J Low Temp Phys (2010) 158: 307–316
DOI 10.1007/s10909-009-9935-6

Electrons in Superfluid Helium-4
D. Jin · W. Guo · W. Wei · H.J. Maris

Received: 14 June 2009 / Accepted: 30 July 2009 / Published online: 20 August 2009
© Springer Science+Business Media, LLC 2009

Abstract We review the current status of theory and experiment concerning electrons in superfluid helium-4 with an emphasis on some of the unsolved problems.
Although calculations of the bubble structure have been confirmed in detail by measurements of the optical absorption spectrum, the energy of interaction of a bubble
with a vortex is not understood. We discuss the theory behind a proposed experiment
that may shed light on the physical nature of the exotic ions.
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1 Introduction
In this paper we review some aspects of the behavior of electrons in liquid helium that
are of current interest [1]. An electron injected into helium forces open a spherical
cavity of radius approximately 19 Å. This radius R is such that the total energy E
is a minimum, the energy being the sum of the zero-point energy of the electron, the
surface energy of the bubble, and the work done against the applied pressure P in
forming the cavity. Thus
E=

4π 3
h2
R P
+ 4πR 2 α +
3
8mR 2

(1)

where α is the surface tension and m is the electron mass. A plot of the energy as
given by (1) is shown in Fig. 1. This form for the energy is based on a number of
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Fig. 1 Energy of an electron
bubble as a function of radius
based on (1). The different
curves are labeled by the
pressure in bars

simplifications and approximations [1]. The penetration of the electron wave function into the liquid is neglected (the electron is treated as a particle in a box with rigid
walls), the finite width of the liquid surface is ignored, and the polarization of the
liquid by the electric field of the electron is not taken into account. At non-zero temperature there is also a contribution to the energy from thermal fluctuations. These
neglected effects make a relatively small correction to the energy; the electron has to
overcome a barrier U0 of about 1 eV [2] to enter the helium and so the wave function
of the electron penetrates into the helium only a distance of around 1 Å, the 7 Å width
of the liquid surface is significantly less than the bubble diameter, and the polarization
energy contributes about 14% to the total energy of the bubble [1]. We will describe
calculations that allow for some of these effects later in this article.
Electron bubbles were first studied through mobility measurements [3, 4]. At finite
temperatures the mobility of a bubble is limited by collisions of phonons and rotons
with the bubble. Except at temperatures very close to the lambda point, the mean free
path of the excitations is larger than the size of the bubble and consequently the drag
on the moving bubble is proportional to the square of the radius. Detailed theories of
the mobility have been provided by Barrera and Baym [5] and by Bowley [6]. The
agreement of these theories with the measured mobility provides strong evidence in
support of the bubble model. More recently, a wider range of experimental probes
for the study of the bubbles has been developed. These include optical [1, 7–14] and
ultrasonic studies [15–19]. Here, we discuss some of the results obtained, comment
on some issues where there is a lack of theoretical understanding, and mention some
possible directions for future research. As we will show, it is remarkable that although
there are many experiments that give results in excellent and quantitative agreement,
there are other experiments that give results that are extremely hard to understand.
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2 Bubble Energetics
There is no obvious way to measure the total energy of the bubble. However, one way
to test the theory of the bubble structure and energetics is through measurements of
the optical absorption spectrum. The energy as given by (1) is the total energy of a
bubble with the electron in the lowest energy quantum state. When a photon is absorbed the electron wave function changes before the configuration of the helium can
change (Franck-Condon principle [20]). Thus the photon energy associated with an
optical transition gives information about the size of the bubble when the electron is
in the ground state. Measurements have been made of the photon energies required
to take the electron from the ground 1S state to the 1P and to the 2P excited states
[7–14]; these energies depend on the pressure. Careful calculations of the photon
energies for these transitions have been performed by Grau et al. [21] These calculations allow for the effect of the penetration of the electron wave function into the
helium and use a density functional scheme to find the variation of the density of the
helium within the wall of the bubble. The agreement between theory and experiment
is excellent for both transitions. The line shape has also been calculated and this too
is in excellent agreement with experiment [22].
It is important to note that measurement of these optical transitions provides a
more stringent test of theory than is provided by mobility measurements. The mobility is certainly proportional to the inverse square of the radius but because of the finite
width of the helium surface it is not clear what is the effective radius of the bubble
for scattering of phonons and rotons.
A second test of the theory of the bubble structure and energetics can be made
using ultrasonics [15]. One can see from (1) that the application of a positive pressure will make the radius of the bubble at which the energy is a minimum smaller.
Application of a negative pressure makes the equilibrium radius larger. At a critical
negative pressure Pc there is no longer a minimum in a plot of energy as a function
of R. Beyond this pressure, the bubble is unstable and grows without limit (“explodes”). A negative pressure can be applied using a sound wave and the value of Pc
determined. According to (1) the value should be [23]


16 2πmα 5 1/4
Pc = −
.
5
5h2

(2)

A more accurate calculation using the density functional method has been performed
by Pi et al. [24]. The agreement between theory and experiment is excellent.
From the two tests just described it would seem that the energetics of an electron
bubble are well understood. However, the same general type of theory that has just
been described does not work when applied to two other problems. Both of these
problems concern the interaction of an electron bubble with a quantized vortex line.
It is well known that an electron bubble is attracted to a quantized vortex line and
can become trapped on it [25]. The binding energy comes about because as the bubble approaches the core of the vortex it displaces superfluid that has a high velocity
and hence a high kinetic energy. Thus, when a bubble is placed with its center on
the vortex line the energy of the system is lowered by an amount equal to the kinetic
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energy of the liquid that has been displaced. There is also a smaller extra contribution to the energy that comes about because the shape of the bubble changes when
it approaches the vortex line. The binding energy has been calculated using the density functional approach and the value obtained is 104.5 K at T = 0 and 97.4 K at
1.6 K [26]. This compares with the experimental value which is around 50 K. The
reason for this large discrepancy is unknown at present. McCauley and Onsager [27,
28] have considered the effect of fluctuations of the position of the vortex line on the
binding energy but it seems unlikely that this effect can be large enough to explain
the discrepancy.
A second, and presumably related, problem arises from the ultrasonic experiments [15]. It is found that an electron bubble that is attached to a vortex line explodes at a negative pressure Pcvort that has a smaller magnitude than the explosion
pressure Pc for an electron moving freely in the liquid. A difference between these
two quantities is to be expected because a bubble on a vortex line is subject to not
only the pressure applied to the liquid but also to an extra negative pressure due to
the Bernoulli effect. However, the experimentally measured difference between Pcvort
and Pc is 13% whereas the calculated difference is only 4% [24]. It therefore appears that there is something seriously wrong with the current understanding of the
interaction of vortices and bubbles.
3 Bubble Dynamics
The electron bubbles have the interesting property that the wave function of the electron is determined by the shape of the bubble in the helium and, at the same time, this
shape is determined by the force exerted by the electron on the helium. For mechanical equilibrium of the surface the condition
2
|∇ψ|2 = P + ακ
2m

(3)

must be satisfied at each point. Here ψ is the electron wave function, and κ is the sum
of the principal curvatures of the bubble surface. (Equation (3) is based on the same
model as (1), i.e., the electron wave function does not penetrate into the liquid and
the helium is taken to have a sharp interface.) If the electron is in the ground state, the
wave function has spherical symmetry and (3) leads to the same value for the bubble
radius as does (1). If light is absorbed by the electron causing it to make a transition
to an excited state, the wave function will change and from (3) one can see that the
bubble must change size and shape. The equilibrium shapes for different quantum
states have been calculated and show many interesting features. As an example, the
calculated shapes of the 1P and 2P states for zero pressure are shown in Fig. 2 [29].
A characteristic feature of the P states is that the bubble is narrow at the waist. This
is because the wave function is zero over all of the z = 0 plane and so the value of
|∇ψ|2 is zero. Thus when the pressure is zero the sum of the principal curvatures
in this plane must be zero. One of these curvatures is simply the reciprocal of the
radius of the waist of the bubble, i.e., the radius in the z = 0 plane, and so the other
curvature has to be the negative of this. As the pressure is increased, the waist of the
bubble shrinks and by the time the pressure reaches 10 bars the radius of the waist is
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Fig. 2 (Color online)
Calculated shapes of the 1P and
2P electron bubbles for zero
pressure

just a few Angstroms. To calculate the shape of the bubble in this regime it is clearly
necessary to use the density functional method and to allow for the penetration of
the electron wave function into the helium. Preliminary calculations of this type have
been performed by the Barcelona group [30].
The discussion just given concerns the equilibrium shape of the bubble. However,
the dynamics of the bubble is perhaps of more interest. According to the FranckCondon principle [20], one should consider that when light is absorbed the wave
function of the electron changes before there is any change in the shape of the bubble. After the electron wave function has changed, there will be an imbalance in the
force acting on the surface and motion will begin. When the bubble surface starts to
move, the motion will be damped by the radiation of sound away from the moving
surface and also by the scattering of thermal excitations that collide with the surface.
If these damping mechanisms are sufficiently large, the bubble will smoothly relax
to reach the equilibrium shape in which (3) is satisfied at all points on the surface.
If on the other hand the damping is small, the bubble will overshoot the equilibrium
configuration. What happens next depends on the pressure. At zero pressure, density functional calculations by the Barcelona group find that the bubble goes past the
equilibrium shape but then relaxes back towards it [30]. At zero pressure this is predicted to happen even if the temperature is very low so that there is no energy loss
due to interaction with thermal excitations. However, at pressures above a critical
value Ps and at sufficiently low temperatures the bubble continues past the equilibrium shape, the waist of the bubble shrinks to zero, and the bubble splits into two.
An accurate value for Ps is not known at this point, but the simulations indicate that
it lies between 0 and 5 bars. What happens after the bubble undergoes fission is not
clear at the moment. It has been argued by Rae and Vinen [31] and by Jackiw et al.
[32] that immediately after the bubble splits all of the wave function will be in one
of the bubbles and that consequently the other bubble will immediately collapse. It
is not clear what is meant by “immediately”. In Fig. 3 we show the results of computer simulations performed to investigate this. In the simulation the wave function
of the electron is time-developed using Schrodinger’s equation (SE) and a modified
version of the Gross-Pitaevskii (GP) is used to model the motion of the helium [33].
The liquid pressure is 5 bars. The bubble starts with the electron in the equilibrium
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Fig. 3 (Color online) Plots of the density of liquid helium surrounding an electron bubble. These are
the results of numerical integration of the Schrodinger equation for the electron wave function and the
modified Gross-Pitaevski equation for the helium. The time is in units of ps and the pressure is 5 bars.
In each part of the figure the electron is excited from the ground 1S state to the 1P state at time zero. In
part (b) the time evolution is modified by abruptly changing the wave function in the left hand part of the
bubble to zero at a time of 30 ps

1S state. At t = 0 the wave function is changed abruptly to the 1P state. In Fig. 3a we
show the helium density at a series of later times as obtained by a time development
of the SE and GP equations. The end result is two bubbles smaller than the original
one and moving away from each other. In Fig. 3b we show what happens if at the
time t = 30 ps, the wave function in the left hand bubble is made zero and the wave
function in the right hand bubble increased so that the integral of ψ 2 is unity inside
that bubble. In this case the left hand bubble collapses and while so doing accelerates
away to the left.
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Experiments to investigate the bubble dynamics have been performed using the
ultrasonic technique [17]. The 1P bubbles explode at a different critical pressure
(Pc = −1.63 bars) from the 1S bubbles (Pc = −1.89 bars). This makes it possible
to perform experiments in which the number densities of 1S and 1P bubbles are determined. These experiments show that above a critical temperature of around 1.5 K,
1P bubbles are produced when the liquid is illuminated with light of the appropriate wavelength to excite the 1S to 1P transition. This corresponds to the situation
in which the damping is sufficiently large that the bubbles relax to the equilibrium
1P shape and do not reach the fission point. When the temperature is lowered and
the pressure is above about 1 bar the experiments show that no 1P bubbles are produced. This has to be because fission has occurred. However, as developed so far the
experiments cannot determine what has happened to the bubbles after fission.

4 Exotic Ions and Other Objects
In several papers by different groups negatively charged objects that are different
from the normal electron bubbles have been observed. The physical nature of these
ions has not been determined. Doake and Gribbon [34] performed a mobility experiment using an alpha particle source in the liquid and detected a “fast ion” in addition
to the normal electron bubble. This ion had a mobility about 7 times higher than the
normal ion. Subsequently, Ihas and Sanders [35–37] used an electrical discharge in
the vapor above the liquid as an ion source and in addition to the exotic ion were able
to detect a series of 13 ions with mobility between that of the normal ion and the fast
ion. They called these objects “exotic ions”. These same objects have been studied
in a series of papers by Eden, McClintock, and coworkers [38–41]. It has been found
that the strength of the signals corresponding to the different exotic ions varies in a
complex way with the conditions of the electrical discharge.
Since these ions have a higher mobility than the normal electron bubble, they
must be smaller than normal electron bubbles. This assumption is supported by the
observation that the exotic ions nucleate vortices at higher velocities than the normal
ion; theory predicts that the critical velocity for vortex nucleation increases as the
size of the ion decreases [42]. Ihas [37] has calculated the radius from the mobility
and found values that lie in the range between 7 and 15 Å.
To date it has not been possible to find any model to explain the existence of the
exotic ions. Bubbles containing an electron in an excited state would be larger than
a normal bubble. In addition, the lifetime of these states is much less than the time
τd that it takes for an electron to drift from one end of a mobility cell to the other.
Helium negative ions also have a lifetime much less than τd . Bubbles containing two
electrons have also been considered [37]; these might have a higher mobility than
normal bubbles, but calculations show that they are unstable against breakup into two
single bubbles [43, 44]. It is also unrealistic to try to explain the exotic ions in terms of
negative ions of impurities. In the first place, one would have to suppose that the liquid
helium contains 13 different impurities! In addition, in order for the bubbles formed
by these impurity ions to have the size of exotic ions the impurities would have to
have electron affinities that lie in a narrow range [1]. As a more radical proposal, we
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have considered the possibility that the exotic ions are bubbles in which some fraction
of the electron wave function is trapped, in other words bubbles in which the integral
F of ψ 2 over the volume of the bubble is less than unity [45]. This trapping might
occur, for example, when a normal bubble is excited from the ground state to a higher
quantum state and the bubble then undergoes fission as already described.
Although the observation of fast and exotic ions has been reported in several papers and by different groups, the only property of these ions that has been measured
so far is the mobility. To determine the physical nature of these objects it is important
to learn more about their structure. One possible way to investigate this is through
measurements of the critical pressure Pc at which they explode. If the exotic ions are
bubbles containing a fraction of ψ 2 , it is possible to calculate this pressure. We have
performed this calculation using the simplified density functional scheme described
in Ref. [15]. We use the equation of state of helium at negative pressure as described
in the appendix of Ref. [46]. We include in the energy a term λ|∇ρ|2 and choose
λ so that the model gives the correct value of the surface energy of a free surface
of the liquid. We then solve the coupled differential equations for the electron wave
function and the helium density



1 ∂f (ρ) ∂f (ρ) 
2
2
−
+ U0 |ψ| ,
∇ ρ=
2λ ∂ρ
∂ρ ρ=ρ0
(4)
h2 2
−
∇ ψ + U0 ρψ = Eel ψ
2m
where f (ρ) is the energy per unit volume of helium of density ρ, ρ0 is the density
in the bulk liquid, U0 is the energy of an electron moving through uniform liquid
of the density of helium under zero applied pressure, and Eel is the electron energy.
The numerical solution of these differential equations is straightforward and solutions
can be found as a function of the parameter F and the density in the bulk liquid. In
Fig. 4 we show how the radius of the bubble varies with the value of the quantity F .
Fig. 4 The radius of an electron
bubble as a function of the
parameter F
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Fig. 5 Calculated explosion
pressure as a function of bubble
radius for the exotic ions

In this figure the radius of the bubble is taken to be the radius at which the density
is equal to half of the bulk liquid density. Then in Fig. 5, we show a plot of the
explosion pressure Pc as a function of the radius. Thus, this calculation makes a
prediction for how the explosion pressure should vary with radius for the different
exotic ions. Based on these results, the explosion pressure for the fast ion should
be around −4 bars, roughly double the explosion pressure for the normal electron
bubble. A measurement of Pc for the fast and exotic ions appears feasible using the
ultrasonic techniques already developed and would provide a valuable test of the
theory. In recent work it has been possible to use the ultrasonic technique to make
movies showing the motion of individual electrons [47, 48]. It would be attractive
to use this same technique to measure the pressure at which the fast and exotic ions
explode and at the same time record the path that the ions take.
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