.
Case 1: Suppose that a +b > n — 2. Then,
dim(C" 174V, 1) < dim C" 4 dim V,, 1y = (n—1—a)+(n—1-b) = n+(n—2)—(a+b) < n.

Also,
dim(C" 17NV, _1_3) = max{0,n — 2 — a — b} = {0},

since V and W are transverse flags. Additionally, we can assume without loss of generality that
Cr 1= 4+ V,_1_, CC" . Thus,

000y =2aW)N (V) = {A € Gr(2,n) : ANC" % £ {0},ANV, 1 # {0}} =
{AeGr(2,n—1): ANCP D7 2 {0} AN Vipoy1-p-1) # {0}}

which is the product of o,_10,—1 in Gr(2,n — 1). By the inductive hypothesis, we have that

a+b—1 min(n—2,a+b—1)
Og—1°"0p—1 = § Oc—1,a+b—c—1 = § Oc—1,a+b—c—1
cz(a—1,b—1) c=max(a,b)

in Gr(2,n —1). As a cycles in Gr(2,n — 1) C Gr(2,n),

min(n—2,a+b—1) min(n—2,a+b—1)
> Oetliatbo1 = > {AeGr(2,n—1): A cCri-latbme) A qch-D-1-(c=1) £ fo1}
c=max(a,b) c=max(a,b)

min(n—2,a+b—1)

= > {A€Gr(2,n): ACC =) ANC" £ {0} = D Geatbe (3.2)

c=max(a,b) cza,b

where the bounds on the last sum come from the fact that in this case min(n —2,a+b—1) =n—2
which is the maximum allowed value of c.

Case 2: Suppose a +b < n — 2. If V is transverse with respect to the standard flag, we have
that

dim(C" 7NV, ) =max{0,(n—1—a)+(n—1-0) —n} =n—2— (a+b).
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Without loss of generality, we can specialize V such that C*~1=¢ NV, _;_, = C*1~+8 and the
intersection is still generically transverse. Then, we have that

dim(C" 17 + V) =dimC" ' +dim V,,_1_p — dim(C" 17NV, ) =
m—1l—-a)+(n—-1-b)—(n—1—(a+b)=n—-1.

Therefore, we can assume that C*17¢ +V,,_;_, = C"* 1. Then,
Ea N Eb = {A € GI‘(Q,H) tAN Cn—l—a 7é {0}7A N anlfb 7é {0}}7
so it consists of elements A € Gr(2,n) such that either

1. A has a 1-dimensional subspace in common with C*~1=% NV, _;_, = C*~1-(a+b)

)

2. A intersects C"1=% and V,,_,_; along some one dimensional subspaces L; € C"~'~% and
Ly C V,,_1_p. In this case, A must lie in the sum C*17% 4+ V,,_;_, = C* ! since it is a two
dimensional subspace.

We can now characterize the intersection ¥, N Y, as

Ya Ny ={A € Gr(2,n): A e C1=(@+0) £ fo}1 U
{A€Cr(2,n): ACC" L ANC" 2 £ {0}, ANV, _1_y # {0}}.

The first type of subspaces are exactly the elements of ¥, with respect to the standard flag in
Gr(2,n). The second case is the intersection of ,_1 (V) and ¥_1 (W), and the inductive hypothesis
implies
min(n—2,a+b—1)
Og—1'0b—1 = Z Oc—1,a+b—c—1

c=max(a,b)

in Gr(2,n — 1). Then, by the same argument as in the first case, we have that in Gr(2,n),

min(n—2,a+b—1) a+b—1
Og—1"0p—1 = E Oc,a+b—c = E Oc,a+b—c- (33)
c=max(a,b) c=max(a,b)

Combining both cases, we see that

Oq - 0p = E Oc,a+b—c»

cza,b
which completes the proof of the lemma. O

We need to compute one more type of intersection before being able to compute arbitrary products
of Schubert cycles in Gr(2,n).

Lemma 5. In Gr(2,n), the following formula holds:

Oay,az " Obb = Oai+b,az+b-
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Proof. With respect to the flags ¥V and W the Schubert cycles are of the form
Saray ={A€Gr(2,n) : ANV1 6, # {0}, A CViay},
Spp={AeGr(2,n): ACW,_p}
Therefore,
Sar.ar N Bep ={A € Gr(2,n) : AC Wy NV 0y, AN (Vio1—a, N Wyp) # {0} ).

We note that
codim (Wy,_y NV,_0,) = b+ as

and
codim (V,,—1—q, "N Wy—p) = a1 + b+ 1.

Therefore, letting U be a new flag containing V,,_1_,, N W,y and W,,_p N V,,_,,, we have that
Eal,(I.Q N Zb,b - {A tA g Un—(a2+b)a AN Un—l—(a1+b)} = Oay+b,az+b
thereby completing the proof. O

Indeed, Lemmas and are sufficient to compute the intersection of arbitrary Schubert cycles
in Gr(2,n), which are given by the following formula.

Theorem 6. Assuming that a; — as > by — by, then

Oa1,a20b1,b5 = Tay+by,a5+bs T Oar+bi—1,as+bo+1 T - oo+ Tay+bs,b1+az = E Ocy,co-

le|=lal|+[b]
a1+bz>c1 a1 +b2

Proof. We first consider the case where by = by = b. Then,
SpoW)={A e Gr(2,n): AW, _p},
so for any a1, as we have that

Ya1.asWV) N W) ={A € Gr(2,n) : ANVy_1-0, #{0},AC V,_0,, AC W, _} =
(AeGr2,n): AN (Vao1w N Wiy) 2 {01, A C (Voo N Wy} =
Zal—i-b,az—i-b(vn—l—al N Wn—ba Vn—ag N Wn—b)-

By Lemma[5, we have that 04, 4,006 = O, +b,as+b-
Now we consider the general case. Using Lemma , we can write

Oay,a20b1,by = (UalfaQ,Oo'ag,az)(Ub17b2,00'b2,b2) = 0a1—a3,00b1—b2,00a2+bs,a2+bs-

From Lemma , we know that

Oay—a2,00b1—b2,0 = O (a1 —az)+(b1—b2),0 + O(a1—asz)+(b1—b2)—1,1 + ..+ Oa—az,bi—bss
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SO
Oa1,a20b1,b =(0(a1—az)+(b1—b2),0 T O(ar—az)+(b1—b2)—1,1 F -+ T Tay—az,b1—b2)Tastbs,ast+bs =
O(ay—az)+(b1—b2),00a2+bs,az+b2 + .+ Oai—as,b1—b3Tas+bs,as+bs-
Then, using the first case, we can expand
Oay,a20b1,bo =0 (a1—az2)+(b1—b2),00a2+b2,a2+bs + ot Oai—as,bi—bsTas+bs,as+bs =
Oay+b1,a2+bs +.o. Oay+bs,bi+azs (34)
which completes the proof. O

In general, there exist combinatorial formulas for the intersection of Schubert varieties Grassman-
nians Gr(k,n) where k is not necessarily 2 (see, for example, [11]).

Theorem 7. (Pieri’s Formula) Let oy be a special Schubert cycle in Gr(k,n), meaning that \ =
(M1,0,...,0), suppose that o, is any Schubert cycle. Then

o) 0y = E oy.

i SViSpi—1
[v|=[Al+n]

Proof. We can prove Pieri’s formula in Gr(2,n) as a corollary of @ Assuming without loss of
generality that A > p; — pe, Theorem @ implies that

OXNO “Opypz = Oxdpgpue T Oy —Lpo+1 T oo+ Orgpg iy = E : Ov,
H1SV1
H1SV2 S 2
[vI=IAl+ul
which exactly matches Pieri’s formula. For a general proof see |11, Theorem 4.9]. O

In order to describe the formula for the intersection of arbitrary Schubert cycles, it is necessary to
introduce some more combinatorial machinery on which more details can be found in [12], [28].

Definition 12. A Semi-Standard Young Tableauz (SSYT) is a filling of bozes of the Young diagram
of shape v/ with positive integers such that within each row, the integers weakly increase from left
to right and within each column they strictly increase from top to bottom. The content of a SSYT is
= (p1,...,ln) if there are p; boxes labeled i. The reading word is the word formed by concatenating
rows from bottom to top. A reading word is called a lattice if when read backwards from the nt® to
(n —m)™ term, the sequence contains at least as many i as i+ 1.

Theorem 8. (Littlewood-Richardson Rule) If oy and o, are arbitrary Schubert cycles, then

_ v
o) 0y = E CrpOvs

where the sum ranges over all v in the (n — k) - k ambient rectangle, and X, is the number if
semi-standard Young tableaur having content u whose reading word is a lattice.
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[28, Theorem 5.1] It is important to note that there is an isomorphism

A
(sxlA ¢ B)’

where A is the ring of symmetric functions, and the ideal (sx|\ ¢ B) is the ideal generated by Schur
polynomials corresponding to partitions which do not fit in the ambient (n — k) X k rectangle B.
Because the Schur polynomials form a basis for the ring of symmetric functions, it follows that
the Schur polynomials corresponding to partitions fitting inside the ambient rectangle form a basis
for W\W' Due to this isomorphism, computations with Schubert classes can be turned into
computations with Schur functions.

H*(Gr(k,n)) =

3.5 Torus Orbit Formula

We have seen that the n-dimensional torus acts on Gr(k,n) from the right. For L € Gr(k,n) we now
consider the orbit closure T - L and want to decompose the cohomology class [T - L] with respect to
the Schubert cycles. For an arbitrary subspace L € Gr(k,n), the torus orbit closures can be quite
unwieldy, so we restrict ourselves to “generic L”, which we now define. Our main reference is [20].

Definition 13. Let I C {1,...,n}, |I| = k and let Ly be the subspace in C"™ defined by the equations
{x; =0 fori € I}. Additionally, we define C! as Spanc{e;} fori € I. A subspace L € Gr(k,n) is
generic if for any I € {1,...,n}, LN L; = 0.

The space of all generic subspaces, denoted Gr°(k,n) is a T-invariant subset in Gr(k,n) called the
generic stratum.

Prop 4. A subspace L € Gr(k,n) is generic if and only if none of its k x k minors in the matriz
representing L vanish.

Proof. Suppose that L; = span(e;,,...,e;, _,) and that L is represented by the k X n matrix by
taking the row span of the matrix

aylr ... Qip
M(L) =
ar1 ... Qgn

If LNLy #0, L C Ly, so then there exist ¢1,...,c, and dy,...,d,_j such that if r; = a;1 +...+ap
are the rows of the matrix of L, then

car1+ ...t erg =die, + ..o+ dp_gen—k (3.5)

We now form a new matrix M by attaching the matrix of L; below M (L). For example, in Gr(2,4)
if Ly = span(ey, ez), then
a1l a2 @13 Gi4
r | G211 G22 a23 Q24
M= 1 0 0 0
0 1 0 0

If equation 1) holds, we see that the rows of M are not linearly independent, so det M = 0.
However, this also means that no two columns of M are linearly independent, so the k x k& minor

21



spanned by the orthogonal complement of L; must vanish. Hence, we have shown that if L is
generic, then none of its & X k minors vanish.

Conversely, if none of the k x k minors of M(L) vanish, then none of the k x k minors of M
vanish so equation (3.5) is satisfied if and only if ¢; = d; = 0 for all ¢, showing that LNL; =0. O

Definition 14. A Lie complex is the torus orbit closure T - L for a generic L € Gro(k,n).

Theorem 9. [20, Proposition 1.1.5] Each Lie complex is an n — 1 dimensional variety with fized

points under the T-action given by C!. In fact, these <n

k) points are the only singular points of a

Lie complex.

Example 4. We compute the torus orbit closure in Gr(2,4). If L is generic, L is represented by a
matric

such that none of the two by two minors vanish. Then, under the torus action, L is mapped to a
matrix

_ (tia1r teaix tzaiz  tgang
T-L =
tiagr  toags t3az3 taao4

for t; # 0. We note that none of the minors of T - L vanish as the minor consisting of the i,j
columns is simply scaled by a factor of t;t; # 0. However, if we let up to two of the t; in T - L we
see that there is still one non-vanishing minor, so the resulting matriz which we denote T - L still
represents an element of Gr(2,4) and is therefore contained in the orbit closure T - L.

Example 5. The torus orbit orbit closure in Gr(2,4) has a nice geometric interpretation. We view
Gr(2,4) as the set of lines in P3. Letting w1, 2,23, r4 be homogeneous coordinates in P3, we define
L; to be the plane defined by x; = 0. The configuration of the planes L; form a tetrahedron, and
l is general if and only | doesn’t intersect any of the 6 edges of the tetrahedron. Then, | intersects
each L; at pairwise distinct points, and we can define the cross ratio

r(INLy,...,1NLy) = .

The tetrahedral complex K is then defined to be the closure of the set of lines | € Gr0(2,4) with
cross ratio A. In terms of the Pliicker coordinates, this is the zero locus of

P12P34 + Ap13p2sa = 0.
This argument shows that the Lie complexes of Gr(2,4) are exactly the tetrahedral complexes K.

Because K is cut out by a quadratic irreducible polynomial, we see that it has codimension 1
in Gr(2,4). It follows that [K] is a Z-linear combination of codimension 1 Schubert cycles, so
[Kx] = 201,0, where the coefficient comes from the fact that of j = 202 5. In general, we know that
all Lie complexes represent the same class in H*Gr(k,n). In |23, Theorem 5], Kylachko gives a
formula for the class of a Lie complex in terms of the Schubert cycle basis for H*Gr(k,n). which
we now explain.
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Theorem 10. Let A = (Ay,...,\;) with Ay = Ao~ = A; be a Young tableauz with no more than
k-rows and (n—k) columns consisting of (n—1) squares. The coefficient at o in the decomposition
of a Lie complex [T - L] for with respect to Schubert cycles is

k

> (-1 (”) dim 3 (C*) (3.6)

i=0
where ¥ (CF=?) is the irreducible representation of GL(k — i) with highest weight \.

We note that the dimension of the irreducible representation of GL(k — ¢) with highest weight A
is combinatorially determined by the number N of semi-standard Young tableaux of shape A. The
number N is given by the hook-length formula,

Al
T hook(s)’

SEA

N =

where hook(s) for s a square in a Young diagram is the
{number of squares strictly below s} + {number of squares strictly to the right of s} + 1.

We note that this formula obscures the fact that the coefficients of the Schubert classes in this
decomposition are always positive. In fact, in |6, Theorem 5.1], Berget and Fink give an equivalent

formula
[T -L]= Z(T)\O';\,
A

where the sum is over the partitions A that fit inside the (k — 1) x (n — k — 1) rectangle, and X is
the complementary partition to A with respect to this rectangle. Explicitly, if A = (Ay,..., Ag—1),
then \=(n—k—1—X,...,n—k—1—A_1). A comparison of the formulas in ([6]) and (]23])
for the class of the torus orbit closure is given in [24].

In Gr(2,n), Klyachko’s formula (3.6]) reduces to

[T . L] == (TL - 2)(7”_370 + (n - 4)O'n_471 + (TL - G)O'n_572 + ...
We see that [T - L] = 207 o which aligns with the fact that Lie complexes in Gr(2,4) have codimen-
sion 1, and oy ¢ spans H2(Gr(2,4)). In Gr(2,5) for example, a Lie complex has codimension 2, and
the formula tells us that
[T L] = 3020+ 01,1
In general, a Lie complex has codimension k(n — k) — (n — 1), and must therefore be a Z-linear
combination of Schubert classes with this codimension.

It seems that a full proof of the torus orbit formula (3.6) has not been published, and is a fruitful
avenue for future work. There are multiple properties of the torus orbit closures that may be useful

in the proof of this formula which we now state.

Let eyq,...,e, be the standard basis vectors in R™. We define the convex polytope A(k,n) as
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the convex hull of <Z> points of the form ey :=¢;, + ... +¢;, for 1 <43 < -+ <4, < n. These

points are the vertices of A(k,n). For any subspace L € Gr(k,n) we define its matroid polytope
M(L) as the convex hull of e; where I runs over all bases for L. For a generic L, we we see that
M(L) = A(k,n). There is a very concrete description of A(k,n) given in [1],[20].

1. Each face of A(k,n) is a hypersimplex.

2. Edges of A(k,n) are segments [er,es] where J differs by I by swapping one element i € T
with an element j ¢ I.

Theorem 11. [20, Proposition 1.2.4], [3] Let L € Gr(k,n) be a generic subspace. Then, the torus
orbit closure T - L is a projective normal toric variety corresponding to the matroid polytope A(k,n),
meaning the fan associated to T - L is the normal fan of A(k,n), which means that the cones are
the cones over the proper faces of A(k,n).

We now consider the example of Gr(2,4).

Example 6. Let L be a generic subspace in Gr(2,4). The matroid polytope M (L) = A(2,4) is the
convez hull
A(2,4) = Conv{e; + e, e1 +e3,€e1 + e4,€2 + €3,e3 + €4,€3 + €4},

which is an octahedron.

To decompose the cohomology class of a generic torus orbit closure X = T - L into the Schubert
classes, one wants to consider the pullback of the inclusion map ¢ : X — Gr(k, n). Specifically, the
coefficient of each Schubert class in the decomposition will be given by the image of the Schubert
cycles under this pullback map. It is important to note that for n = k — 1, the fan associated to
T - L is complete, simplicial, and rational, which means that the cohomology ring of X has a simple
combinatorial structure as described in [5], which may be of use in carrying out this computation.
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